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Abstract

The connection between the multilevel factorization method re�

cently proposed by Sarin and Sameh for solving mixed discretizations

of the Stokes equation using a divergence�free �nite element formula�

tion� and hierarchical basis preconditioners is established� For the �D

triangular Taylor�Hood element� a preconditioning method is proposed

that could be useful in fractional step methods�
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� Introduction

Recently� Sarin and Sameh 
�	� �
� have proposed an iterative solver for �nite
element and �nite di�erence discretizations of Stokes type problems� The
idea is an algebraic multilevel factorization of the matrix B corresponding
to the discretization of the gradient operator� Implicitly� the factorization
yields a multilevel� non�local basis in the space of discretely divergence�free
�ddf� velocities for which a basis exchange can be computed e�ciently� The
method allows to eliminate the pressure variables and leads to solving a
reduced system in the space of ddf velocities� Thus� it can be viewed as a
modi�cation of both the projection method and of methods that use local
bases of ddf velocities to obtain the reduced system directly� A parallel ver�
sion of this factorization method in the spirit of domain decomposition� and

�



applications to certain �ow problems have been demonstrated in 
�� ��� ����
The theoretical analysis 
�	� �
� of this method seems to be incomplete� In a
special case� some non�optimal upper estimates of the L��condition numbers
of the resulting ddf multilevel basis have been given� The numerical evidence
suggests that the method performs reasonably well for some model problems

�	� �
� but also in particulate �ow calculations 
�� ��� ���� However� it is
sensitive to the problem under consideration� and does not scale optimally
with respect to problem size �even though the growth is more moderate than
in some other solution methods based on representations using ddf veloci�
ties�� In 
�	� Section ��� the authors also state that their approach has no
obvious similarities with other well�known multilevel methods�

In this note we correct this statement by considering another special
case� and exhibit some relationship of the factorization method by Sarin and
Sameh with previous research on multilevel methods� We treat a mixed �nite
element discretization of the Poisson equation using lowest�order Raviart�
Thomas elements resp� the nonconforming P� � P� discretization of the
generalized Stokes problem in a simply�connected two�dimensional domain
assuming that the associated triangulations stem from a multilevel re�ne�
ment procedure� It is shown in Section � that if the coarsening strategy
underlying the factorization technique is consistent with the re�nement pat�
tern and includes a proper scaling then the resulting multilevel basis of ddf
�uxes can be mapped one�to�one to the hierarchical basis 
��� for standard
linear �nite elements on the same triangulation� This allows us to derive
condition number estimates for the Sarin�Sameh algorithm which exactly
capture the asymptotic behavior of the iteration count� In the case of the
Stokes problem considered in Section 
� the method leads to an algorithm
previously analyzed by D�or�er 
�� and Verf�urth� The condition number
growth in the Stokes case is roughly proportional to h��� where h is the
typical stepsize of the �nal triangulation� and� thus� far from optimal�

The derivation of the above result implicitly uses the fact that the ddf
velocity space admits a local basis which leads to a discrete norm splitting
of the L��norm of an arbitrary ddf velocity function into L� and H�

� �parts
�here a stream function argument is used�� The hierarchical basis transfor�
mation associated with the Sarin�Sameh algorithm essentially reduces the
condition number of the H�

� �part� This suggests a slight improvement� in�
stead of the linear �nite element hierarchical basis� we could have used any
other multilevel system suitable for preconditioning a Laplace problem� e�g��
the BPX nodal basis function system 
�� ��� and relate it to the mixed prob�
lem under consideration� In the last section we apply this idea to mixed
discretizations for the �D triangular Taylor�Hood element� We �rst repeat
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the construction of a local basis of ddf velocities for this element originally
introduced by Hecht �see 
��� Section ��
�
��� and show that it can be made
well�conditioned in L� by applying an optimal symmetric preconditioner for
an associated discrete H�

� �problem�

� Poisson problem

We will deal with the mixed discretization of the homogeneous Neumann
problem for the Poisson equation���

��
��p � f in �

�p
�n � � on ��

�

in weak form �i�e�� with respect to the spaces H��div� and L�nf�g� using
lowest order Raviart�Thomas RT� elements for the auxiliary �ux variables
�u �� rp� and piecewise constant P� approximations to p� � is a simply
connected polygonal domain in the plane equipped with a regular and �at
least� locally� quasi�uniform triangulation T � For all details on mixed �nite
element methods� we refer to 

� or 
��� Chapters � and ��� Recall that
RT� elements are piecewise linear vector functions of the form �u�x� y� �
�a � cx� b � cy� in each triangle� with the degrees of freedom conveniently
given by the values of �u � �ne at the midpoints Pe of the edges e in the
triangulation �at boundary edges these values are set to �� which mimics
the requirement that p has zero Neumann boundary conditions�� The vector
�ne is the unit vector in normal direction to e� its orientation is arbitrarily
�xed� The space of the discrete RT� �uxes will be denoted by �V � the space
of piecewise constants by M � Bases are the usual box functions �� �i�e��
the characteristic functions associated with the triangles �� for M � and the
de�nition of the nodal basis functions �ve � �V associated with the interior
edges includes an appropriate scaling�

�ve�Pe� � �ne � jej�� � �ve�Pe�� � �ne� � � � e� �� e � ���

The bilinear forms involved are

a��u��v� � ��u��v�L���� � b�p��v� � �div��v�� p�L���� � �u� �v � �V � p �M �

If x � �xe� and y � �y�� denote the coe�cient vectors of the solutions �u � �V
and p �M of the mixed formulation

a��u��v� � b�p��v� � � ��v � �V
b�q� �u� � �f� q�L� � q �M

���






in the above bases then the linear system to be solved takes the form�
A B
BT �

��
x
y

�
�

�
�
r

�
� �
�

where the entries of A are Ae�e� � a��ve� � �ve� and the entries of B by Be�� �
b���� �ve�� For the right�hand side vector r with entries r� � �f� ���L� � we
assume that it satis�es the compatibility condition� Obviously� since

b���� �ve� �

Z
�

div��ve� �

Z
��

�ve � �ne �

and due to the scaling assumed in ���� we have Be�� � � if � does not
contain e� and Be�� � �� if e � �� with the sign � if �ne is outer normal
with respect to � and � otherwise� Thus� each row of B has exactly one ��
and one �� entry� and kerB is one�dimensional and spanned by the vector
y� � ��� �� � � � � ��� Since y is determined by �
� only up to constant multiple
of y�� to achieve unique solvability in �
� we additionally require

�y� y�� � � ���

which implies p � L����nf�g as desired�
The method proposed in 
�	� �
� aims at a multilevel factorization

P TBZ �

�
D
�

�
�	�

of B� where
P � P ��� � � � P �J� � Z � Z��� � � � Z�J�

are invertible matrices �in addition� Z is orthogonal�� Under some straight�
forward conditions� the matrix�vector multiplications with P � Z� and their
transposes can be performed in O�dim �V � operations� D is a rectangular ma�
trix with dimM � � rows and dimM columns� it is diagonal� with positive
elements on the diagonal� Let

P �
�
P� P�

�
be the block decomposition of P that is associated with the decomposition
in the right�hand side of �	�� Then

ZTBTP �
�
ZTBTP� ZTBTP�

�
�
�
DT �

�
� ���
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Thus� BTP� � �� in other words� the columns in P� represent the coe�cients
of a basis in

�Z � f�u � �V � b�q� �u� � � � q �Mg � ���

i�e�� in the subspace of ddf �uxes in �V �
Setting

�x � P��x �
�

�x�
�x�

�
� �y � ZTy �

where x � P �x � P��x� � P��x�� gives the following transformation of �
��	
B
 P T

� AP� P T
� AP� D

P T
� AP� P T

� AP� �
DT � �

�
CA
	
B
 �x�

�x�
�y

�
CA �

	
B
 �

�
ZT r

�
CA ���

The last equation in ��� is trivial �it re�ects the compatibility assumption
on r�� and setting the last component of �y to � satis�es ���� The remaining
system is then uniquely solvable� and it essentially reduces to solving a
subsystem for �x� with matrix �A � P T

� AP�� Note that �A the sti�ness matrix
for the form a��� �� in the above basis of ddf �uxes induced by P��

For a detailed description of the factorization �	�� we refer to 
�	� �
��
We will give the construction in a special case� maintaining the following
assumptions�

	 The underlying triangulation T is obtained by quasi�uniform re�ne�
ment of an initial partition of � �for simplicity� the initial partition
will consist of a few triangles of size 
 ���

	 To obtain the �rst step of the factorization�

�P ����TBZ��� �

�
D��� �

� B���

�
� ���

the entries y� of the vector y will be partitioned into groups of � en�
tries each by correspondence of the associated �� to triangles of the
next�coarser triangulation T �� This rule will also be applied in the sub�
sequent factorization steps as it turns out that the nontrivial part of
B��� is �up to scaling� exactly the B�matrix in the mixed discretization
��� resp� �
� on T �� Note that in 
�	� �
� much more general parti�
tionings of y are allowed which adds greater �exibility in handling less
structured T and geometries�

	



	 To simplify the exposition� in addition to what is described in 
�
� a
scaling is introduced at each step which can be viewed as a symmetric
diagonal scaling of �A�

We next give the derivation of ����
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Figure �� Notation for the local factorization problem

a� Each group of � subtriangles ��� � � � ��� of a triangle � of T � has 

so�called inner equations associated with it �these are the equations for the
edges e�� e�� e	 in the interior of ��� Assume that the enumeration of �ux
basis functions �and therefore of the associated equations� is such that �rst
come� group by group� the inner equations and then the remaining boundary
equations which correspond to edges e along the boundaries of triangles �
from T �� For the M �variables �triangles�� we go by groups preserving the
same ordering of triangles � as for the �ux variables� This induces a block�
structure

B �

�
Bint

Bbnd

�
� Bint �

	
BBBB


�B�
�B�

� � �
�Bm

�
CCCCA �

If the enumeration of subtriangles and edges inside any � is consistent with
Figure �� then all �Bk are the same� �Bk � �B� This 
 � � matrix and its
singular value decomposition �SVD� �B � �U �S �V T are given by

�B �

	
B
 �� � � �
�� � � �
�� � � �

�
CA � �U �

�p



	
B

�� � ��

��
p
	��
�

p
	
�
�

�� �
p
	��
�

�
p
	
�
�

�
CA

�



and

�S �

	
B
 � � � �

� � � �
� � � �

�
CA � �V �

	
BBBBB


p
	
� � � �

���
�
p
	

�p
	

� �p
	

�
�

��
�
p
	

p
	��
�
p
	

p
	
�
�
p
	

�
�

��
�
p
	

�
p
	��

�
p
	

�
p
	
�

�
p
	

�
�

�
CCCCCA �

Note that �V and �U are not de�ned uniquely �they can be formed from
di�erent choices of complete orthonormal sets of eigenvectors of �BT �B and
�B �BT � respectively�� However� it is clear that the last column of �V is unique
up to sign changes� and we �nd it convenient to keep a positive sign in this
column� Set

Z��� � V �

	
BBBB


�V
�V

� � �
�V

�
CCCCA

which represents a local �inside each �� orthogonal transformation of the
basis in M � In particular� one of the new basis functions is the characteristic
function of � scaled by a factor ����

If we de�ne U and S in a similar way then a simple exercise �see 
�	��
gives�

Id �
�BbndV S


 Id

��
UT �
� Id

�
� 
z �

�� �P ����T

�
Bint

Bbnd

�
V �

�
S

BbndV �Id� SS
�

�
�

where S
 is the pseudoinverse of S� One easily sees that BbndV �Id� SS
�
contains non�zeros only in the columns where S vanishes� these are the
columns corresponding to the last column of the diagonal blocks �V of V �
For that reason� these entries are determined uniquely �independently of the
speci�c appearance of �U and �V � since we have �xed the last row of �V � Thus�
after a column permutation in Z��� which we will not indicate explicitly� we
have

� �P ����TBZ��� �

�
D��� �

� �B���

�
�

where D��� is a square diagonal matrix with positive diagonal elements�

b� �B��� contains the condensed information from the boundary equa�
tions in Bbnd� Obviously� each row of �B��� contains exactly two non�zero

�



coe�cients ����� To each edge e in T �� there correspond two such equa�
tions representing transformations of the equations associated with e� and
e
 in Figure �� If the normal directions �ne� � �ne� are chosen as indicated�
these equations simply coincide� Thus� assuming the appropriate ordering
of the �ux unknowns� the matrix �B��� is block�diagonal with � � � rank�
one matrices �Ce on the diagonal� Applying SVD to each of these blocks�
�Ce � �Ue

�Se �V T
e � where �Se has one non�zero and one zero singular value on

the diagonal� we can de�ne the block�diagonal matrix �U �which is of the
same size as �B���� with �� � blocks

�Ue �
�p
�

�
� ��
� �

�

corresponding to the edges e on the diagonal� and set

�P ����T �

�
Id �

�
p

� �UT

�
� �P ����T �

�in the general case of the factorization algorithm� the construction of �U is
more complicated and involves SVDs applied to small submatrices of linearly
dependent rows from �B���� together with a proper scaling�� This gives

� �P ����TBZ��� �

�
D��� �

� B���

�
�

where each second row in B��� consists of only zero elements� After a �nal
row permutation on � �P ����T which shifts all those rows towards the end� we
arrive at the factorization ���� where

B��� �

�
�B
�

�
�

Evidently� each row in �B corresponds to an interior edge e of T �� and contains
nonzero entries � and �� in the columns that are associated with the two
triangles � and �� from T � attached to e �without loss of generality� we
have assumed that the normal directions in the original triangulation are
consistent with Figure � everywhere�� The column of P ��� that corresponds
to the zero row in B��� associated with e will �nally become a column of
P� and therefore contains the coe�cients of a ddf basis function associated
with e� These coe�cients are depicted on the left of Figure �� they represent
the standard divergence�free RT� vortex function �zPe on T associated with
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the midpoint Pe of e� On the right of Figure �� we indicate the function
generated from the column of P ��� which corresponds to the other e�related
row in B���� This function should be considered as a �ne�grid replacement
for the basis function �ve associated with e on T �� For our convenience� we
will denote it temporarily by �vPe �

1

1

1/2

1/2

1/2

1

1

1

1

1

e
,

1

1/2

1/2
1/2

,
e

∆ ∆∆∆

Figure �� Local functions associated to e� �zPe and �vPe

c� To �nd the full factorization� we iterate the �rst step� with �B instead
of B� This does not pose any di�culties since �B is the exact counterpart
of B for T �� and we can repeat step a� and b� in complete analogy� This
gives new �P ����T � D���� B���� and Z���� and so on� Note that some columns
of P ���P ��� correspond to the zero rows of B���� and give the next set of
ddf �uxes� To �nd a convenient expression for them� let us observe that by
recursion these new functions are similar to a vortex function �as shown in
the left picture in Figure ��� however� now de�ned with respect to T �� and
with the corresponding basis functions �ve replaced by their �ne�grid analogs
�vPe shown in the right picture of Figure �� More precisely� if P is a vertex
of T � which represents an edge midpoint in the next�coarser triangulation
to T �� then the associated ddf basis function �z �P is given by

�z �P �
�X

k��

�vPek �

where fek� k � �� � � � � �g is the set of edges in T � emanating from P � The
coe�cient set and the nodal vector orientations associated with �z �P on T
are shown in Figure 
�
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Figure 
� Basis representation of �z �P on T

The key is that the ddf �ux �z �P can be rewritten directly as a linear
combination of � ddf vortex functions corresponding to T �

�z �P � ��zP �
�X

k��

�zPek �

Up to a constant factor �� this linear combination is exactly the same as
in the hierarchical basis transformation for the linear �nite element case
�replace the �ne�grid vortex functions by hat functions�� see 
���� All ar�
guments are recursive� i�e�� the basis of ddf �uxes obtained as the result of
the factorization procedure in form of the matrix P� can be associated with
the appropriately scaled hierarchical basis for linear �nite elements� The
scaling contains powers of � if we follow the above procedure� The formal
relationship between the two bases is given by a standard stream function
argument �see below��

Theorem � The Sarin�Sameh factorization for the mixed RT� � P� dis�
cretization ��� of the homogeneous Neumann problem for the Poisson equa�
tion leads to a transformation P� which is essentially equivalent to a scaled
hierarchical basis transformation of a homogeneous Dirichlet problem with
linear �nite elements on the same triangulation� As a consequence� with an
appropriate diagonal scaling �D to be given below� we have

cond� �D���� �A �D����� 
 J� � �A � P T
� AP� �

��



where J is the number of re�nement levels�

Proof� The �rst statement has been proved above� To get the condition
number estimate� let us de�ne the discrete stream function � associated
with a ddf �ux �u � �Z� � is a linear �nite element function on the same
partition� which vanishes at boundary vertices while at interior vertices its
value is de�ned as the path integral

��P � �

Z
�
�u � �n�

where � is any oriented edge path connecting a boundary vertex with P �
The orientation of the path induces the normal direction �n� along the path�

Due to the de�nition of �Z� this de�nition is correct� the value ��P � does
not depend on the choice of the path� Moreover� if x is the coe�cient vector
of �u � �Z then jxej � j��P


e ����P�e �j� Thus�

k�uk�L�


X
e

jxej� 
 kr�k�L�
� ����

Recall that we have used the normalization of the basis functions �ue intro�
duced at the beginning� This normalization also ensures that the stream
function corresponding to a ddf vortex function �such as indicated in Fig�
ure � on the left� is nothing but the linear �nite element hat function with
value � at the center vertex P � The hierarchical basis functions for linear
�nite elements 
��� will be denoted by �P � with P belonging to the set V of
interior vertices of the triangulation ordered in a hierarchical fashion �i�e��
V � V� �V�� � � �� where V� consists of all vertices on the �ne grid which are
not in the next�coarser grid� etc���

Let z be the coe�cient vector of �u in the basis in �Z generated by P��
Then� by the above remarks� the stream function of �u has the representation

� �
X
k

X
P�Vk

zP �k�P �

Let �D be such that the diagonal entry corresponding to the column in P�
associated with the function �P is ��k if P � Vk� For �D��� and �D���� this
entry becomes �k and ��k� respectively� Set E � �D����P T

� AP�
�D�����

Note that according to 
���� we have the sharp two�sided inequality

cJ��k �D���zk� 
 kr�k�L�

 Ck �D���zk� � ����

On the other hand�

k�uk�L�
� a��u� �u� � �AP�z� P�z� � �E �D���z� �D���z� � ����

��



Together with ���� we immediately arrive at

C�� 
 �E�z� �z����z� �z� 
 c��J� � �z � �D���z �

This proves the second statement of the theorem�

We �nish this section with a few remarks� In the particular case consid�
ered in the present section� the preconditioning method resulting from the
factorization technique is straightforward if one would have started directly
with the available local basis of vortex functions and the norm equivalence
����� In fact� any multilevel splitting of the linear �nite �nite element space
induces an equivalent multilevel splitting in the above �Z� Thus� optimal mul�
tilevel methods �improving upon Theorem �� could easily be constructed in
the above example� E�g�� the BPX multilevel system 
��� 
�� Chapter ��
would lead to uniformly bounded condition number estimates� Moreover�
any preconditioner for the linear �nite element discretization of the Dirich�
let problem would be suitable for solving the variational problem in �Z when
discretized in the basis of ddf vortex functions�

The above arguments can be carried over to other �D�applications where
a scalar stream function is appropriate� However� the factorization technique
will not always be equivalent to a known hierarchical basis construction in
an appropriate space of stream functions although it certainly does generate
some multilevel basis in this auxiliary space� We do not know about three�
dimensional results of this type�

Note also that hierarchical basis constructions with linear �nite elements
are becoming more di�cult if the �nal triangulation is not the result of a
regular re�nement process as assumed above �see� e�g�� 
�� ���� In particular�
this is the case if the domain � itself is highly unstructured or multiply�
connected as in the applications outlined in 
�� ��� ����

The diagonal scaling of the multilevel basis �introduced in step b� of the
recursion procedure� and through �D� can be replaced by an implicit proce�
dure� Since we are looking for a well�conditioned basis in an L��subspace of
�V � L��normalization of the basis functions �in this case of the columns of
P�� leads to equivalent results�

� Generalized Stokes problem

We keep the same assumptions on the triangulations and the factorization
process as in the previous sections� The generalized Stokes problem we

��



consider is
����u� 	�u �rp � �f in �

div��u� � � in �

�u � �� on ��

� ��
�

where �u and p are the unknown velocity and pressure functions� respectively�
The mathematical theory for ��
� requires that the space H��div� �which
was appropriate in the context of Section �� is replaced by �H�

� �� if � 
 �
which is a major di�erence� The system ��
� includes two parameters � � �
and 	 � �� The case 	 � � and � � � which occurs in operator splitting
methods for time�dependent Navier�Stokes problems �see 
��� Chapter �
�	��
formally resembles the mixed problem studied in the previous section while
for � � �� 	 � � we get the standard Stokes problem�

To obtain a discrete mixed problem for ��
�� we will consider the same M
for approximating the scalar pressures p but use a nonconforming P� �nite
element space for the velocities �u� �V will now consist of all piecewise linear
vector functions which are continuous at the midpoints of interior edges� and
vanish at the midpoints of boundary edges in the triangulation� For details
on the resulting nonconforming P� � P� discretization� see 

� Example ��� ��
To each interior edge e there correspond two velocity basis functions which
are conveniently associated with the normal ��vn�e� and tangential directions
��vt�e� along e� We keep the normalization introduced in the previous section�
Finally� the respective bilinear forms are

a��u��v� � �
P

��r�u�r�v�L���� � 	��u��v�L���� �

b�p��v� � ��div��v�� p�L���� �
�u� �v � �V � p �M �

�Z is de�ned as ���� now as a subspace of the new �V �
The linear system becomes�

A B
BT �

��
x
y

�
�

�
r
�

�
����

where A� B� r are de�ned by similar formulas as in Section �� and the
coe�cient vector x � 
�xn�e�� �xt�e�� of the discrete solution �u � �V is now
twice the size of the old x� A moment�s re�ection shows that the upper
part of the rectangular matrix B in ���� coincides with the B in �
�� while
the lower part �associated with the tangential degrees of freedom� is a zero
matrix �evidently� all �vt�e are automatically discretely divergence�free��

This means that the factorization method of 
�	� applied to ���� is es�
sentially equivalent to discretizing a��� �� with respect to a basis in �Z which

�




consists of all original tangential basis functions �vt�e and a hierarchical basis
associated with the hierarchical basis f�P g for linear �nite element stream
functions �the de�nition of which did not change� associated with the �vn�e
part� Exactly this partial multilevel splitting has been proposed by D�or�er
in 
�� �and independently by Verf�urth�� The analysis of D�or�er leads to an
condition number estimate for the resulting system which we reestablish in
the following

Theorem � Under the above assumptions� the Sarin�Sameh factorization
for the mixed nonconforming P	 � P� discretization of the generalized Stokes
problem leads to a partial multilevel basis in the subspace �Z of ddf velocities
which was previously considered in 
��� With an appropriate diagonal scaling
�D� we have

cond� �D���� �A �D����� 
 CJ�
���J � 	

� � 	
� �A � P T

� AP� �

where J is the number of re�nement levels�

We will not give the details of the proof but rather mention the few
changes in comparison with the argument for Theorem �� An additional
inequality we need is

ck�uk�L�


X
�

�r�u�r�u�L���� 
 Ch��k�uk�L�
� h 
 ��J �

which follows from the �discrete� Poincare and inverse inequalities for non�
conforming P� elements� After taking into account the weights � and 	� the
comparison of a��u� �u� with k�uk�L�

gives the additional factor in the condi�

tion number estimate� everything else follows from Theorem �� Clearly� �D
in Theorem � is obtained from the �D of Theorem � by extending it by an
identity matrix for the positions corresponding to �vt�e functions�

Numerical evidence in 
�� suggests that the condition number estimate
cannot be improved upon� It is easy to show that there is a complemeting
lower bound of order ��J 
 h�� for the condition numbers in Theorem �� In
other words� with the appropriate scaling implemented� one expects linear
growth of the iteration count with respect to problem size if the reduced
system with matrix �A is solved by the conjugate gradient method�

Note that linear �nite elements are not the correct space of stream
functions to be naturally associated with this �Z in the case of a two�
dimensional Stokes problem� the correct space would be the Morley element

��



space equipped with a discrete H�
� ��� norm� For the latter� no truly opti�

mal and simple multilevel basis has been found so far� For an attempt to
construct a multilevel preconditioner for a Stokes discretization close to the
above one� see 
���

In general� the Sarin�Sameh method is appealing because of its algebraic
nature� it can be applied to elements where no �local� basis of divergence�
free velocities is known� and to unstructured triangulations and domains�
An important modi�cation which has been explored in the parallel imple�
mentation for particulate �ow problems 
�� ��� is that the scheme of forming
rank�de�cient subsystems of inner equations in step a� of the factorization
recursion is not restricted to only small numbers of pressure elements �such
as four subtriangles of a coarse triangle� as it was the case in our example��
However� we doubt that this �exibility could lead to any signi�cant improve�
ment of the preconditioning e�ect for the Stokes case� i�e� if � � c	� To
support this claim� let us look at an extreme implementation of the Sarin�
Sameh algorithm� If all pressure variables are declared one group then all
equations are inner to this one group� and the �rst �and only� step of the
factorization algorithm consists of an SVD for B� In this case� P� has or�
thonormal columns which means that the divergence�free basis is L��stable�
When applied in the context of Theorem �� this gives an optimal algorithm
for the case � � � with respect to preconditioning �but not with respect to
operation count�� However� for � 
 � the same strategy would only remove
the factor J�� Thus� it is our belief that while generally leading to a basis in
�Z that is well�conditioned with respect to L�� the factorization method will
not lead to optimal �Navier��Stokes preconditioning� It would be interest�
ing to give precise statements for this claim which cover the more popular
Navier�Stokes elements as well as the 
D case�

� Triangular Taylor�Hood elements

This section should be viewed as a by�product of our attempts to relate
the algebraic factorization method proposed in 
�	� �
� with other precon�
ditioning methods� Consider the P� � P� Taylor�Hood element for the dis�
cretization of ��
� on a triangulation of a simply�connected polygonal do�
main � � IR� as our choices for �V and M � Originally� we assumed that
the analysis in this case is more complicated� mainly because of the more
complicated structure of B but also because main ingredients of the anal�
ysis given in the previous sections �such as a simple local basis for the ddf
velocity space and an appropriate discrete stream function� seemed to be

�	



missing�
However� it turned out that there is a simple local basis in �V for which

B simpli�es reasonably� and that allows to explicitly construct a local basis
in the associated �Z� Essentially this local basis of ddf velocities has been
originally introduced by Hecht in his thesis� a brief description of it can be
found in 
���� Since Hecht�s paper is widely unknown� we decided to present
the derivation of this basis together with the construction of an associated
discrete stream function �very much in analogy to the nonconforming P� � P�
element case in Section 
�� For rectangular Q� � Q� Taylor�Hood elements�
a construction of a local basis of ddf velocities was given in 
���� for other
research on this topic� see also 
	� �

We start with some de�nitions� Let �V � �H�
� ����� be the space of P�

Lagrange C� vector functions� given by their values �which will be conve�
niently represented by nodal vectors� at interior vertices P and midpoints
Me of interior edges� and by zero boundary values� The pressure space M
is given by scalar P� Lagrange C� elements on the same partition� given
by their values at the vertices� including boundary vertices� Details can be
found in 

� Chapter VI� or in 
��� Section ��
����

The following choice of basis functions in �V will greatly simplify the
considerations� The basis functions associated with interior vertices P are
de�ned as usual by setting

�vP���Q� �

�
h��P �e� � if Q � P
�� � if Q �� P

� �vP���Q� �

�
h��P �e� � if Q � P
�� � if Q �� P

�

where Q runs through all nodal points �vertices and edge midpoints�� hP
is the characteristic element diameter near P �e�g�� we could set hP �
diam�supp�vP����� and �e�� �e� are unit vectors in coordinate directions� The
de�nitions for the two basis functions associated with the midpoints of in�
terior edges e are similar�

�ve�t�Q� �

�
ce�e � if Q � Me

�� � if Q �� Me
� �ve�d�P

�� �

�
ce�d � if Q � Me

�� � if Q �� Me
�

Here� the vectors �e and �d are the two diagonal vectors of the quadrilateral
given by the two triangles attached to e� and ce is a normalization constant
to be chosen below� We will call �vP��� �vP�� vertex basis functions� and �ve�t� �ve�d
tangential and diagonal edge basis functions� respectively� Figure � shows
the supports of these basis functions� it also introduces some notation which
is used below�
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Figure �� Basis functions in �V � a� �vP��� b� �ve�t� and c� �ve�d

With these choices� the matrix B has a simple structure� Note that we
can use

b�p� �u� �
X
�

Z
�
�u � rp �

X
�

j�j



X
e��

�u�Me� � rpj� �

since �u � rp is a quadratic polynomial on � for which the triangular edge�
midpoint rule is exact� Thus� all vertex basis functions are automatically in
�Z �the corresponding row of B is a zero row��

On the other hand� each edge basis function contributes a nontrivial row
to B� Indeed� if �P � M denotes the usual hat function at the vertex P �
then for any triangle � attached to P we have

j�j


r�P �

j�j

he

�ne �
jej
�
�ne � �e�

�
�

where e is the side of � opposite to P � and he the corresponding height�
Note that �e� � jej�ne coincides with the edge vector �e rotated by ��� into the
direction of �ne which we have assumed to point towards P � This immediately
gives

b��P�
d
� �ve�t� � � � b��P�

d
� �ve�d� � ce

�d � �e�
�

�

Setting ce � ���d � �e���� and dealing with P�d � P

e � P�e in an analogous way

we get

b��P � �ve�t� �

���
��

� � if P � P

e

�� � if P � P�e
� � otherwise

� b��P � �ve�d� �

���
��

� � if P � P

d

�� � if P � P�d
� � otherwise

�

In other words� each nontrivial row of B has exactly two non�vanishing
entries� � and ��� associated with either the endpoints of an interior edge e
or the endpoints of the corresponding diagonal d�

��



This geometric description of B makes it easy to describe the ddf con�
dition� and to construct a local basis in �Z� Indeed� a function from �V given
by its coe�cients with respect to the above nodal basis in �V belongs to �Z
if and only if� for any vertex P � the sum of coe�cients associated with in�
coming tangential and diagonal basis functions equals the sum of coe�cients
associated with outgoing tangential and diagonal basis functions �incoming
means that P coincides with P


e resp� P

d � outgoing means that P coincides

with P�e resp� P�d �� In Figure 	 we schematically depict the coe�cients �to�
gether with the directions of nodal vectors of the involved basis functions
from �V � of some locally supported functions from �Z for which the above ddf
condition can easily be checked�
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Figure 	� Local ddf velocities� a�d� �ze�d and e� �z�

Next we will show that a certain collection of functions �ze�d �diagonal
edge functions�� and �z� �triangle functions�� together with the vertex basis
functions �zP�k � �vP�k� spans a basis in �Z� To this end� pick an arbitrary

�u � �Z� There is a unique linear combination �z� of vertex basis functions
�zP�k� k � �� �� which after subtraction from �u leads to another �v � �u��z� � �Z
with

�v�P � � �� � �v�Me� � �u�Me� �

for all vertices P and edge midpoints Me in the triangulation� As a result�
�v is uniquely represented by a linear combination of �ve�t and �ve�d� Take an
arbitrary interior edge e� and denote the attached triangles by �� ��� If in
either of the two triangles the two other edges are on the boundary of � then
necessarily the coe�cient in front of �ve�d is zero �otherwise the ddf property
would be violated at the boundary vertex common to the two boundary
edges�� Thus� there is at least one more interior edge �� e in both � and ��

which implies that at least one of the ddf functions shown in Figure 	 a��d�
is well�de�ned� Pick any such function as the basis function �ze�d associated
with e� Obviously� there is a unique linear combination �z� of these �ze�d such

��



that �w � �v � �z� � �Z satis�es

�w�P � � �� � �ne � �w�Me� � � �

for all vertices P and edge midpoints Me in the triangulation� In other
words� �w is representable by a linear combination of only tangential edge
functions

�w �
X
e

ae�t�ve�t � ��	�

The crucial last step of the basis construction is to show that any �w � �Z of
the form ��	� is uniquely representable by a linear combination of functions
from f�z�g� where � runs through the set of interior triangles of the trian�
gulation �a triangle is called interior if all its edges are interior� otherwise
it is a boundary triangle�� This can conveniently be done by introducing a
discrete stream function mapping �w �� ��w� where ��w is a scalar� piecewise
constant function on the underlying triangulation� Set ��wj� � � if � is a
boundary triangle� To de�ne the value of ��wj� for an interior triangle ��
consider any �directed� chain

C � f�� � �� � � � �� �m � �g ����

of triangles such that �j����j consists of an �interior� edge ej � j � �� � � � �m�
and which starts at some boundary triangle ��� Such a chain exists for any
interior � but is usually not unique� See Figure � for an illustration of
this situation �the dashed line represents another chain which is shown in
reverse direction�� Without loss of generality� we can also assume that all
�j � j � �� � � � �m� are interior and are pairwise di�erent� Let �dj denote
the vector which connects the barycenter �j�� with that of �j� and set


j � sign��dj � �ej�� Then

��wj� � S�C� �
mX
j��


jaej �t � ����

It is easy to see that this value does not depend on the chain �����
Indeed� consider two di�erent chains C� and C� connecting to the same ��
Reversing the second chain and appending it to the �rst one� we get another
chain C� which now connects two boundary triangles� In the most general
case� after some reordering of the triangles� the new chain can be represented
as the sum of a chain C�� connecting two boundary triangles and� possibly�
some more cycles C�k� k � �� of interior triangles �a chain ���� is a cycle if

��
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Figure �� Chains and cycles

�� � �m�� In the example of the two chains in Figure �� we have just one
such cycle� Accordingly� we can write

S�C��� S�C�� � S�C�� � S�C��� � �
X
k��

S�C�k� � � ����

But for any of the cycles C�k� k � �� we have S�C�k� � � since it can be
represented as the superposition of elementary cycles CP around the vertices
P interior to the cycle C�k �note that S�CP � automatically vanishes by the
ddf condition applied to �w�� Figure � shows one such elementary cycle� The
argument is the same for the chain C�� if we take into account also some CP �

with P � along the boundary of � �in both cases� we need the assumption
that � is simply connected�� Thus� all terms in the right�hand side of ����
are zero which gives the chain�independence of the de�nition in �����

With ���� at hand� we can write

�w �
X
�

��wj��z� ����

for any �w � �Z of the form ��	�� where the summation is over all interior
triangles �� This assumes that the triangle functions �z� are de�ned with
an orientation as shown in Figure 	 e�� To see this� consider any interior e
with triangles � and �� attached to it� Append �m
� � �� to the chain
���� de�ning ��wj� according to ����� Since the value of ��wj�� does not
depend on the chain� we have �assuming that the orientation of e is such
that 
m
� � ��

ae�t � S�fC � ��g�� S�C� � ��wj�� ���wj� �

��



Thus� according to the de�nition of �z� and the fact that ��wj� � � for all
boundary triangles� ���� is established�

Altogether� we arrive at

Theorem � The space �Z of ddf velocities for the triangular P	 � P� Taylor�
Hood element with respect to a triangulation on a simply�connected polygonal
domain � possesses a basis

Z � ZP �Ze � Z�

of locally supported functions �originally introduced by Hecht� see 
		���
where ZP consists of all vertex basis functions �zP�k� Ze of a selection of
diagonal edge functions �ze�d as speci�ed above� and Z� of all triangle func�
tions �z� associated with interior �� Moreover� let

x � 
�xP�k�� �xe�d�� �x���

denote the coe
cient vector of �z � �Z with respect to this basis� Set �x� � x�
if � is an interior triangle� and �x� � � if � is a boundary interior triangle�
Then

k�zk�L�


X
P

�X
k��

x�P�k �
X
e

x�e�d �
X

���� �� e��	��

j�x� � �x�� j� � ����

The norm equivalence ���� is an obvious consequence of the locality of
all basis functions and the above construction� We leave the details to the
reader� ���� indicates that Z is not uniformly L��stable� However� the
problems come from the Z��part� Note that multiply�connected domains
could be considered as well� at the expense of including one non�local basis
functions per hole into the construction�

The Sarin�Sameh factorization technique would replace Ze�Z� by some
multilevel basis Z � while leaving ZP untouched �by the way� it would auto�
matically handle the case of multiply�connected domains�� As in the non�
conforming P� � P� element case considered in section 
� one expects that
this basis possesses relatively moderate L��conditioning even though there
is no proof for this claim �for numerical experiments with a similar ele�
ment� see 
�	� �
��� However� using the above norm equivalence ����� one
can directly address the L��preconditioning problem� Indeed� all what is
needed is a preconditioner for the symmetric positive de�nite �spd� matrix
C associated with the quadratic form

c��x��� �x��� �
X

���� �� e��	��

j�x� � �x�� j� � ����

��



But this quadratic form resembles a discretization of the Dirichlet problem
for Laplace�s equation for which preconditioning has been studied exten�
sively� E�g�� if the triangulation is quasi�uniform then we can use the �c�
titious space lemma �see 
�� Theorem ���� to relate the form in ���� to a
linear �nite element discretization of Laplace�s equation on an auxiliary re�
�ned triangulation� In Figure �� two versions of such re�ned triangulations
are shown� The common feature is that they contain one vertex P� interior
to each triangle such that a linear mapping

R � v � V ��� x� � v�P�� � interior �

can be given which has the properties required in the �ctitious space lemma�
V denotes the �nite linear element space on the re�ned partition� equipped
with zero boundary� Preconditioners for C can now be constructed in the
form M � R �MRT � where �M is a spd preconditioner for the discrete Laplace
problem with respect to V � Similar constructions can be given for locally
quasi�uniform triangulations�

Figure �� Two possibilities of re�ned triangulations

We do not go into the details of this reduction step� We rather conclude
with a numerical example for which the above switch to a linear �nite el�
ement discretization for preconditioning purposes can be implemented in a
simpler fashion� without introducing auxiliary triangulations� Let � � 
�� ���

be equipped with a uniform partition into triangles �n� triangles� Then

dim �V � ���n� ��� � dimM � �n � ��� � dim �Z � �n� � ��n � � �

There are ��n� ��� vertex basis functions� �n�� �n� � diagonal edge func�
tions� and another ��n� ��� triangle functions in Z� According to Theorem

� in order to obtain an optimal spd preconditioner for the L��limit of the
generalized Stokes problem ��
� �i�e�� for � � �� 	 � ��� we need a spec�
trally equivalent representation for the quadratic form ���� corresponding

��



to the Z��part of the basis� This can be achieved as follows� In the interior
squares � which consist of two interior triangles �� �� each we introduce a
local change of basis by setting

�z� �
�

�
��z� � �z��� � �z �

�
�

�

�
��z� � �z��� �

In the boundary squares with one interior triangle �� set �z �
�

� �z�� Let
�x�� and �x�

�
� denote the coe�cients of a �w � spanZ� with respect to this

equivalent basis Z� � f�z�� �z ��g� Finally� denote by v�x�� the bilinear �nite
element function which is de�ned on the underlying n� n square partition
by setting its nodal values to x� at P� �the upper�right vertex of an interior
square�� and to � otherwise� With this� it is easy to see that

c��x��� �x��� 

X
�

�x�
�

�� � �rv�x���rv�x���L� � ����

The last expression can be replaced by a quadratic form in �x�� derived from
any standard spd preconditioner for bilinear �nite element discretizations on
the square partition� In our numerical experiment below� we have used the
BPX multilevel preconditioner 
���

Table � shows the parameter n� the dimension N of �Z� and the itera�
tion count for the preconditioned conjugate gradient �pcg� method with the
above described preconditioner� The L� column corresponds to solving the
reduced spd problem in �Z if we have � � � and 	 � � in ��
�� Accordingly�
the H� column corresponds to solving the Stokes problem �� � �� 	 � ��
in the reduced formulation using Z� The iteration was stopped when an
error reduction by a factor of ���� in the preconditioned residual norm was
achieved� All cases have been run repeatedly� with randomly generated so�
lutions and zero starting vector for the iteration� The iteration count shown
is the average value �rounded to the next integer�� however� in all cases the
variations were negligible�

The results of the L� column con�rm our theory which predicts optimal
scalability in this case� The iteration count does not grow if N becomes
large� For all n� the relative euclidean error of the approximate solution
vector obtained from the iteration did not exceed � � ���� which indicates
reliable preconditioning� We conclude that the construction of a basis of
locally supported ddf velocities given by Theorem �� together with a simple
preconditioning step� might provide an alternative for performing the projec�
tion step in operator�splitting �or fractional step� methods for instationary
Navier�Stokes problems�

�




n N L� H� n N L� H�

� ��� �
 	� �� �	�	� �	 ��
� 
�� �� �� �� ���
� �� �	

�� ��� �	 �� �� �
		� �� ��
�� ��
� �	 �
 ��� ��
��� �� ��
�� 
��� �� �� ��� �	��
� �� ��

� ��	� �	 �� �	� �	���� �� ��

Table �� Iteration count for the ddf formulation with P� � P� elements

The results of the H� column require some comment� In the Stokes case�
using the same argument as in Section 
� we only have an upper bound
of O�n�� for the condition numbers of the preconditioned linear system�
Thus� in the worst case� the iteration count of the pcg method could grow
linearly in n� What we observed in our experiments was an almost constant
�although � times higher� iteration count� The explanation is� however�
very simple� Note that the preconditioned residual norm which was used as
a stopping criteria is reliable only if the preconditioner is close to optimal�
Thus� although the preconditioned residual was consistently reduced by a
factor of about ���� after about �� pcg steps� monitoring of the error in the
euclidean norm showed less and less progress with n increasing �for n � �	�
the euclidean error reduction was only about ��
 after �� iterations�� Thus�
we do not recommend using the above preconditioning method for large�
scale Stokes problems�

References


�� R� E� Bank� J� Xu� An algorithm for coarsening unstructured meshes�
Numer� Math� �
 ������� �!
��


�� J� Bramble� J� Pasciak� J� Xu� Parallel multilevel preconditioners� Math�
Comp� 		 ������� �!���



� F� Brezzi� M� Fortin� Mixed and hybrid �nite element methods� SCM
�	� Springer� New York� �����


�� W� D�or�er� The conditioning of the sti�ness matrix for certain ele�
ments approximating the incompressibility condition in �uid dynamics�
Numer� Math� 	� ������� ��
!����

��




	� K� Gustafson� R� Hartman� Graph theory and �uid dynamics� SIAM J�
Alg� Disc� Meth� � ����	�� ��
!�	��


�� M� G� Knepley� V� Sarin� A� H� Sameh� Parallel simulation of particulate
�ows� in� �th Intl� Symp� on Solving Irregular Structured Problems in
Parallel� LNCS ��	�� Springer� New York� ����� pp� ���!�
��


�� R� Kornhuber� H� Yserentant� Multilevel methods for elliptic problems
not resolved by the coarse grid� in� Proc� �th Intern� Conf� on Domain
Decomposition �D� E� Keyes� J� Xu� eds��� Contemp� Math� vol� ����
AMS� Providence� ����� pp� ��!���


�� P� Oswald� An optimal multilevel preconditioner for solenoidal approx�
imations of the two�dimensional Stokes problem� IMA J� Numer� Anal�
�� ������� ���!����


�� P� Oswald� Multilevel �nite element approximation� theory � applica�
tion� Teubner� Stuttgart� �����


��� T��W� Pan� V� Sarin� R� Glowinski� A� Sameh� and J� Periaux� A �c�
titious domain method with distributed Lagrange multipilers for the
numerical simulation of particulate �ow and its parallel implementa�
tion� in� Proc� 	�th Parallel CFD Conference� Taiwan� Elsevier� August
�����


��� O� Pironneau� Finite element methods for �uids� Wiley� Chichester�
�����


��� A� Quarteroni� A� Valli� Numerical approximations of partial di�erential
equations� SCM �
� Springer� New York� �����


�
� V� Sarin� E�cient iterative methods for saddle point problems� PhD
Thesis� Univ� of Illinois at Urbana�Champaigne� �����


��� V� Sarin� Optimal parallel preconditioners for 
D particulate �ows� in�
Proc� �th SIAM Conf� for Parallel Processing for Scienti�c Computing�
San Antonio� TX� March �����


�	� V� Sarin� A� Sameh� An e�cient iterative method for the generalized
Stokes problem� SIAM J�Sci� Comput� �� ������� ���!����


��� X� Ye� C� A� Hall� A discrete divergence�free basis for �nite element
methods� Numerical Algorithms �� ������� 
�	!
���

�	




��� H� Yserentant� On the multi�level splitting of �nite element spaces�
Numer� Math�� �� ������� 
��!����

��


