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approximately divergence-free Ql-rotated vector fields. Clearly, this claim
needs verification since the results presented here are asymptotic and only
serve the case of uniform dyadic refinement. In practice, one deals with the
range J < 15, spaces are defined on bounded domains and have to include
essential boundary conditions. Also, the constants in the asymptotic results
become of interest. In this respect, the natural value ¢t = 3/2 seems to lead to
slightly better performance than t ~ 0.992 which corresponds to the optimal
A.

Table 1

t 0.0 0.5 1.0 1.5 2.0
4.0000 (10) | 4.0000 (3) | 4.0000 (3) | 4.0000 (3) | 4.0000 (3)
2.0000 (18) | 2.6667 (4) | 2.0000 (6) | 2.0000 (2) | 2.0000 (2)
A |1.0000 (34) | 2.0000 (2) | 1.0076 (1) | 1.6000 (4) | 1.3333 (4)
1.7778 (3) |1.0000 (20) [1.0362 (1) |1.0644 (1)
1.3333(8) | 0.8051 (1) [1.0000 (9) |1.0000 (9)
1.0623 (1) |0.6289 (1) | 0.8000 (8) | 0.7486 (1)

A | 4.0000 1.7778 1.0076 1.0362 1.0644
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Multigrid prolongations 7
or averaging as in the scalar case. The latter leads to (compare [3])

Yoo = Ta +00/8. thare =14 —0a/8. (23)

4 4 4
a—e? Loter Totel—e2

remaining values yé corresponding to edges in Ry interior to squares of the
coarser partition Ry have been obtained by satisfying (20) (under the assump-
tion u € Z) and minimizing the discrete expression for the (H!)?-seminorm
of Su, with various values of the parameter ¢. Note that this reduces locally to
an 8-dimensional constrained minimization problem, with a rank-deficient set
of constraints (solvability is guaranteed only if (20) is satisfied). In general,
the constraints are satisfied in a least-squares sense. Lack of space prevents
us from presenting the detailed formula.

As explained in [5], it is easy to determine a relatively low-dimensional
space K of Hermitean matrix functions with polynomial entries with given
spectra of Fourier coefficients such that it contains the Krylov space K of
interest. Choosing the natural basis in K, the matrix representation £ for the
operator Lg+ 5| can be computed. Solving the complete eigenvalue problem

for £ and for £T, one is able to find all A, and 3, of interest (see Section 2 for
the notation). Our Matlab implementation (for details, see [5]) monitors both
conditioning of the eigenvalues and rank of eigenspaces in the case of multiple
eigenvalues (such safety measures become necessary, since in the computations
below we have dimK > 400). To verify (17), we find a L x M polynomial
matrix function H(6) and a scalar polynomial A(6) such that G(6)H(0) =
A(0)-Idy and set R(0) = A(6)-Id, — H(0)G(F). Then R*(0)B,(6)R(0) # 0
is sufficient for (17) to hold. In our example, since M = 1 we can take
H(6) = G*() and obtain A(#) = 4(sin” 6, /2 + sin® §,/2). Again, this is
simple linear algebra and easy to implement.

Table 1 shows, for various ¢, the computed leading eigenvalues of L for the
prolongation operators based on (23) and local energy minimization for some
avlues of t. Their algebraic multiplicity (which coincided with the dimension
of the associated eigenspace in all cases) is shown in parentheses. Bold-faced A
indicates that not all associated [, have vanished. We found that the sufficient
condition for (17) was always satisfied for at least one associated B, (0), except
for a few A set in italics. The last row of Table 1 shows the computed value of
A (according to the above, A equals the largest bold-faced A). The minimal
A = 1.0074 was obtained for t = 0.992, and not for t = 3/2. Analogous testing
of the (Lg)z—norm behavior of p]"J lead to the optimal value A = 1 for all ¢.
The replacement of (23) by the simpler formula (22) produced significantly
worse results (here, A > 1.8006 was observed for the same range of t).

Note that values A < 1.05 are quite acceptable from a more practical point
of view. This holds, according to our tests, for all 0.95 < ¢t < 1.7, and hints
at a certain robustness of the construction principle. Thus, a generalization
to quadrilateral partitions seems to be promising and could lead to a new
well-performing (even though not asymptotically optimal) algorithm for the
linear system associated with the Z ;-discretization of the Stokes problem by

where 8! = 2% + 2 analogously for [ = 2,3,4. The
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Fig. 1. Supports and edge average vectors for ¢l and 1,bl.

This defines the constraint operators G resp. G (here M = 1). We note
that Zy possesses an explicit basis generated from the integer shifts of 3 locally
supported functions ' = ¢', ¥ = ¢*, and a so-called vertex function %*
(see Figure 1). Since it is not Ly(IR?)?-stable, we will not use it further.

The energy norm to control is a discrete (H')?*-seminorm (for discontinu-
ousu € Vy, |'u,|%,1(R2)2 is defined by summing up the element-wise well-defined

H'-seminorms of its components). We have (see [3,5] for all needed formulae)

|U1 |§{1(]R2) o Z (l‘i —1?3_1_62)2 ‘|‘($i —$i+e1 )2 ‘|‘t($i ‘|—$i+e2 —Jii —$i+e1)2,
a€??

analogously for the second component us of u. Here, &~ can be replaced by =

if t = 3/2. In the computations below, we have used this value to determine

the norm operator E resp. E (with N = 3) and the entries of the matrix

function B(#). Obviously, in this example we have so = 1 while s; = 1 results

from the anticipated inverse inequality (7). Consequently, sy = 0.

Finally, we need to describe the prolongations, i.e., P resp. S. Pro-
longations with uniformly bounded H'-norm growth for the scalar case, i.e.,
for {W;}, are based on natural averaging procedures and described in [3,5].
However, they do not preserve property (20)-(21) when applied to vector fields
componentwise. We describe one approach of constructing prolongations suit-
able for the vector case. According to the abstract theory from [1] applied to
the Stokes discretizations under consideration, a desirable property of P; is
that it preserves the average of the vector fields on the edges of Ry. lLe., if
the coefficients of Su w.r.t. ®, are denoted by {ylﬁ} we require that for all

o € 7Z?
l et =2¢h, 1=1,2, 4 hatez =22h, 1 =34
Y20 + y2a—|—el Loy 9 &y Yoa + y2a—|—e2 Lo s L.
There are two natural ways to achieve this: trivial extension

[ [ [ [ [ [
Yoo = Y2a4el = La» [=1,2, Yoo = Y2a4e2 = La» [=3,4, (22)
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Theorem. Under the above conditions, we have

ér = AR k — oo. (18)

If diagonalizability is not assumed, an additional factor £° may be neces-
sary in (18), with s > 0 depending on the Jordan blocks associated with the
leading A,, on B, and on Z in a more complicated way. Such a case has never
appeared in any of our applications. The determination of A is now a problem
of numerical linear algebra. In our examples, direct eigenvalue solvers can be
used. For more details, see [5] and the next section.

§3. Example
Consider the Stokes problem

—Au+4+Vp="F, V-u=0, (19)

for the velocity field u € V = (H}(Q2))? and the pressure p € Ly(Q)\{const.}
in a two-dimensional domain €. If © can be represented as a union of rect-
angles (or, more general, quadrilaterals), a low-order discretization by non-
conforming rotated Q1 finite elements for the velocity and PO pressure el-
ements has been introduced in [7]. We describe only the definition of the
resulting spaces Z ; corresponding to the shift-dilation invariant setting of the
previous section (i.e., the associated spaces of approximately divergence-free
rotated Q1 vector fields on nested uniform partitions R; of R? into squares
of side-length 277, j > 0). A vector field u = (uy, us) € H = Ly(IR*)? belongs
to Z; if it is componentwise in the space W; of scalar rotated Q1 elements
and satisfies the discrete divergence-free condition

/ Vudr =0 VR e R;. (20)
R

A function u € Ly(IR?) belongs to W; if its restriction to any R € R; belongs
to span{l,x1, 29, 2% — 22}, and if the average value of u along any edge e
associated with R; is the same when taken from either side of that e. The
local interpolation problem for W; is defined by prescribing edge averages,
compare [7] for alternatives. Accordingly, functions in Z; C V; = W; x W;
are uniquely determined from their edge average vectors. Obviously, V will
then be generated by L = 4 functions ¢l. Their supports and defining nonzero
edge average vectors (of unit length) are schematically depicted in Figure 1.
Thus, an arbitrary u € V¢ is uniquely representable as

4
> waTeds lulli,me = ) (wa)

1 QEZ2 =1 QEZ2

4
U =
l:

From (20), it follows by Green’s Theorem that u € Z; is equivalent to

Thtrl —ah o —2i,..=0 VaeZ® (e =(1,0),¢* =(0,1)). (21)
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Throughout the paper, we assume that the entries of all these matrices are
polynomials (this corresponds to situations where norms, constraints, and
prolongations are computed by local schemes). For breviety, we call this
compact support assumption.

We will study the constant ¢ in

IES*yII7, oy < Ellyllt,zaye, v € Z=Ker G C 6(ZN, k> 0. (12)

One easily detects the connection of (12) with (6) if the following assumptions
are accepted. Suppose that two-sided inequalities

bj(uj,ug) ~ 22 ||ujl|y ~ 22|17, gy

2527 2825 || 2 (13)
aj(uj,u;) ~2°%0ag(Dy-juj, Dy-juj) = 2 HEDZ—J‘UjH£2(Zd)M.

hold for some s; and sy = 51 — sg, uniformly in u; € V; and 7 > 0. Define Pj :
Vici — V; by Pju]‘_l = Dzj—1]51D2—j+1Uj_1, and introduce the subspaces
Zj={u; €V; : GDy-ju; =0( < Guz; =0)}. We assume that S maps Zg
into Zy which implies that ]Sj maps Z;_; into Z; for all § > 0. Then, since

p]"J = PJ . --Pj—l—l = DZJ(Dl/ZPI ces D1/2P1)D2—J' = DQJSJ_jDQ—j,
from (12)-(13) we have for arbitrary 0 < j < J < oo that
aJ(P] Ju],P] Juj) < C2252(J=0¢ jbi(uj,uj) Yu; €Zj. (14)

Note that without the restriction to Z (i.e., as a problem on Kg(Zd)L which
then would be directly related to (6)), (12) was studied in [5]. The key obser-
vation is that, when going to Fourier series, we have

IES* 217, gaym = (L& sB)O)y(8),y(6))p,(rayr,  y(6) € Lo(TH", (15)
where B(0) = E*(0)E(0), and

9 9
(Ls» sX)( Ty 5* )X (5 +e)S(5 +e) (16)
e€{0,m}?

is the matrix transfer operator which was mentioned in section 1. The operator
(16) is well-defined on the set H of L x L non-negative definite Hermitean
matrix functions X (6) with polynomial entries. Such transfer operators play
a central role in characterizing the regularity of multiwavelets (see [6] for a
recent survey). Due to the compact support assumption, the Krylov space
K C 'H generated from B by repeatedly applying Ls+ s is finite-dimensional.
Let {A.}, {B(6)} be a complete set of eigenvalues and eigen‘matrices’ for
Ls+ 5|k (i.e., we assume diagonalizability). Write B(8) = > 3,B,(0) and
choose A as the maximum of all |A,| such that 3, # 0 and that

€2 (BA6)2(8),2(0)) 1, (xeye £ 0. (17)

Condition (17) is the only place where the constraints need to be taken into
account. This derivation implies the following result which, in combination
with (14), yields the desired sharp estimates for the norm behavior of P; ;.
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the spaces Vj associated with non-conforming schemes will necessarily consist
of the integer shifts of L > 1 scaling functions ¢', ..., ¢". Representing the
operator Dy, P @ Vo — Vp in this basis (the dilation Dy, t > 0 is defined by
Dyu(x) = u(ta)), it becomes a matrix subdivision operator with compactly sup-
ported masks. For details we refer to [5]. In this note, we wish to demonstrate
the same approach for investigating multigrid prolongations acting between
spaces of approximately divergence-free finite element vector fields. The differ-
ence with [5] lies in the incorporation of constraints. In section 2, the necessary
notation is introduced, and the connection between norm estimates for iter-
ated prolongations and the above mentioned eigenvalue problem is derived.
The theory is applied to the low-order rotated Q1-Stokes element in section 3.
We propose prolongation operators that preserve the discrete divergence-free
constraints and lead to nearly optimal asymptotic estimates in (6).

§2. Theory

Let H be a shift- and dilation-invariant Hilbert function space on R¢ with
shift-invariant norm ||Tsul| g = ||u|| g, where Tsu(z) = u(x—s), s € R?¢. More-
over, ||Dyul| g = t7°°||u|| iz holds for some fixed so € R. Given ¢,...,¢" € H,
assume that the system

O, ={¢,,=2"DyT.¢", a € Z" 1=1,...,L} (9)

forms a Riesz basis in its closed linear hull V; C H, j > 0. By definition,
27%0Dy; = Vo — Vj is an isometry, and the Riesz basis property of ®; yields
an isomorphism between V; and Kg(Zd)L. Thus, operators acting on V; induce
equivalent operators acting on Kg(Zd)L (or, after going to Fourier series, on
LQ(T )). We need to introduce three basic operators: a constraint operator
G:Vy— Uo(ZZ )M, a morm operator B : Vi — Kg(Zd)N, and a prolongation
operator P1 : Vo — Vi which all are assumed to be invariant w.r.t. 77
shifts. In particular, P Ty = ToPivg for all a € Z and vy € Vy. If
we use the isomorphism between Vj and Kg(Zd)L, then the operators G, E,
and S = Dy Py turn into bounded linear matrix operators between Kg(Zd)k
spaces (k = L,M,N) denoted by G, E, and S, resp. By the above shift-
invariance assumptions, S corresponds to a dyadic matrix subdivision scheme,
ie.,

Sy B — ZZSB Zayom € Zda k= 17 7L7 y € 62(Zd)L7 (10)

while GG, E are Toeplitz. In terms of Fourier series,

y € Kg(Zd)L — y(0) = ( Zya —iad ,=1,. L)T € Lz(']fd)L,

these operators become multiplication operators characterized by matrix func-

tions G(0) = (gml(e)), E(0) = (6"1(9)), and S(6) = (s k’(G)).
(Gy)(0) = G(O)y(6), (Ey)0)=E(0)y(d), (Sy)d)=S0)y(20). (11)
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The matrices P; resp. R;j represent the prolongation P; : V;_; — V;_; and
restriction operators R; : V; — V;_;. For simplicity, we restrict ourselves to
the symmetric case where 4 = AT, S, = S}F, and R; = PjT. In finite element
applications, the matrix representations of all these operators are extremely
sparse due to the local support property of the standard bases in finite element
spaces.

The convergence properties of the method (4)-(5) solely depend on the
choices of S; and P;. A particularly important design problem occurs if
Vi—1 ¢ V; (this is called nonnestedness in multigrid theory). While under
the assumption V;_; C V; one naturally accepts the natural embedding as
P;, for non-nested spaces the choice of the prolongations P; becomes nontriv-
ial. An application where nonnestedness occurs are discretizations of elliptic
boundary problems by nonconforming finite elements. Mixed finite element
discretizations of the Stokes system lead to nonnested sequences of approxi-
mately divergence-free finite element spaces. Previous work [1] indicates that
for nonnested spaces the energy norm behavior of the iterated prolongations
p]"J = Py...Pj41 : V; — Vjis crucial for the convergence rate of (4)-(5).
More precisely, the constants ¢; y in

ay(Pjuj, Pjguj) < cjabjlujug)  Vuj € Vi, j<J, (6)

need to be controlled. In practice, the forms a; represent discrete versions of
Sobolev norms and the forms b;(u;,u;) = wj(Sjlxj,xj), u; € Vj, are related
to scaled Ly-norms. Choosing appropriate scaling factors wj, we may assume
that an inverse inequality

aj(uj,uj) <bjluj,up) — VujeVi j=0, (7)
is satisfied. Although estimates for the prolongations
aj(Pjuj—y, Pjuj1) < cjajy(ujr,uj—y)  Vujyr €Via, j=1, (8

are easy to obtain and imply ¢; 7 < ¢j41...¢cy, 3 < J, this trivial upper esti-
mate is usually a crude overestimation. Proofs of sharper, optimal estimates
in (6) have been obtained so far only for two particular cases of nonconforming
finite element schemes [2,3]. More details and references on multigrid theory
with nonnested spaces and numerical examples for the behavior of the ¢;  for
several nonconforming finite element schemes can be found in [1,4].

Recently, in [5], we have shown that under simplifying assumptions, for
sequences of generic finite element spaces on dyadic sequences of uniform par-
titions of R? and homogeneous norms, with the strong assumption of invari-
ance w.r.t. dyadic shifts and dilations for all spaces and operators, asymp-
totically exact estimates for the constants in (7) can be derived from solv-
ing a finite-dimensional eigenvalue problem for an associated matrix transfer
operator. Similar reductions have shown their usefulness for estimating the
regularity of multiwavelets [6]. The analogy comes from the following obser-
vation: The shift-dilation-invariant setting assumed, the standard basis for



Multigrid prolongations and matrix subdivision
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Abstract. Attention is drawn to the connection between theoret-
ical properties of prolongation operators in multigrid methods, on the
one hand, and the regularity problem for solutions of matrix subdivision
schemes, on the other. Both problems can be reduced to spectral proper-
ties of an associated matrix transfer operator. An application to multilevel
preconditioners for the Stokes problem is discussed.

§1. Introduction

We consider multigrid methods for iteratively solving linear systems
A= (1)
arising from a variational problem
find weV : a(u,v)=F(v) Yo eV, (2)

in a finite-dimensional real Hilbert space V. Roughly speaking, multigrid
methods are based on embedding (2) into a sequence of analogous problems

find w; €Vy + aj(uj,v;) = Fj(vy) Yv; €'V, (3)

on real Hilbert spaces V;, 7 = 0,...,J (V =V, a = ay, etc.), of increas-
ing dimension, and constructing an iterative method for solving (1) by com-
bining approximate solvers (smoothers) S; for the problems (3) and prolon-
gation /restriction operations between different V;. In the simplest version
(multilevel preconditioning), the resulting iterative method takes the form

2D = () (42— f), n=0,1,... (4)

where (9 is an arbitrary starting vector, w # 0 a relaxation parameter, and
the multilevel preconditioner C' = C'y is recursively defined as

Co = So, C;=PC;1R; +5;, j=1,...,J. (5)
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