Multilevel Solvers for Elliptic Problems on Domains

Peter Oswald

Abstract. We study to which extent the geometric multilevel ap-
proach based on dyadic scales of shift-invariant subspaces on R can
be used to produce accurate discrete solutions of elliptic boundary
value problems of positive order on non-rectangular domains. We
also deal with the construction of optimal preconditioners includ-
ing the case of nested refinement. Sufficient geometric conditions on
a domain are given such that a robust and asymptotically optimal
algorithm can be expected. In contrast to other approaches which
emphasize biorthogonal wavelet decompositions we are satisfied with
a simpler frame concept which incorporates recent experience with
finite element multilevel solvers.

§1 Introduction

For the numerical solution of elliptic boundary value problems for partial
differential equations, multilevel methods have gained popularity over the
last decade. This is mainly due to their nearly optimal complexity for a
number of model problems. In many practical cases, they are based on
multiresolution scale of nested finite-dimensional subspaces

VoCVlc...CVjC... (1.1)

of a Hilbert space V serving as the energy space for the given variational
problem. The scale (1.1) is used to produce stable subspace splittings

Vi=W+Vi4+...+V; (1.2)
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and to design fast iterative solvers related to such splittings for the dis-
cretized variational problem associated with a computational discretization
space Vy (or a properly defined subspace V; C V). For 2m-th order ellip-
tic boundary value problems in Sobolev spaces, considerable progress has
been achieved in the theoretical understanding of multilevel and multigrid
methods as well as of other subspace correction methods for finite element
discretizations (cf. [65, 67, 11, 60]). We survey some of these results in
Section 2.

The underlying theory also applies to various wavelet discretizations,
see, e.g. , [26, 44, 45, 29] for some papers that deal with wavelet solvers for
elliptic problems and are related to our approach. Roughly speaking, in
these algorithms suitable “detail spaces” W; C V; are constructed, together
with their algebraic bases, such that V; = j_l—i—Wj provides a stable
splitting of V; into “low frequency” (V;_1) and “high frequency” (W¥;)
parts. Using this two-level decomposition recursively, (1.2) is replaced by

Vy=VotWi+t.. . +W;. (1.3)

One can use this splitting indirectly (i.e. , the original problem is discretized
with respect to a standard basis in Vy, and the wavelet decomposition be-
hind (1.3) implicitly defines the structure of the multilevel preconditioner)
or directly. In the latter case, the discretization is performed with respect to
the wavelet basis and 1s automatically well-conditioned. To achieve asymp-
totically optimal work estimates one has to use compression arguments. For
elliptic problems of order 2m, and V}; with locally supported basis functions,
the first approach is often preferred since the Vj-discretization matrix is
automatically sparse and available from standard, engineering codes. The
direct use of the wavelet decomposition (1.3) is promising for those situa-
tions in which the Vj-discretization is not a priori sparse, e.g. , for integral
equations.

In both cases, the explicit introduction of detail spaces Wj is the crucial
step, and may add some theoretical and practical difficulties. For example,
most of the popular examples of wavelet spaces (see [30, 16]) are derived
in a one-dimensional, shift-invariant setting on IR. Multivariate examples
on IR* are mostly obtained by tensor-product techniques. Adaptions to
bounded intervals and domains have been studied in, e.g. , [2, 17, 19, 18].
However, up to now there is no comprehensive study of the practical poten-
tial of discretizations using multilevel structures based on shift-invariance
and dyadic dilation (modulo boundary modifications) in the case of gen-
eral, non-rectangular geometries. It 1s not completely clear to the author
what will be left from the powerful wavelet machinery if the basic alge-
braic assumptions (invariance with respect to integer shifts and (dyadic)
dilation) are significantly relaxed.
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In our opinion, the departure from these assumptions is unavoidable
for many engineering problems. A simple example are 2m-th order elliptic
PDE’s with rapidly varying coefficients that exhibit a large ratio of elliptic-
ity constants, and are therefore far from a generic H”-problem. Principal
difficulties are to be expected if non-symmetric equations, with dominant
low order hyperbolic parts, such as convection-diffusion equations, or non-
linear problems are to be studied. In our opinion, this robustness aspect is
one of the target problems for future investigation, ¢.e. , the adaption of the
multilevel concept to a class of operator equations (or even to an individual
equation) still remains a decisive issue for practical implementations and
engineering applications. An indicator of this tendency are analogous ef-
forts within the FEM community and the renewed interest in the algebraic
multigrid method and related algorithms.

There is another observation which damps the expectations concerning
the practical use of wavelet solvers even for standard symmetric elliptic
boundary value problems. Numerical experiments [39, 49] show that for
generic H!-problems, i.e. , for second order elliptic equations, wavelet and
prewavelet discretizations perform slightly worse than traditional finite el-
ement preconditioners associated with (1.2). While condition numbers of
La-problems (and sometimes also of H*-problems with negative s) are usu-
ally improved and become uniformly bounded if J — oo, the precondition-
ing effect in the H'-norm is reduced by a constant factor. This poses the
problem of determining more carefully problem classes in which the use
of wavelet preconditioners based on (1.3) is justified compared to simpler
methods based on the use of scaling functions only and related to (1.2).
Also, one may argue whether new wavelet families (Daubechies orthogonal
wavelets [30], AFIF elements [51] etc.) are generally useful, and are able to
compete with traditional finite element and spline constructions from this
more practical viewpoint.

The reader should not expect an answer to these more philosophical
questions. In Sections 3-5, we concentrate on studying the influence of the
domain geometry on the optimality of multilevel preconditioners result-
ing from a standard multiresolution analysis (these sections are sometimes
rather technical and represent the original part of this paper). The con-
cept is based on sequences {V;} of subspaces of a fixed sequence {V;} of
subspaces in some HS(IRd) which “live” on a uniform structure generated
by shift-invariance principles and dyadic dilation as usual. These auxil-
lary subspaces ‘N/J are spans of scaling functions (or, in the finite element
terminology, nodal basis functions) of levels < j such that a canonical
HS(IRd)—eHiptic Galerkin discretization can be solved efficiently, e.g., by
preconditioned iterative methods, with the preconditioner inherited from
the generating system, or frame, consisting of scaling functions (see Section
4). Thus, we essentially stay with splittings of the type (1.2).
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The connection of the auxiliary problems in ‘N/J with the originally given
H*(Q)-elliptic problem, with natural boundary conditions, on a generic
bounded domain  C IR? is established in Section 3 where sufficiently rich
subspaces V; o C Vj|q will be constructed. The construction consists of a
local boundary modification which is similar to constructions outlined in
other papers on wavelets on intervals and domains, too, but is relatively
simple. A drawback is that, in contrast to {‘N/J}, the sequence V; o is
not monotone which requires additional considerations when adaptivity
is an issue. Information between V; o and ‘N/J is exchanged by appropriate
restriction (R;) and extension (E;) operators. To obtain uniform condition
number and work estimates, certain geometric conditions on €2 arise in
a natural way. Asymptotically, they hold for domains with boundaries
satisfying a uniform Lipschitz condition. For details, see Section 3 and 4.

In Section b several extensions will be considered in less depth. We have
decided to detail the exposition in Sections 3 and 4 to tensor-product spline
spaces V;. In Subsection 5.1, we discuss the conditions on generating func-
tions ¢, ..., ¢! and the necessary modifications such that the conclusions
of the theory of the previous sections still hold.

In Subsection 5.2 modifications for problems with essential boundary
conditions will be considered. This case is somewhat more difficult to
handle (compare [44]), and we do not have a satisfactory proposal for d > 3
at present. For d = 2, the basic idea is to enforce additional refinement
near the boundary which leads to a modified construction of V; o resp. ‘N/J

Adaptivity by nested refinement (or, in our terminology, nested basis
function selection) is dealt with in Subsection 5.3. We share the more
naive viewpoint of most of the adaptive finite element codes, and use local
a posteriori estimators based on a sort of local higher regularity or super-
convergence assumption (which is hard to justify theoretically but leads to
reasonable results in practical computations).

The author admits that there is a lot of closely related work, and that
some of the ideas are straightforward and have appeared, in one or an-
other form, in other papers, too. E.g., the construction of Cohen, Dahmen,
DeVore [18] of a biorthogonal wavelet system for Sobolev spaces, though
complicated in the technical details, looks theoretically much more pow-
erful and 1s based on a clever boundary modification as well. There is a
lot of activity on solving large linear systems arising from finite element
discretizations on engineering (so-called unstructured) grids or of obstacle
problems, where an embedding into a regular structure has been one of the
options. See the recent papers [54, 55, 66, 5, 42] as well as [43, 35, 48]. Some
of these investigations originate from the domain embedding or fictitious
domain methods for finite difference discretizations where boundary modifi-
cations, extension and restriction operators have been used for a long time,
also in connection with multigrid techniques. We refer to [40, 52, 36, 8, 54].
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Finally, we wish to mention one more time that this is a paper on ge-
ometric multilevel methods, i.e.; the approximating subspaces as well as
their multilevel splittings are constructed for a generic linear, symmetric,
uniformly elliptic H*-problem (s > 0). No anisotropies, behavior of coef-
ficient functions, physical background, or other specifics of the boundary
value problem have been used. It is tempting but rather difficult to further
extend this work to a more operator adapted setting (see, e.g. , [46, 22, 23]),
and to attack the robustness aspect at large.

§2 Stable subspace splittings and iterative methods

This is a short introduction to a class of approximation and solution meth-
ods for operator equations in Hilbert spaces which is based on the concepts
of multilevel scales and stable subspace splittings. The solvers for the
approximate problems fall into the class of iterative subspace correction
methods. Particular examples are domain decomposition and multigrid
algorithms, orthogonal, Riesz basis, and frame decomposition and recon-
struction techniques, and others. The framework typically incorporates
adaptivity (with respect to individual features of the solution of the op-
erator equation) in a natural way. We refer to the books and surveys by
Bramble [11], Chan, Matthew [15], Dahmen [25], Hackbusch [41], Oswald
[60], Xu [65], Yserentant [67], where different aspects and the history of
the subject have been illuminated.

We start with the notion of stable subspace splittings for Hilbert spaces.
Assume that V' is a (finite-dimensional or separable) Hilbert space, with
scalar product (-,-)v and norm || - [|v. Let {V;} be an at most countable
collection of closed subspaces of V' such that V = Zj Vj;, in the sense that
for each uw € V there is at least one V-converging representation

u:Zuj, u; € V; .
J

Let us further assume that the symmetric bilinear forms a(-, -) resp. b;(-, -)
are scalar products on V resp. V; (for all j), such that the spaces are
Hilbert when equipped with these alternative scalar products. We use the
notation {V;a} resp. {V;;b;} to indicate this assumption. In particular,

cllulli < llulla < Cllulli YueV, (2.1)

where ||ulls = y/a(u, u) denotes the energy norm in {V;a}. The two pos-
itive constants 0 < ¢, C' < oo in (2.1) are sometimes called ellipticity con-
stants of a(-,-) with respect to V, and do not depend on v € V. In the
following, we use the symbol = for two-sided inequalities such as (2.1)
while A < B resp. A > B stand for a one-sided inequality A < C'- B
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resp. A > ¢-B. Thus, A < B is the same as A < B < A. The constants
0 < ¢,C' < 0o are assumed to be generic, if not stated otherwise, they do
not depend on the arguments of the expressions A and B.

The subspace splitting

{Via} = Z{Vj;bj} (2.2)

1s called stable 1if

|||u|||%bj} = inf bi(uj,uj) =< a(u,u) . (2.3)
UjEVj:u:ZjUj ]

One of the simple consequences of this definition is the fact that the oper-
ator equation

Pu=¢, P=Y RT;, ¢=Y ¢;, (2.4)
J J

where R; : V; = V denotes the natural injection, and

(Tiu’vj) = a(u’vj)
(¢5,v5) = ®(v;)

for all 7, is an equivalent formulation of the variational problem of deter-
mining v € V such that

{E:V—)Vj

qu c V] Y v; € V] (2.5)

bj
bj

a(u,v) = ®(v) YVoelV (deV™). (2.6)

The problem (2.4) is called additive Schwarz formulation of the variational
problem (2.6) associated with the subspace splitting (2.2). Moreover, the
additive Schwarz operator P acting in V is symmetric, positive definite
with respect to a(-,-), with spectral condition number defined by

A1‘1‘121)((7?)
Py =" 2.7
K(P) - (2.7)
where
Amax(P) = sup a(Pu,u) = sup a(ui,zu)
u€V ia(u,u)=1 0ZueV |||u|||{b]}
and
Amin (P) = inf a(Pu,u) = inf a(ui,zu) :
u€V ra(u,u)=1 0AueV |||u|||{b]}

As a consequence, the operator equation (2.4) is well-conditioned if the
norm equivalence (2.3) holds with tight constants. This is the key to pre-
conditioning using subspace splittings.
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Before we discuss the typical algorithms associated with finite-dimen-
sional versions of (2.2) we wish to add a few comments. First of all, the
inclusion of infinite-dimensional spaces, and countable splittings is very
appropriate if we come to our multiscale applications. As a rule, if

{Via} =) {Vj65)

7=0

is stable then the finite splittings

J
(Visay =) {Vj:65}

7=0

are uniformly stable for J — oo vice versa. This is a desirable feature for al-
gorithmical reasons: the convergence rates of the solvers do not degenerate
if better resolution is needed. In addition, this “asymptotical” viewpoint
links us with the rich mathematical theory of Fourier analysis and function
space decompositions. For instance, any complete orthogonal system but
also any Riesz basis or frame in V leads to stable subspace splittings. On
the other hand, the practical performance of the approach depends on a
“non-asymptotical” range of small to moderate J, and is heavily influenced
by the constants in (2.3). Thus, constructions which do not lead to stable
splittings in the infinite-dimensional setting may well be successful in some
applications. The hierarchical basis method of Yserentant designed for H'-
elliptic problems on two-dimensional domains may serve as an illustration.
However, especially for methods working in an adaptive refinement envi-
ronment where larger J are much more likely, the stability of the multiscale
splitting in V' becomes crucial.

A second remark is on the typical method of proof of the stability condi-
tion (2.3) which has been put into its present abstract form by J. Xu in his
thesis (see [65]). The lower bound, i.e. , |||u|||{,; < a(u,u), is usually for-
mulated as separate condition, proofs combine (depending on the context)
methods of approximation theory and elliptic regularity arguments. The
upper bound is often replaced by assuming so-called strengthened Cauchy-
Schwarz inequalities controlling the interaction between the different sub-
spaces in the splitting. One formulation is to require

a(uj,uk)z < 'y;ykbj(uj,uj)bk(uk,uk) Y u; € VJ , ug € Vi . (28)

Then the finiteness of the largest eigenvalue Apax(T) of the matrix T' =
((y;,%)) 1s a sufficient condition for the upper estimate. It is convenient to
assume that

Vg =1 (2.9)
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in (2.8) for j = k which amounts to an appropriate scaling. The inequalities
(2.8) and the condition on T' are also important for the more sophisticated
multiplicative algorithms for which stability alone will not give the desired
optimal result, see below. With slight modifications, this concept is also
surveyed in [67, 38]. A refined theory serving the needs of multigrid ap-
plications, and including a discussion of all kinds of perturbations typical
for practical implementations, is given in [11]. See also [41, Section 10-
11] for an introduction and the link to multigrid. Finally, the approach
of [60, 25] emphasizes the close connection of the stability assumption for
multiscale splittings with results on scales of approximation spaces. For a
survey on applications to domain decomposition methods (not necessarily
of multilevel type), see [15].

Thirdly, it 1s possible to further generalize the concept by removing the
assumption V; C V. This is important for several reasons. In the multilevel
context, we have in mind situations in which the monotonicity condition
V; C Vj41 is violated. The formal cure is the introduction of a suitable
set of mappings R; : V; — V (replacing the natural injections) such that
R=73;R; : ©V; — V is onto, and

ulll?, . = inf bi(uj,ui) < alu,u YueV.
AR N SUCAREL

The latter condition replaces (2.3), and guarantees that P' = 3. R;T;
preserves the above-mentioned properties of P. (2.5) is replaced by

bi(Tju,vi) = a(u, Rjv;) Vv €V,

where T?/ : V= V. All these modifications can be subsumed in a simple
Hilbert space lemma, called fictitious space lemma, which was first used in
connection with fictitious domain and domain decomposition methods by
Nepomnyaschikh [54], see [60, Theorem 17] or [66].

As a last remark we note that the abstract formulation of the stability
concept in form of the two-sided inequality (2.3) allows to better under-
stand simple transformations of one splitting into another which are useful
especially for practical purposes, and add flexibility. In [60, Section 4.1]
and [38], refinement, clustering, and selection have been discussed. Just to
give an example, selection is typical for adaptivity applications and can be
characterized as follows: For each j we select a subspace V" C V; (both
extremes V" = Vj and V = {0} are allowed!), and form the new, se-
lected space V* = Zj V. Due to the definition of the triple bar norm,
establishing the stability of the new splitting

{(V*ial = {Visb,,

J
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requires only the verification of the lower estimate, while the upper estimate
is preserved from (2.3), with the same or a better constant. A further
simplification comes for the case of splittings into direct sums of subspaces
where the infimum in the definition of the triple-bar norm can be removed:
in this case any selection leads again to a stable splitting, with the same
or better condition.

Splittings into one-dimensional subspaces are of particular interest. Let
V; be generated by the (nontrivial) element f; € V. It turns out that
then the stability condition (2.3) is equivalent to the frame property of the

normalized system
~ 1
[i=——=/;
bi(fis £i)
in {V;a} (or, equivalently, in V equipped with the original scalar product).
Recall that a system {g;} in a Hilbert space V is called frame if

Jullf =Y [(wgi)v® VueV

(see [30, Section 3.2] for the definition and properties of frames). Indeed,
one easily computes that

Pu = 2.10
Z by ( f] : f] (2.10)
which together with the stability of (2.2) implies

a(u,u) < a(Pu,u) = Z|

Alternatively, look at [30, Proposition 3.2.4] and compare with (2.3). Riesz
bases which are, by definition, mintmal frames are particularly attractive
since they lead to stable direct sum splittings of V. Another reason for the
interest in frames or Riesz bases is that, based on their stability property,
one can derive many other computationally interesting stable splittings.
Examples are provided in [60, Section 4] and [58] for finite element applica-
tions. The explicit formulas for P (2.10) resp. for the subspace mappings
T; and the ¢; associated with the given functional ® in the right-hand side
of

o o wfy) %) .
LooweVo Tn=p b e L= ggnmh) @0

are useful to derive matrix representations suitable for the implementation
of the algorithms explained next.
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Let us now briefly outline the basic algorithms associated with a sub-
space splitting (2.2). For this purpose we make the natural assumption
that all spaces involved are finite-dimensional, and that their number is
finite:

J
{Via} = Z{Vj;bj} : (2.12)

Note that stability itself is obviously guaranteed, the question is the size
of &(P).
The iteration step of the additive algorithm A is given by

J
u" Tt = o —I-WZW(U”) o ri(u) = Rj(¢; — Tju) . (2.13)
j=0

The same amount of work is formally needed to perform one iteration of
the multiplicative algorithm M

v° = u"
B = el =0T ()
u” = v

The role of the relaxation parameter w 1s analogous to the classical iterative
methods (as a matter of fact, (2.13) corresponds to the extrapolated Jacobi
resp. Richardson iteration while (2.14) generalizes SOR). Note that these
are stationary linear iterative schemes (in the usual terminology, see [41]),
the iteration operators for the two algorithms are

My =1d—wP, My = (Id—wRoTy)(Id —wRTy) ... (Id—wTy) .

The convergence theory (which is trivial for the additive algorithm) is cov-
ered in [65, 67, 11, 38, 60]. We quote the following result from [38], or [60,
Theorem 18].

Theorem 1. Assume that V is finite-dimensional, and that the algorithms
A and M are defined with respect to (2.12).

(i) The additive algorithm A converges for 0 < w < 2/Ayax(P). The
optimal convergence rate is achieved for w* = 2/(Amax(P)+Amin (P)),
and equals

. 2
ph = min [|Malle =1— (2.15)

0<w<2/ Amax 1+ k(P) "



Multilevel Solvers for Elliptic Problems 13

(ii) Assume (2.8) and (2.9). Then the multiplicative algorithm M con-
verges for 0 < w < 2. The (analogously defined) optimal convergence
rate can be estimated by

/\min (P)

17 RN L LV R 2.1
Without the assumption (2.8), one still gets
* 2 1
(Phr) (2.17)

<1- log,(4(J + 1)) - k(P)

Intuitively, 1t might seem that the multiplicative algorithm M should
perform better than A (and this is indeed the case for many standard
applications, and parallels the experience with Jacobi- and Gauss-Seidel
methods for specific classes of linear systems), however, it was shown for
some exotic Toeplitz systems [59] that, in general, the logarithmic factor
in (2.17) can not be removed. Note that the choice of w is only sensitive
for the multiplicative algorithm, if A is replaced by the conjugate gradient
iteration applied to (2.4), one essentially has the same iteration step (2.13),
with an automatic choice of w = w(u™) (the latter requires some additonal
storage and computation of scalar products). Moreover, the cg-iteration
results in an even better estimate for the average convergence rate:

aver

2
wer ;-
Peg 14+ /&(P)

There are numerous modifications of the multiplicative algorithm, and
refined theories which serve some applications better, and lead to sharper
estimates under special circumstances. We mention a symmetrized version
of M, the symmetric multiplicative iteration SM, which is the abstract
counterpart of the SSOR-method. It is approximately twice as expensive as
M and combines two steps of (2.14) (the second performed in the opposite
order) into one, see [65]. The iteration operator takes the form

(2.18)

MSM = (Id—wTJ) e (Id—leTl)(Id—wRoTo)(Id—leTl) e (Id—wTJ) .

A more general version of SM, the variable symmetric multiplicative algo-
rithm has been popularized by Bramble et.al. (see [11, Algorithm III] for
a general multigrid exposition). In a multiscale environment, the general
recommendation is to allow for more subspace correction steps correspond-
ing to small j (which are the low-dimensional subspaces, and, therefore,
the unexpensive subproblems in (2.5)). The benefit is that weaker assump-
tions suffice to state optimal convergence estimates, without increasing the
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arithmetic complexity of the iteration in the asymptotical range (J — o0).
For details, we refer to [11].

We finish this section by discussing the matrix representations of the
above algorithms for the multiscale setting. This also leads us to an un-
derstanding of some implementational issues. Assume that the V; are an
increasing multiresolution scale (1.1) of finite-dimensional subspaces, of di-
mension n;, and with a designated algebraic basis which we denote by
./\/j = {¢>j,z’}z’:1,...,nj~ In wavelet resp. finite element discretizations, the
¢;,; are dilates and translates of the scaling functions resp. nodal basis
functions. All matrix representations will be with respect to these bases.
According to (1.1), there are representations

i

—_ .. .. ' _ .
¢j—1,i’ - § a];z,l’¢],l ’ = 1a s G-t

i=1

the coefficients of which enter the matrix representations [; of the natural
embeddings V;_1 — V;. More precisely, [; is the n; x n;_; matrix given
by

I = ((aj;,07))i=1,..nz5i0=1,...n,1

which transforms the coefficient vector of u € V;_; with respect to ./\fj_l
into the coefficient vector of the same u with respect to .

We first discuss algorithms associated with (1.2). We denote the stiff-
ness matrices of the bilinear forms a(-, -) (restricted to V;) and b;(-,-) with
respect to N; by A; and By, resp.. Thus, the entries of A; are a(¢; i, ¢;4),
i, = 1,...,n;, analogously for B;. It is now obvious that the matrix
representations of the operators T; : Vy — V; are given by

Bi'Ify, - IJA;, j=0,...,J,

and that the additive operator Py = Z}I:O R;T; acting in V leads to the
matrix expression

J
Iy L BYUT 1T A = CF A (2.19)
7=0

Note that the preconditioning matrix C’j‘ is formally independent of Ay,
it depends only indirectly on a(-,-) via the choice of the B;. The intergrid
transfer operations behind [; and IjT can be interpreted as prolongations
and restrictions, resp.. Finally we mention that the matrix Id; —wC$ Ay
corresponds to the iteration operator M4. Here, and in the following /d;
stands for the identity matrix of dimension n;.
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The recursive structure behind (2.19) should be emphasized. The pre-
conditioning matrix C'4 can be defined recursively as

Ct=By', Cf=LCi, 0l +B7 j=1,...J. (2.20)

An analogous structure is exhibited by the multiplicative method. By
induction, one verifies that CM = Bo_l,

CM = LM Il (Id; - wA; BT+ B =1, (2.21)

leading to the matrix expression Id; —wCH A for the iteration operator
Mpr. While (2.20) can be implemented directly for use in a preconditioned
cg-iteration, the implementation of the multiplicative algorithm is usually
performed in a different fashion, as a multigrid V(1%9-cycle, as explained
in [11, 41]. What we wish to show with the formal recursion (2.21) is that
the two methods look similar, with the difference that the multiplicative
method M contains an additional residual evaluation. The latter is there-
fore slightly more expensive, and needs the so-called Galerkin coarse grid
matrices ~

Aj =10y I AL Ly (2.22)

Provided that all entries of Ay are computed exactly, one easily verifies
that flj = A;. Still these matrices have to be precomputed, and stored.
However, in many other cases (when using quadrature rules, for perturba-
tions of the nestedness condition etc.) the matrices flj are different from
Aj, and may change if J is increased. Then additional considerations are
required (see, e.g. , [11, Sections 4-7]).

In the remainder of this paper we will be concerned only with the prop-
erties of additive preconditioners as defined in (2.20). We do not further
discuss the multiplicative (and more general multigrid) algorithms which
are a valuable and flexible tool in practice. In order to justify this “negli-
gence” | let us just recall that Theorem 1, (2.17), guarantees that knowledge
about the additive iteration A, and thus about the characteristics of the
underlying stable splitting, also leads to sufficiently good convergence state-
ments for some simple multiplicative algorithm. Since our examples below
are mainly frame-based, i.e. we typically consider the refinement

J nj
(Viiay =% {Visal, Vii=span{;il}, (2.23)
j=04=1

of the splitting (1.2), it is worth mentioning that in this case Bj_1 is just a
diagonal matrix:

B; = diag{a(¢;, ¢;ji) bi=1,..n; -
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This follows from the explicit formula for the additive Schwarz operator
P associated with (2.23) which can be derived from (2.10). More involved
approximate solvers on the subspaces V; are possible but will not be con-
sidered. The above choice is extremely simple but incorporates at least a
minimum of information from A; into the subspace corrections. Note that
the only components of the C4-recursion which changes if (1.2) is replaced
by (1.3) are the operations Bj_l. Assume that we have a Riesz basis in V'
resp. in Vj associated with the splitting (1.3). The basis functions that
span W; are denoted by ;;,¢=1,...,m;, where m; =n; —n;_q,j > 1.
For the preconditioner which results from the Riesz basis

No U {1/)172'} U...u {1/)‘]72'}

one would need to put

Br'= LB By = diag{a(¥i,4) bzt m; » J 21,
in the recursion (2.20). Here, the n; x m; matrix fj describes the natural
embedding W; — V;, and contains as entries the mask coefficients in the

expressions
n;

YD P I
i=1

This, and the precomputation of the diagonal matrix B{l, are the places
where the choice of the Riesz basis adds to the arithmetical complexity
of the preconditioning operation. Other advantages (e.g. , better stability
estimates, or robustness properties) should compensate for this drawback.
Some examples of “cheap” finite element Riesz bases are available, see [50]
for a survey.

§3 Subspaces for bounded domains
3.1 Construction of V; o

Throughout the paper, we use the following notation. Let Q € R be a
bounded open d-dimensional domain, and 99 its boundary. We assume
that € possesses the extension property for the scale of Sobolev spaces H?
(for it to hold, the uniform cone condition would be sufficient, see [64, 1]).
Let the Euclidean space RY be partitioned into cubes of sidelength 1 such
that the origin is a vertex of one of the cubes. The collection of all these so-
called 0-cubes will be denoted by Ry (partition of level 0). The partitions
R; of level j > 1 into j-cubes of sidelength 277 will be obtained from Rg
by dyadic dilation . Let

Vi = Sp(R;) N La(IRY) (3.1.1)
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be the Lo-subspaces of tensor-product splines of degree £ and smoothness
r with respect to R; where 0 < r < k—1. Obviously, {V;} is an increasing
sequence of subspaces of the Sobolev spaces HS(IRd), 0<s<r+3/2
Alternatively, the V; could be defined by dyadic dilation from Vy: V; =
{u(2:) : u € Vy}. Note that V; locally contains all algebraic polynomials
of degree < k.

We fix the local and Lj-stable basis of tensor-product B-splines {¢; ;}
in V;, see [63]. This basis has the remarkable property of local linear inde-
pendence: If u; € V; vanishes on a j-cube O then ¢; ; = 0 for coefficients in
the B-spline representation corresponding to all basis functions ¢;; which
do not vanish identically on O. For our convenience, we introduce the nota-
tion wn for the set of indices ¢ such that ¢;; does not vanish on the j-cube
0. Thus, local linear independence is equivalent to

ch,i¢j,i(x) =0, zeld0 = ¢;=0, iCwn. (3.1.2)

i
A consequence of the local linear independence property 1s the existence of
well-localized biorthogonal functions: For any j-cube O C supp ¢;; (or, in

other words, for any ¢ € wn) there is a function 7;; € LOO(IRd) supported
on O and such that

/ it de =& Vi i (3.1.3)
[m]

As 18 obvious from the translation-dilation invariance of all constructions,
the n; ; can be obtained as scaled translates of dilates of a finite number of
functions associated with the unit cube Oy = [0, 1]%. The j-cube associated
with 7; ; will be denoted by O; ;. It will be fixed depending on the specific
setting. If no explicit choice is made, then any j-cube in supp ¢;; will
serve.

We introduce some modified basis functions which will be used for
the boundary modification below. Consider the finite-dimensional space
Xy = Volo, (which in this specific case coincides with all polynomials of
coordinate-wise degree < k). Tt contains all monomials %, |a| < k, the set
of which can be complemented by some other functions to yield a basis in
Xo. Let {¢o,} (¢ € wo,) denote this basis, and {7, ;} the corresponding
biorthogonal system in Xg, z.e. |

/ ¢Du,i77‘:|u,i’ dr = 62’,2” , 1, = wao, - (314)
Og

The same notation ¢n, ; will be used for the extensions to S], (I[{d) obtained
as follows: For the monomials 2%, |o| < k, there is a unique representation

2 =3y, zeR,

7
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while for the complementing basis functions the minimal extension is used,
i.e. , the B-spline coefficients of the extension vanish for ¢y ; with ¢ & wn,
(coefficients with ¢ € wg, are uniquely determined by the spline values on
Oy as follows from (3.1.2)). This construction is illustrated for the bilinear
case (d = 2,k = 1,7 = 0) in Figure 1 a)-d). The upper row shows the nodal
values at the integer points near Oy of the extended ¢n,; corresponding
to the monomials 1, z1, 2, and one arbitrarily fixed complementing basis
function, respectively, while in the second row the nodal values of the bilin-
ear functions on Oy defining 5o, ,; are depicted. By translation and dyadic
dilation we obtain systems {¢n ; } and {nn;} ( € wa) for any j-cube O and
all 7 > 0. To be definite, and in order to preserve the biorthogonality rela-
tion (3.1.4), we apply scaling (by a factor 2/¢) only to the 5-functions. In
the final construction, suitable restrictions of the extended functions ¢n ;
will be used, see below.

1 1 1 1 -1 0 1 2 2 2 2 2 0 0 0 0 0 0 0

1 1 1 1 -1 |0 1 2 1 1 1 1 0 0 1 0

1 1 1 1 -1 |0 1 2 0 0 0 0 0 1 0 0

1 |1 12 |1 |2 o |12 |2 |2 |2 |2 |20 |o |o |o /O O O

10 -14 -6 6 6 6 -18 18 -8 4
-2 10 -6 6 -6 -6 18 -18 16 -8
a) b) ©) d) €

Figure 1. Bilinear elements: Nodal values for ¢- and n-functions

From now on, we assume that generic constants C,¢,... (also those
occuring in < and < relations) may depend on k,r, s, and £ but are inde-
pendent of other parameters, especially of j, ¢,1, and the functions involved.
For each j > 0, we define the sets €2; C 2 C 25 as unions of j-cubes:

Q=U{0eRrR; : 0CQ}, QG =u{0eRr; : ONQ£0}. (3.1.5)
We require the following geometric property of Q.

(G1) For each j-cube O € €25 and any [ = 0,1,...,j, there is at least one
l[-cube O’ C Q; at a distance < C2~! from O. The constant C is assumed
to be independent of O, 5 > 0, and .

Roughly speaking, this condition means that the domain has a sufficiently
“fat” interior and a regular boundary. In particular, (G1) implies Qg # 0.
Though restrictive, (G1) seems to be rather natural if robustness of a
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geometric multilevel method is expected. Asymptotically (i.e. , if required
only for jo < 1 < j and some sufficiently large jg), the above condition
1s satisfied for domains with a Lipschitz boundary resp. the uniform cone
condition.

By w; resp. dw; we denote the sets of all indices ¢ such that the support
of the tensor-product B-spline ¢; ; intersects Q; resp. intersects 2 but not
;. These are the sets of interior and boundary indices of level j. Let C; be
a family of j-cubes O C €2; near the boundary of € satisfying the following
properties:

e No function ¢;; contains two different cubes from C; in its support.

o There is a constant C such that for each ¢ € Gw; there exists a cube
0; € C; at a distance < €277 from the support of ¢; ;.

The second property implies the existence of a partition of the set of bound-
ary indices Jw; into small sets Own, Box € C;}, such that for ¢ € dwn the
distance condition is satisfied with this particular O (we will assume that
OJwn is nonempty, otherwise the corresponding cube O can be excluded from
C;). The existence of the families C; easily follows from (G1) for | = j,
the constant C' depends on the constant in (G1l) and k,r. Analogously,
the set of interior indices w; decomposes into the pairwise disjoint sets wn
(O € Cj), and a possibly larger "remainder” set

I .
wi = wj\ Ugec; wao -

Figure 2 schematically illustrates the definitions of §2;,Q25, and C; for the
bilinear case. The j-cubes in C; are given by hatching, and the numbers at
nodal points associated with wg U dwg indicate the number of the corre-
sponding O € C;, unnumbered points correspond to indices from w’) Since
for i € w} the support of ¢;; contains at least one j-cube O C €; (which
is not in C;!) we can fix 7;; such that its support O;; is in supp ¢;; N ;.
Figure 1 e) shows the nodal values of the biorthogonal function for j = 0,
the general case follows by scaling with a factor 27¢.

We come to the description of the boundary modification. Roughly
speaking, only basis functions ¢;; with ¢ € wn for j-cubes from C; will be
changed. For notational convenience, define the restriction operation M,
associated to an arbitrarily given set w of indices of level j by

u; = ch’i¢j’i € Sl: (R]) — Mwu]' = ch’i¢j’i € Sl: (R]) . (316)

g TEW

If w is finite, the mapping is clearly into V;. The restriction of M., onto V;
is an Ls-bounded operator, due to the Ls-stability of the B-spline basis.
For each O € C;, we replace the associated set {¢;; : i € wn by a set of
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Figure 2. Boundary cubes and nodes for bilinear elements

"new” basis functions {¢}; : ¢ € wg} which coincides up to inde ordering
with {M,quswe®n,i} (i.e. , with the restrictions of the dilated and trans-
lated extensions ¢n,,, defined above to some neighborhood of O, compare
Figures 1 and 2). The biorthogonal functions 1;; are identified with ng ;s
accordingly. Thus, our construction ensures that

165illLwmey 215 jillem,y 224, i€,
(3.1.7)

065 illnemay 21, InfillLw@) =2 ¥4, i€wn,

hold for all O € C;, and j > 0. In addition, the biorthogonality conditions
are preserved. The main advantage of our construction is the relatively
simple, cube-oriented local basis exchange which still guarantees local re-
production of polynomials of (total) degree < k in the spaces V; o to be
defined next.
Let
Via =span{¢;ia : 1 Ew;}, (3.1.8)
where
¢)j7i|ﬂ if iew
“Sj’m:{ &ila if icwn, DeC
7, Q o, J
The space V; o is a subspace of Vj|q, the restriction of V; to Q2 (as a rule,
the inclusion is proper). More precisely, functions from V; o are uniquely
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determined by their values on €;, and extended to € in a specific way.
This can be seen from the definition of the biorthogonal system by

1,4 if 7€ w} ,
nia=9 Oec
nj,i 1 1 €wn ) € J

which ensures O, ; = suppn;,; C €; to hold, and

u = qu = Z /\jyi(u)q/)jyiyg s /\jyi(u) = /D nj:,.0U dx s (319)
iij It

for all u € V; o since

/ 7]j7i7ﬂ¢jyilyﬂ dr = 62’,2” , 7, i e Wy . (3110)
a

R

The spaces Vj q still have the same approximation power (with respect
to the Sobolev scale) as Vj|q since the boundary modification allows for
local reproduction of polynomials of total degree < k. Indeed, the quasi-
interpolant operator (3.1.9) is well-defined for functions v € L,(£;) and
maps into V; o. By construction, @; is a projector onto V; . Also, if u
coincides on §2; with a spline function from V; or from S}, (R;) then its
values are preserved on ;.

By a standard argument, we can prove

1QjullL, @) = ullz,@;) 1<p<oo. (3.1.11)

To this end, observe that on each O N2 at most a fixed number of terms
in (3.1.9) does not vanish. This gives

1Q;ullz,ney = > 1As.i(w)5..9l17, ana)

i€w; :ONsupp ¢;,i, 70

for all j-cubes O. The generic term in this sum is the Ly-norm of a function
of the form [, nudx - ¢, where ¢,y satisfy (3.1.7), and O’ C €; is a j-cube
at distance < ¢277 from O. This implies

P PR P = S
= lullz, @0
and
1Qull?, @nay = > ull} o -

0/ : dist(0,0/)<e2-7
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Now summing over all j-cubes O from Q¢ and observing that each L,(0’)-
norm term is repeated only finitely many times, we conclude (3.1.11). We
gave the proof only for the sake of completeness. On later occasions, anal-
ogous considerations are left to the reader.
To show approximation estimates in H*-norms (0 < s < r + 1) for
u € H', s <t <k+1, it suffices to consider integer s = m =0,1,...,r+1,
t = k + 1, and to prove the norm estimates
= Qjullgrm(q) = 25T ||uf| grasa (g Vue HAHQ) . (3.1.12)
The general case (as well as estimates in terms of moduli of smoothness)
can be concluded from (3.1.11) and (3.1.12) by interpolation methods. To
prove (3.1.12), let £ : H*(Q) — HS(IRd) denote the bounded extension
operator, actually, here we need only s = k + 1. Note that each

uj = E ciidiin € Via

1EW;

has a natural extension to V; (which is different from Ewu;) given by

i = Z Z ¢jido; + Z Cj,iji -

0eC; i€wn iEw;

Moreover, Q;u = Q; Eu and, as a by-product of the proof of (3.1.11), we
have for the natural extension of Q;u

1Qjull L, mey = ullaa;) -

Next, the obvious inequality

= Qiullimiay < Y 1w — Qi Eullim o
ocas

reduces the global estimation to local estimations on each O C 5. By
construction wg C wj for all @ C €2]. Therefore, to each O € Q5 and ¢ € wn
we can associate a j-cube O; C §; according to the following rules: If i ¢ W
then ¢ € wo+ U dwn+ for some j-cube O* € C; and O; = 07, otherwise, if
i € w} then set O; = O;; (C supp¢;;). In all cases, these cubes are at a
distance < €277 from O. We choose U(0) to be the smallest cube (say,
a union of j-cubes) containing O and all O;, ¢ € wg, simultaneously. The
diameter of U/(O) is bounded by €277, with an absolute constant ' which
depends on the constant from assumption (G1).

Let p denote an arbitrary polynomial of total degree < k. By the
above construction it is clear that Q;p = p on €1} (to see the coefficient
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reproduction in the representation of p with respect to {¢;;} for indices
i € wa U dwa, look at the definition of the modified boundary functions
én,i (part of which coincide on O € C; with the monomials of degree < k),
and their biorthogonal counterparts). Hence

| Ev — QJEUHJZLI’”(D) < 2(||EBu— P||12L1m(u) +11Q; (Eu — P)H%m(u))

< B = pllEm@) + 277Q; (Eu—p)l|7 (o)

= ||Eu —P||12L1m(u) + Z 22jm||EU—P||%2(u)
1Ewn

< ||Eu—p|F + 2% | Bu — pl|7 :

= Pllap=w oY) PllLzw @)

Taking the infimum with respect to all polynomials of degree < k and

taking into account the size of the cube U(O), by the Bramble-Hilbert
lemma we arrive at

1Ew = Qi Eullfimy % 272 F T || Bul} i 1oy, -

After summing up with respect to O C Qf this yields (3.1.12) (note that

by the extension property the Hk“(IRd)—norm of Fu 1s bounded by the
H**1(Q) norm of u. The norm of the extension operator E enters the
constants).

The outlined argument establishes

Lemma 1. Let Q have the extension property and satisfy the above geo-
metric assumption (G1). Then the quasi-interpolant operator (); defined
in (3.1.9) provides good approximation order in Sobolev norms: For all
0<s<r+41ands<t<k+1 we have

lu = Qjullme 0y < C20~|ul|reqy Yue H(Q) . (3.1.13)

Moreover, the operators (); are projectors onto V; o. They also preserve
the values on §; of spline functions from V; resp. S, (R;).

By Cea’s lemma and the Aubin-Nitsche trick, this lemma ensures optimal
approximation rates for solutions of discretized (with respect to {Vja})
elliptic variational problems in Sobolev spaces on €2 which are comparable
with the rates for traditional finite element schemes. Let a(-, ), denote a
generic H*(Q)-elliptic bilinear form, in particular, we have

lullre oy < a(u,u),  Yue H(Q). (3.1.14)

We fix s satisfying 0 < s < r 4+ 1, 7.e. , we consider only elliptic problems
of positive order which is a restriction of our approach. For these s, we
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have V; o C Vo = H*(Q) resp. V; CV = HS(IRd) (there is a possibility to
extend the results by additional considerations to the range r + 1 < s <
r+3/2 for which we, however, do not know of any practical need). Cases of
practical interest for the bilinear case, namely s = 1 (second order elliptic
boundary value problems with Neumann or Robin boundary conditions)
and s = 1/2 (hypersingular integral equations) are still covered.

Let & be a bounded linear functional on H~*(€2). Then, by the Lax-
Milgram result and Cea’s lemma, the variational problem

Find wu € Vy such that a(u,v) = ®(v) Yve Ty, (3.1.15)
as well as the finite-dimensional problems
Find u; € Vj o such that a(u;,v;) = ®(v;) YVv; € Via (3.1.16)

possess unique solutions v = ug € Vi resp. u; = u; 6 € V; o for which

[Ju—ujllve < Inf  |Ju—v|lvg - (3.1.17)
'Ujevj)Q
This estimate in the energy norm || - ||v,, leads, in conjunction with Lemma

1, to asymptotical a priori error estimates if additional regularity of u (e.g.
u € H'(Q) for some ¢ > s) is known. A general treatment of this topic is
beyond the scope of this paper.

3.2 Construction of ‘N/J

Since usually V; o C Vji1,q does not hold, we have difficulties to use the
sequence {V; o} directly for a multilevel scheme (or a multiresolution anal-
ysis) in H*(£2). Instead, we construct an auxiliary sequence {‘N/J} of sub-
spaces of V};, where each ‘N/J is defined as the sum of one-dimensional sub-
spaces V) ; spanned by the B-spline basis function ¢;;:

Vi = ZJ: ST Vi (3.2.1)

=0 iE@j,l

The choice of the index sets w;;, { < j, depends only on €2;, and the split-
ting (3.2.1) defines automatically an additive Schwarz preconditioner for
potential variational problems on ‘N/J This preconditioner will be investi-
gated in the next section, together with a brief description of the algorith-
mical switch between V; o and ‘N/J Here, besides the construction of ‘N/j, we
establish the theoretical properties of restriction and extension operators

R; : V; = Via, B« Via—=V;,

acting between the sequences (3.1.8) and (3.2.1).
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Figure 3. The domains {{;}, | < j, and the associated cube partitions

Let D > 1 be an integer which will be fixed later. We also temporarily
fix j and define a monotone sequence

Qj+1 =80; C Qj C---Cy (3.2.2)

of sets according to the following rule: Q ({=4,7—1,...,0)is the union of
all (I — 1)-cubes with a [;-distance of < D -2~ from Ql+1~ Figure 3 shows
the construction of {Q;} for j =2, D = 1, and a fictive Q5 = Q, (which is
the hatched region). After this we define

&y ={i :supp s C Y, 1=0,1,...,j, (3.2.3)
and assume that the above D was chosen sufficiently large such that
wo C wy (3.2.4)

for all {-cubes O in (NZH_l and ! = 0,1,...,7. In the bilinear case, D =1
would be enough to guarantee (3.2.4), compare Figure 3. The construction
of V; described above on the basis of (3.2.2), (3.2.3) is an example of nested
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basis function selection from the infinite splitting Z;O:O >, V;i as discussed
in [60, 4.2.2]. As we will see below, the corresponding systems of basis
functions are frames in their spans with respect to H’-norms, 0 < s <
r+3/2.

From (3.2.4) for | = j, Lemma 1, and the geometric assumption (G1)
we see that

‘N/J|QJ:‘N/J|Q

i = Vila, = Viala,
and dim V; o < dimf/j < CdimVjq (for sufficiently large D one could also
enforce V; o C ‘N/J|Q compare the geometric conditions for the boundary
modification required in Subsection 3.1).
We define R

Ry a; €V, = Qju; €Via (3.2.5)
as the restriction of the quasi-interpolant operator (3.1.9) from Subsection
3.1 to ‘N/J Obviously,

Rjﬂj = ﬂj on Qj s (326)
and the boundedness of R; in the H’-norm follow from Lemma 1 (set
O<s=t<r+1).

For the extension operator £; we need some more preparations. The
following lemma has a long history, it follows from the basic direct and
inverse 1nequalities in spline approximation theory in a straightforward

way (see, e.g. , [34], [56], [60, 3.6]).

Lemma 2. For the above defined spline spaces and 0 < s < r + 3/2, we
have the following norm equivalencies:

lullgreray < Nellls < (llulllipy,s ¥ we H(RY, (3.2.7)

where

(o]
Melllz= i 2l e
Cuevierze g

and, for any family {P;} of uniformly L,-bounded quasi-interpolant oper-
ators Pj : LQ(IRd) — V; (preserving locally polynomials of degree < [s], at
least),

alllp,y,s = I1Poull?,gay + D 2 1Pu = Povull7 | pa -
=1

We set

J
Ej DUy € ijQ — Eju]' = ZM@I (Plu]' — Pl_1Uj) S VJ (328)
=0
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where {P} (P_iu = 0) will be a particular family of quasi-interpolant
operators (to be formally correct, in (3.2.8) we apply these operators to
the natural extension @; of u; to V;). To define P, we again make use
of (G1). The construction is very similar to the definition of the quasi-
interpolant operators @; from (3.1.9). To each ¢;; we associate a {-cube
0;; wnside or of minamal distance from supp ¢ ;, and such that for [ < j

O C &y if supp i N #£D.

This definition guarantees that O;; belongs to the support of the basis
function ¢;; whenever possible. The exceptions are functions (for { < j)
whose support overlaps Ql\Qj. Due to (G1) this set is a thin corridor of
“thickness” < D(27! 4+ ...4279) < 2D27! near 9Q. This implies that the
distance between O, ; and supp ¢;; is either 0 or does not exceed C27t. As
above we define functions #; ; with support on O;; such that the functional

Miu) = /D miwde = cp; (3.2.9)
1

st

reproduces the coefficient of ¢;; in the B-spline representation for any
u =y .cidi € Sp(Ry) if O;; C supp ¢y, resp. only for all polyno-
mials of total degree < k if O;; ¢ supp¢;;. Since, in both cases, the
coeflicient is uniquely determined by u|g, ,, the construction of these n;
reduces to a local problem which will be first solved for the unit cube and
then transferred to 0;;. Due to the restriction of the distances between
0;; and supp ¢;;, we can again assume

Il < 2"

The above properties automatically yield uniform local L,-boundedness,
and local reproduction of polynomials of degree < & of the quasi-interpolant
operators

Piue Li(RY — Pu= Mi(wey, 1=0,1,.... (32.10)

K3

Under these circumstances, Lemma 2 is applicable (the proof is outlined
in [60, Chapters 2 and 3]). Moreover, for [ = j, if u coincides with a spline
from S, (Ri) on Q; then Pju = u on ;. Indeed, according to the above
rules for all ¢; ; with support intersecting €2; the j-cube O; ; will be chosen
inside Q; Nsupp ¢;; in which case A;; reproduces the B-spline coefficient
corresponding to ¢y ;.

These observations, together with the definition of {Ql} and @y, [ <
J, ensure that the extension operator E; from (3.2.8) is well-defined on
Via (only information from w;|g, is needed after the application of the
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restriction operators M,,), and preserves the values of u; on ©;. As a
consequence, we have

RiBjuj=uj, Vu;€Vjq. (3.2.11)

Moreover, if E : H*(Q2) — HS(IRd) is again the bounded extension oper-
ator then by Lemma 2 and the Ls-stability of the B-spline bases

||E]U]||%15(Rd) = ||E]EU]||%IS(]Rd)

j
S 25| My, (P~ Pioa) Euglf},
=0

=Y 2P = Poa) Bugll] ey
=0

= Bl rey 2 sl q) -

I A

Subsuming these results, we have

Lemma 3. Under the above assumptions for the construction of V; o and
‘N/j (which include (G1)) and the H*(2)-elliptic form a(-, -), we have for the
extension and restriction operators (3.2.8), (3.2.5) the property (3.2.11)
and the estimates

a(Rjaj, Rya;) < Cllag|ye ey, Vi €V, (3.2.12)

and
||Ejuj||12qs(Rd) < Ca(uy, uy) Vu €Via. (3.2.13)

The constants in (3.2.12), (3.2.13) depend on the constants in (G1), on
D, k,r, s, and the ellipticity constants of a(-,-), see (3.1.14).

§4 Multilevel preconditioners of BPX type
4.1 H?-preconditioner for ‘N/J

In this section we first deal with preconditioning a generic HS(IRd)—eHiptic
problem on the finite-dimensional subspaces ‘N/J given by the index sets &
resp. the domains €, [ < j, as indicated in (3.2.1) and (3.2.3). However,
we slightly generalize the construction of the subspaces to include some
other interesting situations such as discussed in Subsection 5.2 (boundary
refinement) and 5.3 (adaptive nested refinement).

Consider an arbitrary but fixed 7 > 0. In contrast with the above
construction in the particular setting of Subsection 3.2, we start now with
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a sequence of pairwise disjoint sets €] which should be unions of I-cubes
(or empty), 0 <! < j, and set

o * *k *
Q = Ur<ir<j QF Q= Uo<ir<i Q.

After this, define as before @; by (3.2.3), and ‘N/J by (3.2.1). Roughly speak-
ing, Qo is “computational” domain covered by a cube refinement structure,
where QF, QF, Q, are the regions covered by cubes of level exactly I, < [,
and > [, resp. (see Figure 4 a) for an example).

An algebraic basis in ‘N/J is given as follows. Define w] as the set of all
indices ¢ € w; for which the support of the corresponding B-spline intersects

the set of [-cubes Q: supp ¢;; N QF # 0. we claim that
Bi={¢;icw,1=0,...,j} (4.1.1)

is an algebraic basis in ‘N/J This can be shown by induction. Recall that
by (3.2.1) .
]—"j:{qsl,i:iedl,lzo,...,j} (412)

is a generating system for ‘N/J Set { = 0 and take any ¢ € @o\wi. By
definition of the index sets,

supp ¢o.i C Q

which shows that this ¢g; can be expressed by a linear combination of
basis functions ¢ ;» with ' € @1. Hence all these ¢ ; can be neglected. If
¢ € wg then there is at least one 0-cube in the support of ¢g; which also
belongs to €2;. Recall that ‘N/J restricted to this cube contains only linear
combinations of basis functions from V;. By the local linear independence
property, we conclude that this ¢y ; cannot be dropped from the generating
system. After deleting all unnecessary ¢y ;, we proceed with 7 € @ \w} and
so on. This proves that the system l;’j is a basis in ‘N/J
We need the following geometric condition.

(G2) For each [ < j and each 7 such that supp ¢;; ¢ Qo, there is an l-cube
0;,; outside (g at a distance < C2~! from the support of ¢1;. Again, C'is
assumed to be independent of /, ¢, and j.

The subspaces ‘N/J defined in Subsection 3.2 fit these definitions if one takes
Q = Ql\QH_l. Then (G2) is trivially satisfied since Qo 1s the union of
(—1)-cubes (and, therefore, of l-cubes for any [ > 0). A more general
example for the bilinear case and j = 3 is given in Figure 4 a) while b)
shows a domain with a slit where condition (G2) would be violated if the
construction is continued for j — oo.
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+

a) b)

Figure 4. Illustrations for (G2)

Now we define appropriate [-cubes O;; for all possible { and ¢ which
enter the construction of the quasi-interpolant operators { F;} as explained
in Subsection 3.2 (see (3.2.10), (3.2.9)). If [ > j, the only condition is

O;; €supp ¢i; - (4.1.3)
If I < j we have three cases:
o if supp ¢;; C (NZH_l then only (4.1.3) has to be observed,

o for ¢ with supp ¢;; N €™ # 0 there is at least one [-cube (denoted by
0;;) in the intersection of supp ¢; ; and }*,

o finally, for the remaining ¢ ¢ @&; we fix as 0;; an {-cube outside Qo
which satisfies (4.1.3) or, if this is impossible, is closest to supp ¢; ;
(according to the first two cases and (G2), this distance cannot exceed

21,

By Lemma 2, for 0 < s < r 4 3/2, the second norm equivalence in (3.2.7)
holds. In particular, it applies to all #; € V; C V;. By construction, we
have Pju; = u; for all I > j and u; € V;. Hence,

i
2117 gy =< I PoTil17 ey + 2 27 (P = Po)igll7 ey - (4.1.4)
=1
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Now we observe that according to our specific choices of the cubes O;;,
for | < j the functionals A;;(%;) given by (3.2.9) vanish if the index ¢
corresponds to the last case. Moreover, on the set Qf* we have Pu; = u;.
Indeed, let us fix {. By definition of the index sets &/, each 4; € ‘N/J can be
split into two parts

J
uj = o it Y, Y it

i:supp é1,:C<lo U=l4+1i€dy,

=u; SWit1

where w41 has support in Ql+1- Fgr ¢ corresponding to the second case
(where O; ; C supp ¢;; N Q* = Qo\Qi41), we get by examining the values
of the linear functionals X ; ()

;o if ;CQ
/\l,i(vl):{ o epp i C b : Avi(wip1) = 0.

0 otherwise

Since there is no contribution from ¢ corresponding to the third case, we
have

u; — Py = g CLids + Wi -
i :supp ¢r,: C g1

This shows the coincidence of Fj%; and u; on Q.
In turn, this implies that the difference
b — ba = (4 — Boagg) — (@ — Pay)

(wi — wig1) + Z Cl—1,iP1—1,i

i:supp ¢l—1,zcﬁl

- > CLidui

i :supp ¢1,iC g1
g CLiPrs

1EW;

belongs to the subspace
V= span{¢;; : i €&} . (4.1.5)

The latter produce, according to (3.2.1), a subspace splitting of ‘N/j, for
which we have just proved the following analog of Lemma 2.
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Lemma 4. Assume that the construction of {Q;}, {&;} (see (3.2.3)) from
the sequence Qf satisfies the above conditions, especially (G2). Let the
spaces V; and V; be defined by (3.2.1) and (4.1.5), resp.. Then, for 0 <

s <r+3/2, we have the norm equivalence
~ ] .
Nl = (lall? = il Sl e (4.16)

ul*EVlZ’aj: . Uy =0

for all u; € ‘N/J The constants in (4.1.6) depend on the constants in the
norm equivalencies of Lemma 2 and in (G2).

One direction of the two-sided estimate follows from
gl gy = 11512
(see (3.2.7) in Lemma 2), and
a2 < (1)

which is obvious by the infimum definition of the ||| - |||-norms.

The other direction is the consequence of our construction of the family
{P;} of quasi-interpolants as given above, specifically, of (4.1.4) and (P, —
Pl_l)ﬂj € Vl*Z

j
UNa5111)7 < NP7, gy + 2 227 11(P = =) @17 gy = 115115 oy -
=1

The result of Lemma 4 is the final preparation for the construction
of preconditioners. On its own, according to the theory of subspace cor-
rection methods outlined in Section 2, it yields a frame-based multilevel
preconditioner for the ‘N/j—discretization for any symmetric HS(IRd)—eHiptic
variational problem (0 < s < r+3/2).

To be precise, let a(-,-) be a symmetric positive definite bilinear form
on HS(IRd). In particular,

a(u,u) < |ullf ey Y ue H(RY).
Consider the variational problem
Find @; € V; suchthat  a(a;,o;) = ®(v;) Vi, eV, (41.7)

where @ is a linear functional on ‘N/J Using [)N’j defined in (4.1.1) as the
standard basis in V}, the problem (4.1.7) turns into a linear system

Ajej =, (4.1.8)
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where the vector &; = {#;; : ¢ €w/, { =0,...,j} contains the unknown
coefficients of the basis representation

J
U= Y Eidy

=0 iEw;‘

of the solution #; of (4.1.7). The symmetric positive definite matrix flj
resp. the vector f; are given by their elements

aj;(l,z) Uiy = (¢lla¢l' ’) resp. .fj;(l,i) :Ci)(¢l7i)'

If no additional precaution is taken it may happen even for integer s
that flj is rather dense, and contains significantly more than O(n;) non-
zero elements where n; = dimf/j. We will postpone presenting a cure
for this undesired feature of our above construction until Section 5.3, and
concentrate first on preconditioning flj. What is certain is that the spectral
condition number of flj satisfies

K?(Aj) j CQst ;

which is typically attained in the asymptotic range, i.e. , for j — oo.
To construct the preconditioner, consider the additive Schwarz formu-
lation (2.4) associated with the splitting (3.2.1) (compare also (2.10)):

J .

5o~ (u a¢lz ¢lz

EDY g = %) _ZZ Lo (19)
1=0 i€, * 1=0 i€, *

For the scalings d; ;, any choice satisfying
ds = 22l5||¢,7i||§2(Rd) (4.1.10)
will be appropriate. For practical implementations, a good choice is

dis = a(oui, d1i) (4.1.11)

for which (4.1.10) usually holds (for spline basis functions and integer s <
7+ 1 this can be verified directly).
As was shown in Section 2, the matrix representation of the equation
(4.1.9) takes the form R
CiA;i; = Cyf; (4.1.12)
where the multiplication by éj corresponds to a sparse matrix multiplica-
tion (the recursive structure of C'j 1s slightly more complicated than shown
n (2.20), due to the more complicated structure of the basis l;’j defining
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the stiffness matrix flj) This becomes obvious if one considers how the
coefficient vector g; of 75j @; 1s computed from the coefficient vector Z; of
%j. To describe the details, let m; resp. m] < my denote the number of
indices in @; resp. w;, [ = 0,1,...,j. Note that n; = >, m/, and set
dy = m;y —mj. In a first step, flji‘j yields the values of a(@;, ¢;;) for all
t €w; and { = 0,...,j. After this, to compute all remaining coefficients
in (4.1.9) and to get gy; by suitable summation, one has to implement a
V-cycle algorithm which corresponds to C'j. Since w; = w! by construc-
tion, we have already all necessary a(4d;, ¢;;) in (4.1.9) for { = j. For any
1€ @j_l\w;_l, the support of ¢;_1 ; is completely contained in Qj, l.e., the
unique basis representation of ¢;_;; in the B-spline basis of V; needs only
basis functions ¢; ;» with 7' € @;. Using the linearity of a(-,-) in the second
argument, we can compute the value a(d;, ¢;_1 ;) from the available values
@(t;, ¢;,). Thus, after this operation which can be described by a rectan-
gular matrix Sj of dimension (n; 4+ d;_1) x nj, we get a vector containing
all @a(d;, ¢r;) withi €@y forl > j—1and i € wf forl < j—1. It is easy to
see that a multiplication by Sj can be performed in O(d;_1) arithmetical
operations, and that there is no principal need fort storing this matrix since
its entries come (by using the translation-dilation invariance of the bases)
from a finite number of coefficient sets describing the expressions of the few
types of different B-splines corresponding to V4 in the basis of V3.

This process can now be repeated leading after j steps to the vec-
tor Sl - ~§jf~1ji‘j of length n; + d;—1 + ...+ do which contains the values
a(u;, ¢1,) for all i € & and [ < j. Applying a diagonal matrix D serves
for the scaling by d; ; (which can be precomputed and stored, if necessary).
Finally, going the inverse direction from { = 1 to | = j, the vector y; can
be computed by using again the expressions for ¢;_1 ; with i € &;_1\w;
in terms of ¢;;; with i/ € @ to eliminate all terms in (4.1.9) involving
¢ € B;. A close look to this process yields

Jy = S0 S DS, 5,

where the multiplication by the symmetric preconditioning matrix

Cy=57. 5T DS -5 (4.1.13)

can be performed by O(n; +do +di + - - -+ dj_1) operations. It is easy to
see that under the conditions of Subsection 3.2, this operation count can
be bounded by O(n;). In general, one has to take care of the behavior of
{d;} (and also about the complexity of a matrix-vector multiplication with
flj) by additional assumptions (see Subsection 5.3).

The general theory of subspace correction methods leads in conjunction
with Lemma 4 to the following
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Theorem 2. Let the assumptions of Lemma 4 hold. Then, for any sym-
metric Hs(Rd)—elliptic~b1'l1'near form a(-,-) (0 < s < r+ 3/2), the addi-
tive Schwarz operator P; in (4.1.9), (4.1.10), corresponding to the splitting

(3.2.1) oﬂN/j is symmetric with respect to a(-,-) and has uniformly bounded
spectral condition number

K(Pj) <,

where the constant C' depends on k,r, s, the ellipticity constants of a(-,-),
and the constants in (G2) and (4.1.10).

As a consequence, the number of iterations to reach a fixed error reduc-
tion in a Richardson iteration for (4.1.12) (algorithm A ) or preconditioned
conjugate gradient algorithm with preconditioning matrix C'j for (4.1.8) is
bounded independently of j and other specifics (except for the constant in
(G2)) of the construction of the subspaces ‘N/J

To prove Theorem 2, we need to establish the stability of the splitting
(Va0 =2 > a2 () e )
1=0 ied
expressed by the norm equivalence

i
a(ag, j) =< inf D> 2wl ey (41.14)

“lﬂevlwui—zz UL =0 jeqd

which has to be verified for all @; € ‘N/J (compare Section 2). Since any
W=y b =Y w
i€d i€

from Vl satisfies

all} ey = 2 27 = Y uill] e -

1EW; 1E€EW]
we get, using the La-stability of the B-spline basis,

J
inf Z Z 22‘78||Ul,j||iQ(Rd)

W€V =)0 ) w120 ey

J
= inf > 2% |3 = (Ilalll,)* -
ﬁlEVliﬂj:Zlﬁl =0 Ly (R%) s
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Since by the H*-ellipticity a(u;,4;) =< ||ﬁj||12LIS(Rd) , Lemma 4 gives the
result.

Theorem 2 can be interpreted as a result about subframes generated
from the set of all B-splines {¢; ; } (see Section 2 for the definition of frames
and their connection with stable subspace splittings).

Proposition 1. Under the assumptions of Theorem 1, the system

1

¢ €@, 1=0,...,j}
25|60l o ey

Fi=A
is a frame In ‘N/J equipped with the H’-elliptic scalar product a(-,-). The
frame constants are bounded independently of the specific ‘N/J They depend
on the same quantities as the condition number Of75j. The statement holds
also for infinite-dimensional spaces V produced by the above construction
if j — 0.

Note that the frames fj are obtained from the subset fj of the set of
all B-splines F = {¢1:} by suitable scaling, and that the scaled version
F* of the infinite set F forms a frame in H*(RY), 0 < s < r + 3/2.
This is a consequence of the general theory and Lemma 2. Thus, the
conditions formulated for the construction of ‘N/J are sufficient conditions for
a subset of F* to form a frame in its linear span considered as a subspace of
HS(IRd), without disturbing the frame constants too much. Thus, it is easy
to construct simple frames with nice properties in subspaces of HS(IRd).

A last comment: If the finite sequences {€f : | < j} the construction of
this subsection starts with, are defined (for different j) as sections of a fixed
infinite sequence {2}, then the resulting sequence of subspaces ‘N/J from
(3.2.1) as well as the index sets @; are increasing in j. Another obvious
case where the subspaces ‘N/J as well as the frames f; are monotone in j
is the construction of Subsection 3.2. There are more general situations
arising, e.g. , in practical adaptive refinement applications (see [62]), where
the resulting frames are obtained by adding and, possibly, deleting new
functions. These have not yet been studied in a rigorous way.

4.2 H*-preconditioner for V; o
We present now a preconditioner for the linear system
Ajl‘j = fj (421)

which is the discretization of the variational problem (3.1.16) with respect
to the basis

Bja=1{¢jia: i €w;}
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of the discretization space V; o described in Subsection 3.1. Recall that we
have two types of basis functions: the “boundary-adapted” basis functions
bji0 = Mowguwn®no,ila if ¢ € wo for some O € €, and “unmodified”
basis functions ¢;,; o = ¢;ila if i € w}. The solution vector z; of (4.2.1)
represents the coefficient vector of the solution u; of (3.1.16):

uj; = E iP5, -

1EW;

We do not detail the assembly process of the matrix A; and the vector
f; which involves the typical integrals (over €2 resp. 0%) for products of
basis functions ¢;; resp. input functions from the variational problem
plus some local transformations corresponding to the newly introduced
functions ¢o;, ¢ € wo. Since the partitions R; are not adapted to the
boundary 9€2, it seems to be necessary to modify existing codes for uniform
rectangular grids by some “boundary integration” rules. But this might
be the only serious change in this part compared to the situation of a
rectangular domain.

Now we put together the results of Subsection 3.1, 3.2, and 4.1. Roughly
speaking, our preconditioner for (4.2.1) is the result of switching from the
V; a-discretization to the associated ‘N/j—discretization as described in Sub-
section 3.2. The advantage is that for the latter an asymptotically optimal
multilevel preconditioner é'j is already available (see Subsection 4.1), and
that the “switch” 1s just a two-level method and easy to understand. Let us
comment that the idea of switching from a given discretization to a close-
by discretization of similar complexity for which fast solvers are available
1s by now standard in the field, and can be successfully used for theoreti-
cal and implementational purposes (see [14, 61, 13]). Let us preserve the
notation R; for the matrix representation (with respect to the bases l;’j
in ‘N/J resp. B; o in V;q) of the restriction operator defined by (3.2.5) and
(3.1.9). This matrix is rather sparse and can be implemented by half of a
V-cycle (to compute the B-spline-coefficients in V; corresponding to t;|q,
from the given #;) and some local transformations involving the values of
the biorthogonal functions nn; for ¢ € wo, O € C;. The first part can be
avoided if the control parameter D is chosen sufficently large: compare the
construction of {€;} in Subsection 3.2.

Theorem 3. Let the bilinear form a(-,-) be symmetric and H*(Q)-elliptic
(0 < s < r+1), and let the remaining assumptions of Lemma 3 be satisfied.
Then

C; = R;C;R}
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is a symmetric preconditioning matrix for A; which satisfies

Amax (C5A4;)

<, 4.2.9
Amin (C5A45) ~ (4.2.2)

r(CjA;j) =
where the constant C' depends on k,r, s, the ellipticity constants of a(-,-),
and the constant in (G1). Thus, applying the pcg-algorithm to (4.2.1)
yields uniformly bounded iteration numbers for a fixed error reduction if
the constant in (G1) is independent of j — co. The operation count for a
matrix-vector multiplication with C; is O(dimV; q).

Proof: This 1s a simple consequence of the fictitious space lemma of
Nepomnyaschikh, see, e.g. , [38, 66], or [60, Theorem 17], and the norm
estimates of the previous subsections. We give the full argument. Let us
fix any HS(IRd)—eHiptic bilinear form a(-,-). For example, take the scalar
product of H*? (IRd). Since the construction of Subsection 3.2 automatically
yields (G2), we have the result of Theorem 2:

(A0 A%, 87)) = alPyay, 5) < a; (i, ) = ((A;85, 7))
which yields (by substituting flj_li‘j instead of ;)
(Cy5, ) = (A7 175, 8;)), Vi .

Here and in the sequel, ((-,-)) denotes the Euclidean product of IR"-vectors
where the dimension n should be clear from the context. It is easy to
observe that X = RjAlefAj is invertible (to this end, show the positivity
of

((Aj Xy, 2;)) = (A7 Rf Ajay, BRj Aje)) > 1R Aja;|)°

by usmg the surjectivity of R;). By the above spectral equivalence of éj
and A , we have

(48 G5 ] Ay, 23)) = (o 5)) (4.2.3)

((A y]ai‘/])) ((A Xy, w5))
where g; = R]Tijj.

Since R; is onto, for each xz; there is at least one Z; such that z; = R;%;.
Thus,

(45X~ 25)) = (455, %5)) < \/((Ajgj,gj))\/((ﬁjij,ij)) :
where g; = A;lRfAjX_leij. Since

(A3, 57)) = (RGAT T RjA; X "y, AjX 7)) = (A3 X "y, x5)
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we obtain ((A; X~ 1aj, z;)) < ((flji‘j, £;)) for any of these ;. The partic-
ular choice Z; = y; which indeed satisfies R;y; = RjAlefAjX_lxj =x;
shows that equality is attained. This implies

(A; X Yese)) = inf ((A;%5, %)) . (4.2.4)

Fiiw;=R;&;

Now Lemma 3 and the assumed H *-ellipticity of the bilinear forms come
into play. Consider all @; € V; such that u; = R;@;. By (3.2.12) we have

a(uj, uj) = a(Rju;, Ryuy) < Ca(uy, uy) ,

while the particular choice %; = Fju; satisfies u; = R;u; according to

(3.2.11), and (3.2.13) gives
a(uj, a;) = a(Ejuy, Bjuy) < Calug, ug) .
Altogether, we arrive at

a(uj,uj) = a~uivn—vaav a(ﬂj,ﬂj) s
J My

which by (4.2.3) and (4.2.4) yields

k(C;4;) = (X)) = K?(X_l) <C.

Theorem 3 1s established.

§5 Extensions
5.1 General multiresolution analyses

When analyzing the considerations of the above sections, we see that not
too many “spline-specific” properties have been used. A generalization
to other types of scaling functions and multiresolution analyses on R is
straightforward under the following conditions.

(A) The scaling functions ¢!, ..., ¢L € Ly(IR)¢ possess local support and
are refinable:

L
o) =N d e e —p), I=1,....L.

U'=1pez4

(B) We have ¢' € Ht(IRd), l=1,...,L, for somet > 1.
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(C) The integer translates of the scaling functions form a Riesz basis Nj
in the Lo-closure Vj of their span, z.e. |

L
l:

L
u= Z Z clﬁqf)l(. - B)eVy = ||u||i2(Rd) = Z Z (Clﬁ)z
pez?

1

for all (/5 (Zd))L—sequences.

(D) Polynomials of total degree < k can be represented by Ny, i.e. , there
exist coefficient sequences {clﬁ’a} such that

L
=3 (=8, lal<k.

(E) The functions in Ng are locally linearly independent, i.e. , if

YD G —p =0

=1 ez

on the unit cube Oy then clﬁ = 0 for all index pairs ([, 5) such that
supp ¢'(- — ) N Og # 0.

Under these sufficient (and partly overlapping) conditions, the above results
on approximating and solving H?(§2)-elliptic problems remain valid under
the same geometric assumptions on €, at least, for integer 1 < s < sy,
where sy is the largest integer less than both ¢ and k& + 1. The practical
implementation is restricted to examples where the support of the scaling
functions is reasonably small, and the control parameter D is not too large.
Otherwise, boundary modifications and the geometric set-up will become
increasingly difficult.

The crucial assumption which makes our geometric, cube-partition-
oriented approach possible is (E) which is stronger than (C). For results
on (E), see [47, 9]. Assumptions (A), (C), (D) are standard, and can be
studied on the basis of the refinement equation form (A) (see [16, 30]).
The calculation of the optimal smoothness parameter ¢ in (B) is a delicate
issue, compare [30, 31, 50]. Most of the papers on multiresolution analyses
study the case L = 1, for the so-called multiwavelet case L > 1, see [28].

Assumptions (A)-(D) yield characterizations of Sobolev spaces H? (IRd),
0 < s < sp, analogous to Lemma 2 (see [25] for a survey on multilevel
approximations and related function spaces). (E) is essentially used in
the definition of the spaces on domains and for the corresponding quasi-
interpolants. It is also advisable to assume (E) in order to avoid a very
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complicated implementation. We leave it to the reader to fill the details
(some minor changes are necessary such as replacing the L.o-estimates like

in (3.1.7) by La-bounds).

5.2 Essential boundary conditions

For applications to boundary value problems for elliptic partial differen-
tial equations of second or fourth order, the case of essential boundary
conditions is of importance. This leads to subspaces of H?®-spaces charac-
terized by trace conditions on part of 9€2. For simplicity, we only discuss
the case of a H()-problem (pure homogeneous Dirichlet boundary con-
ditions) and integer s = 1,...,r 4+ 1. Also, we avoid discussing regularity
problems arising from the geometry of the domain by assuming that € is
a U domain.

If we wish to stay within the framework of conforming discretizations,
we need to modify the construction of V; o to make it a subspace of H§(Q2).
A natural approach is to consider only scaling functions with support in
Q2 as generating functions for V; . Then, in order to preserve the approx-
imation order, we need to include in the definition (3.2.1) standard basis
functions of level > j near the boundary. The wavelet counterpart of this
approach has been considered in [44, Section 3] (however, the author of [44]
did not elaborate on solving the resulting linear systems in practice and on
other efficiency and robustness issues).

Unfortunately, the construction leads to satisfactory results only for
d = 2 while for d > 3 the newly constructed subspaces have either sig-
nificantly larger dimension or still reduced approximation power. This
coincides with analogous results of [44]. The alternative would be a more
subtile boundary modification or a hybrid construction which uses more
flexible finite element partitions and functions to better approximate the
problem in a boundary strip. As a whole, the problem of general boundary
conditions requires additional thought.

Let us again consider the sets £2; C € C  as defined in Subsection
3.1. Fix integers j, J > j, D > 1, and define Q}, I < J as follows. For
l=J, set

Q) = (Uocana,_, B) U (Vaca,_; dist(m,e0,_,)<p2-7 0) -

Now, if Qf | is already constructed (Il =J —1,...,j+1), set

@ = (Vocan(@_,uar

00U (Unca,, dist(o 007, )<p2-1 B) -

In these definitions, it is agreed that the requirement O C €2; automatically
assumes that O is a [-cube. Finally,

U=\, 9 =0,1<j.
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a) b)

Figure 5. Boundary refinement: a) {;} and b) {Q]}

The idea of this construction is to introduce a layer of regular refine-
ment up to level J near the boundary of 2;. The choice of J is dictated by
complexity considerations and will be discussed later. Figure 5 shows the
construction for j = 2, J =5, and D = 1. Note that in this hypothetical
example ; = for I = 0,1 and QF = @ for [ < 2, resp.. The conforming
subspace Vo = Vy C HE(R2) is now defined via (3.2.1). In contrast to
Subsection 3.1, a boundary modification by introducing new types of basis
functions is avoided, at the price of enlarging the subspace by standard
basis functions from levels { > j. What we claim is that for d = 2, under
appropriate conditions on €2, this subspace V; o provides good approxima-
tion rates under the usual regularity assumptions on u € H§ (), satisfies
the theory of subsection 4.1, and still has dimension comparable with the
dimension of a (simplicial and boundary-adapted) finite element subspace
of the same approximation power.

We will assume (G2) from Subsection 4.1. Since, by construction, Qo =
Q, this is actually a condition on the thickness of the discrete boundaries
Qe\y, [ < J. Tt is asymptotically satisfied for Lipschitz domains but the
constant C' in (G2) might be very large (due to the macroshape of the
domain) for the computationally interesting range of small j and J. With
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this assumption, we can use Theorem 2 to get optimal condition number
estimates for the additive Schwarz operator associated with the splitting
from (3.2.1) for the Vj o discretization of a generic symmetric H§(£2)-elliptic
problem. All one has to do is to formally extend the symmetric bilinear
form from H§(Q) to H*(IR?).

Obviously, the dimension of V; ¢ will depend on the number of additional
boundary layers j <! < J, and the size and shape of 2 itself. We assume
again that Qg # (. This automatically yields dim Vg = 274 As a by-
product of (G2), it can easily be seen that the number of [-cubes in Q2 is
proportional to 2/(4=1) The constants may depend on D, the constant in
(G2), and the (d — 1)-dimensional measure of Q. This yields

J
274 < dimV; o < (2744 ) 214Dy, (5.2.1)
I=j+1

The upper bound, which asymptotically represents the correct dimension if
D is large enough, yields the desired dimV; g < 2/¢ only if J < jd/(d —1).
For larger J, the bound is < 27(4=1),

Now we come to the more difficult part, the estimation of the ap-
proximation power of V;o. Under the above assumptions (recall that
s=1,...,7+1is an integer) we have for m = 0,1, ..., s the estimate

Jw|| grm gy < Cém_s+1/2||u||Hs+1(Q) , we Hy(Q)N HTHQ) , (5.2.2)

in a boundary strip Q5 = {# € @ : dist(x,9Q) < J). This estimate does
not improve if u is more regular. Since functions from Vj; ¢ may vanish or
are of very limited flexibility in a boundary strip of size < 277, we cannot
expect to have error estimates better than 0(2_‘]/2) in the energy norm
(i.e. , in the H*(Q)-norm), even for very smooth solutions of a boundary
value problem in H(2).

Lemma 5. Let the solution u of a Hj(Q)-elliptic variational problem be-
long to H{(2) N H*T1(Q). Suppose that u; solves the variational problem
discretized with respect to the subspace V; o C H{(Q) as constructed above.
Then we have, under the above assumptions and for sufficiently large D,
the error estimate

= wjllme ) < C2772 4+ 279) Jul| getriqy (5.2.3)
analogous estimates holding in other norms.

Proof: Again we construct a specific quasi-interpolant operator. To do this
we enlarge Q% by adding the set IRd\QJ. After this enlargement, the union
of pairwise disjoint sets Q7 , [ = j,...,J, is IRY. This leads, via (3.2.1),to a
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space ‘N/jyo C Vs which contains both V; and V; . The algebraic bases for
Vj o resp. Vj o are introduced along the lines of Subsection 4.2, and will be

denoted by B; g resp. l;’jyo. Furthermore, by taking a sufficiently large D
in the above construction, we may ensure the following condition to hold:

(G3) If ¢;; and ¢y ;» belong to [)N’jyo and if their supports have a nontrivial
intersection (with positive d-dimensional measure) then necessarily [[-1| <
1T =4,+1,...,J).

Note that one cannot expect local linear independence of the basis [)N’jyo
on all l[-cubes O € €. However, any polynomial of degree < k has a
unique representation with respect to [)N’jyo where, according to (G3), the
coefficients can be determined from local information. This will be used
below. The condition (G3) also guarantees a good sparsity of the stiffness
matrix with respect to B} ¢, and is important to handle the implementation
of the preconditioner in a simple way.

With each ¢;; € [)N’jyo, we associate an [-cube O;; C €f inside or at
closest distance to supp ¢;;, and such that O;; C €25 whenever supp ¢;;
intersects with Q. By the construction of {2} and [)N’jyo, the latter condition
may lead to a choice for O;; outside supp ¢;; only if { = J (and near the
boundary of Q). By (G2) we therefore have dist(supp ¢;;,0;;) < C27
for all indices of interest.

We define

J
Qio - we LR — Qiou=> > Ni(wdi € Vo,  (5.24)

I=j i€w}

where the functionals A;; are defined via (3.2.9). The definition of #;; in
(3.2.9) is such that A ; (p) reproduces the coefficient in front of ¢;; in the

basis representation with respect to B; o for any polynomial p of degree
< k, and satisfies the L.,-bound

il @y <2,

uniformly in ¢, [.

The following considerations show that this is possible. Fix any of the
cubes 0O;;, and the affine transformation that transfers it into the unit
cube Op. The function ¢;; corresponds now to a certain function ¢g ;, the
support of which either contains Oy or 1s at distance < (' from the origin.
Each monomial % with |a| < k possesses a unique representation

J-1 /
= E E Cﬁ,i'¢l',i',

l'=j—1 i
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where the summation has to be carried out with respect to the basis ob-
tained from [)N’jyo by the fixed affine transformation. By assumption (G3)
and the local linear independence property (compare the construction of
the basis (4.1.1)), the coefficients ¢f ; , || < k, of interest depend only on
the local geometry of the transferred cube partition associated with €2; and
Q1 and, if I = J, from the above distance bound. Since there are only
finitely many different possibilities for these local cube partitions, we have
an overall bound |[cf; | < C. By the same arguments as at the beginning
of Subsection 3.1, we find bounded functions n® such that

p:Zco‘xo‘ = /Dpno‘dx:co‘ (o] < k).
o] <k 0

If we set 1y, = Zlalsk ¢ o, then

/ _ o o
/ Uo,iopdl‘— E € Cp iy
Og

|| <k

coincides with the coefficient of ¢g;, in the basis representation of p with
respect to the transferred basis. Moreover, ||ng ; Iz, (3, < 1. Transferring
back, we see that for some 8 € Z¢ the function mile) = 2ld7767i0(2lx - 5)
has the desired properties.

Now, the usual machinery of estimating the approximation error of
quasi-interpolant operators can be applied to demonstrate Lemma 5. We
omit the details, compare Subsection 3.1 for the main steps of the reasoning
in a similar situation.

A closer look at the above arguments shows that only for d = 2 and
minimal extra regularity u € H**t1(Q) do we get the desired, optimal result
when using V; ¢ as discretization space for an H§(§2)-elliptic problem:

Theorem 4. Let d = 2, and s be a positive integer. In the above construc-
tion of V} o, set J = 2j, assume (G2), Qy # 0, and choose D sufficiently
large to guarantee (G3) and the desired “thickness” of the boundary strip
Q%. Then

a) The dimension of V} g satisfies dim V} g < 22

b) Let w € H{(2) resp. ujo € Vo denote the solutions of a symmet-
ric Hj-elliptic problem resp. of its discretization with respect to V;q. If
u € H*t1(Q) then

||U_Uj||HS(Q) < 02_j||u||HS+1(Q) . (525)

¢) The frame-based splitting (3.2.1) associated with V; o leads to a precon-
ditioner C} o for the linear system

Ajoxj0= fjo
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representing the V; o-discretization of the variational problem which satis-

fies
K?(ijoAjyo) S C. (526)

The multiplications by A; o and C; o can be performed in O(2%) arithmeti-
cal operations.

For d > 2 the choice J = 2j would still lead to (5.2.5) and (5.2.6), at the
expense of a dimension of V; o and work estimates which are larger than the
desired < 27¢ bound by an exponentially growing factor. Alternatively, the
choice J = [dj/(d—1)] would asymptotically lead to the correct dimension.

But then the convergence rate in (5.2.5) is expected to deteriorate from
9=J to 9—Jd/(2(d-1))

5.3 Adaptivity

A formal advantage of multilevel Riesz basis and frame decompositions is
that they provide isomorphisms to coefficient spaces for a number of Besov-
Sobolev spaces on domains. This can be used for optimal approximation
resp. compression purposes (see [53, 32, 33, 20] for some information in this
direction). Roughly speaking, adaptivity strategies based on coefficient in-
formation are successful (and can be justified theoretically) if a suitable
decomposition of the function under consideration is available at low cost.
This is the case for many applications in signal and image processing but
much harder to implement for the solution of operator equations (see, how-
ever, [21, 20] for a possible strategy).

As a compromise, we outline here an approach which is partly based on
heuristic arguments. It is implemented in several adaptive finite element
codes [3, 6] (see also [62] for a somewhat different variant), and has led to
satisfactory results in standard applications. The ideas will be presented
within the framework of Section 3 and 4, i.e. |, for approximations to a
symmetric H*()-elliptic problem by tensor-product splines, and integer
s=1,...,7+ 1. Due to the lack of space, we do not give full proofs.

In order to have the flexibility necessary for an adaptive solver based on
local refinement, we present the following construction. Let us start with an
auxiliary family {Ql, [ = jo,...,J} of disjoint sets where each ) is a union
of [-cubes from €2;. Here, jg 1s the number of the “coarsest” level, where
the adaptive algorithm starts from (this number is fixed throughout the
following exposition), while J indicates the number of the current “finest”
level of refinement. Let {Qf, [ =jo,...,J} be another sequence, where Qf
is obtained from € by adding some [-cubes from the boundary strip Q.
Thus,

QCQCc, Q\UCo\U,  l=jo,....J.
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As before, we produce the sets
QJIU{:lea Q;:Ui]:j@;i’ j:jOa"'aJa

which stand for the regions of j-th level refinement, and require that
1s covered by €25 . Note that by these definitions, Q;,\Q; is a union of
. 0
(j — 1)-cubes from Q;_;.
To each €; we associate the index set

w; ={i: suppg;;nN Qj £ 0, supp ¢;; N Qjo\ﬁj =0} (5.3.1)
and define sets of basis functions

Bj = {¢j,z’ C 1 E (.:)j} , B= Uj:jugj . (5.3.2)
Analogously we introduce &7, [5’5, and B¢. For an illustration we refer the
reader to Figure 6 where an example with J = 2,j; = 0 is shown (the
meaning of the gray squares will be explained below).

Figure 6. Cube partition for adaptive refinement

It can be shown by induction (see the beginning of Subsection 4.1 for
analogous considerations) that B resp. B° are linearly independent sets of
functions, and form algebraic bases in

V = span l’;’|ﬁj0 resp. V= span l’;’e|§z§0 .
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However, to guarantee the existence of suitable biorthogonal functions 7; ;,
with supports near supp ¢;,; (¢ € w;, j = jo,...,J), and reasonable L -
bounds, we need to assume another geometric condition which plays a role
similar to (G3) in Subsection 5.2:

(G3)’ If the supports of two basis functions ¢; ;, ¢;/ 5+ from B¢ intersect at
interior points then |j — j/| < 1.

To make a boundary modification in analogy with Subsection 3.1 pos-
sible, we introduce a stronger substitute for (G1):

(G1)’ For each l-cube O C Qf and any jo < | < J there i1s an l-cube
0’ c € such that

a) wor C wy, and no function from Bi_1 contains O’ in its support,

b) dist(0,0") < C27" .

The above conditions are satisfied in the example of Figure 6 if the
bilinear case is considered. Since our sequences {{;} resp. {Qf} describe
the actual refinement process, the requirement (G1)* b) follows from (G1)
if the refinement near the boundary is properly implemented. Assumption
(G1)’ a) is related to the implementation of (G3)* near the boundary. We
do not know whether it can be neglected. Together, (G1)’ and (G3)’ imply
that the corridors Qj\QjH = Qj are sufficiently “thick” which is a certain
restriction for the refinement process (rapid, local changes of the refinement
level seem to be impossible).

With (G1)’ and (G3)’ at hand, we can now finish the construction.
According to (G1)’, we can select families éj of l-cubes O C € near the
domain boundary such that

e assumption (G1)® a) (with O’ replaced by O) is satisfied,
e the index sets wp are pairwise disjoint, and

o for all i € dw; = wf\w;, there is a cube O € C; at distance < 027!
from supp ¢;.

The gray squares in Figure 6 indicate a possible choice for C,1=0,1,2in
the bilinear case. As in Subsection 3.1 we now modify the basis functions
¢1,; associated with O € (; by replacing them by certain locally extended

o,y = Z Ci b -

t'€wn

The union of the sets wg C wg C wg U dwy, O € él, which are defined by
using the third of the above properties of él, cover Jw;. To guarantee local
polynomial reproduction, one has to change some of the ¢; ;» in comparison
to the construction of Subsection 3.1. This is the case if the basis function
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¢, corresponds to some (shifted and dilated) monomial 2, and if ¢; ;s is
in the support of some (unchanged) basis function ¢;_q ;+ from Bl—1~ Note
that, by our above assumptions, no interference with basis functions of
levels < [ —2 and with modified basis functions of levels <[ —1 is possible.
Figure 7 shows the values of the locally extended functions corresponding
to the monomials %, |o| < 1 for the bilinear case. For simplicity, we
assume that [ = 0 and that the shadowed cube O coincides with Oy. The
nodal points in wg are indicated by circles, the modified values at P are
due to the influence of the basis function from B_, corresponding to ).

|

~ r\P
% \\% %
//__//
Jany Py Q
q %
A N
A N
3/4 5/4 714
1 ml ary 0 r\l any 2 r\2 ary
% \\% N \\% % \\ % \\% A
P P P
1r\ r\l or\ r\]‘ 1r\ r\l
N % N % N %
1r \l Or \l Or \O
& NV & N & N

Figure 7. Boundary modification for an adaptive refinement example

Now, we introduce the subspace Vo (which is the counterpart to V; o
from Subsection 3.1) spanned by the basis Ba = {q?)l’iyﬂ}, where the basis
functions (/A)lym are defined as the restrictions to £ of all previous basis
functions (the modified ¢n;, O € C; and the remaining, unmodified ¢;; €

Bl), from all levels [ = jo,...,J. Again, functions from Vg are uniquely
determined by their values on €2;,, and the restrictions of the spaces Vp

and V to Qjo coincide. The space V can be used to derive preconditioners
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for a Vg-discretization along the lines of Section 3 and 4.

We state the approximation result generalizing Lemma 1 for s = 0. The
proof which is omitted shows implicitly that refinement in regions of low
regularity of a function u can reduce the overall error, here with respect to
the Lo-norm.

Lemma 6. Assume that all assumptions (especially (G1)* and (G3)’) are
satisfied for the construction outlined above. Then, there exists a quasi-
interpolant operator

Q° - Lz(QjD) — Ve

such that for any v € H™(Q), m = 1,...,k + 1, and for its bounded
extension u = Fu € Hm(IRd), we have the estimate

Z > 22 la— Qulll oy < Cllullzmq - (5.3.3)

l=jo l:|cﬂe

Moreover, the restricted operator QVQ su € La(R) — Qeu|g defines a

projection onto VQ, and satisfies an analogous estimate.

This result is complemented by other standard inequalities which easily
follow from the construction (especially the properties of the the locally
defined biorthogonal functions #; ; o are of importance), such as the inverse
inequality

il [Fm ) = Z > 2 luallz, o (5.3.4)
I=jo Dcﬂl

and the Lo-stability of the corresponding basis Bgq expressed by

Z > 22 lagllf e Z > 2=, (5.3.5)

I=jooc, l=jo i€w;

which are valid for all

ug = Z Z cLidia € Va

l=jo i€w;

and all m=0,..., 7+ 1.

These inequalities also provide us with a heuristic a posteriori error
estimator built from local error indicators which are based on conform-
ing higher-order local approximations. This concept has widely been used
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within the finite-element community (see the recent paper [4] for some ref-
erences). In our context, let We be the subspace constructed in the same
way as Vg but for tensor-product splines of degree k + 1 (and the same
smoothness order r). We do not change the “geometrical part” of the
above construction. It can be assumed that

Vo C Wa, (5.3.6)

and that the basis BW of WQ can b(; obtained in hierarchical manner from
By = Bq by adding new functions ¢;; w,* € wiw, l = jo,...,J, e,

J
Bw = U {¢)lyiyﬂ 1€ (.:)l} U {qj)lyiyw 1€ a’l,W} . (537)
I=jo

Indeed, this can be achieved by switching at the very beginning of the
whole construction from the B-spline basis to another, hierarchical basis
n S,:_I_l(Rj) which contains as a subset the B-spline basis functions ¢; ; of
Sh(R;). For the bilinear case, the additional functions of such a “hierar-
chical” basis would simply consist of tensor products of a quadratic bubble
function in one direction with quadratic bubble resp. piecewise linear hat
functions in the other direction.

The error estimator is based on the following, heuristic assumption:
Let uy resp. uw be the solutions of the VQ— resp. WQ discretization
of a symmetric H*(Q)-elliptic variational problem given by the bilinear
form a(-,-) and a linear functional ® defined on H*(€2). We assume that
s = 1,...,7+ 1 is integer. Then, at least for smooth exact solutions
u of the variational problem, we may expect that upw provides a better
approximation to u than uy does. Compare Lemma 1 resp. 6, and note
that Wq locally contains polynomials of degree up to k£ + 1 which Ve does
not. Thus, the heuristic assumption that there is a ¢ < 1 such that

lu—awlla < gllu—uvla, (5.3.8)

seems to be plausible (hopefull}i, q 1s close to 0 and not to 1, the choice
q = 1 being trivial since V3 C Wg). Using the triangle inequality for the
energy norm || - ||4, and the H?®(2)-ellipticity of a(-, ), (5.3.8) yields

lu = av |7 ) < alu — av,u—av) < alaw — av,uw —av), (5.3.9)
with constants depending on ¢, and the ellipticity constants of a(-, ).

Theorem 5. Under the above assumptions for the construction of VQ, Wa
and the variational problem, we have

altiy — iy, gy — ty) < Z Z D(driw) — aliy, g w))? |

disw

l=joi€w,w
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where the scaling factors satisfy d; ; w < 94 (2s—d) Together with the heuris-
tic assumption (5.3.8), this two-sided estimate leads to an a posteriori error
estimator for the error of the approximate solution uy in the energy norm.
The error estimator is based on the residual contributions

riw = ®(diw) — alay, driw)

and does not require the computation of uyy .

The proof uses Lemma 6, the inequalities (5.3.4), (5.3.5), and the hierar-
chical definition of the bases (5.3.7) in conjunction with the approach to
hierarchical error estimation of [4] or [61, Section 3.5].

To use Theorem 5 in practice, one first computes (with sufficiently high
accuracy) all residuals r;; w from the available current approximation to
uy. For a typical elliptic PDE problem, this is a local procedure and can
easily be parallelized. Formally, this step yields local error indicators, e.g.
, we may define

2
9 Z "W
eD = _

d
(1,¢) :Onsupp ¢1,s, w#£d

for all j-cubes O C Qj and j = jo,...,J. This choice of an error indicator
is not unique. One has to experiment also with the scaling factors d; ; w.
Obviously,

Thsy ¥ ey

l=jo 1€W;,w

where the summation is with respect to all above described O. We do not
have theoretical access to the constant ¢ > 0. Its value may significantly
influence the quality of error estimation. Note that the above splitting of
the global error estimate into local components does not necessarily reflect
the true local error of uy, however, the use of such local error indicators
to monitor the refinement process is a well-established numerical practice.

In a second step, those cubes O are refined for which eg exhibits a large
error contribution. Error equidistribution is a common approach, however,
many other issues might influence the decision to refine a given cube. After
this, one usually cares about keeping the refinement structure sufficiently
regular. In our framework, this could lead to additional refinement in order
to stay close to the geometric assumptions (G1)*, (G2) (which is needed
to guarantee an efficient multilevel scheme in the next solution step), and
(G3)’. This enables us to set up the new cube structures {€2;} resp. {Qj},
and so on.
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