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Abstract� We introduce a new nonlinear subdivision scheme on IR�

whose subdivision operator S� is de�ned by a polynomial interpola�
tion�imputation procedure based on best local L� approximation by
constants� and analyze its convergence and H�older smoothness prop�
erties� The results grew out of a case study ��	 for the Donoho�Yu
median�interpolation subdivision scheme �
	� and complement the the�
ory presented in ��	�

x�� Introduction

Nonlinear subdivision schemes on IR� occur in a number of applications�
e�g�� in connection with normal schemes for curve design ���� the capturing
of singularities by ENO�schemes ������ denoising �	�� shape�preserving data
interpolation �
����� etc� However� their theoretical investigation has only
begun ������ In the present paper which grew out of a case study �
�
on the Cs smoothness properties of the median�interpolation subdivision
scheme by Donoho and Yu �	�� we introduce a new nonlinear subdivision
operator S�� where the local interpolation�imputation procedure is based
on best L� approximation by constants rather than on medians� and
investigate its H�older smoothness� In Section �� we explain terminology
and notation� and state a corollary to results from �����
� which applies
when the nonlinear subdivision operator S is a higher order perturbation
of a linear subdivision operator �S� In Section �� we show in the dyadic
case r � � that the nonlinear subdivision scheme S� is a second order
perturbation of an appropriately chosen linear scheme �S�� and prove a
close�to�optimal lower bound for its H�older exponent�
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x�� Notation and General Results

We will de�ne a stationary� shift�invariant� locally supported subdivision
scheme with integer dilation factor r � � by �xing a function � � IRN �
IRr� and introducing the associated subdivision operator S �� S� acting
on sequences m �� fmig � ���ZZ� according to

�Sm�ri�l�� � �l�mi�n��� � � � �mi�n�N �� l � 
� � � � � r� i � ZZ� �
�

The choices for � and the integer parameters n�N depend on the partic�
ular application� If � is a linear map then S is called linear subdivision
operator� The subdivision scheme itself consists in repeatedly applying S
to any initial m � ���ZZ�� This leads to a sequence fm

jg� where m� � m�
mj�� � Smj � Sj��m� j � �� It is customary to associate with mj either
a piecewise constant function

gj�x� � mj
i � x � �ir�j � �i� 
�r�j�� i � ZZ�

or a piecewise linear function f j given by the interpolation conditions
f j�ir�j� � mj

i � i � ZZ� and call the subdivision scheme convergent if�
for each m � ���ZZ�� the sequence ff jg converges uniformly to some
f �� S�m � C�IR� as j ��� Obviously� if ff jg converges to f so does
fgjg� vice versa�

In ���� the authors introduce a quasilinear �or data�dependent� sub�
division scheme by specifying a family ��������� � f��m� � m � ���ZZ�g of
bounded linear mappings ��m� � ���ZZ� � ���ZZ� with the following
local support property� In the matrix representation ��m� � f�i�i�m�g
entries vanish if ji��rij � L for some �xed L �which may vary from family
to family but is independent of m�� The associated S �� S��������� is de�ned

Sm � ��m�m� m � ���ZZ�� ���

Our above de�nition �
� is slightly more restrictive due to the additional
assumption of shift�invariance which� however� is satis�ed in most exam�
ples�

The theory presented in ��� systematically extends the existing theory
for linear subdivision operators S �see �
���� by requiring some properties
to hold uniformly for the whole family ��������� instead of a single S� A family
��������� is called bounded if

k��m�k� � C� m � ���ZZ�� ���

where k � k� is simultaneously used for sequence and operator norms on
���ZZ�� We say that ��������� has order of polynomial reproduction of at least
k � 
 �in short� order k� if all ��m� have order k� For linear S� the



Nonlinear Subdivision �

order of polynomial reproduction can be de�ned in the following recursive
way� S has order 
 if it reproduces constants� i�e�� S








 � 








� 








 �
f� � � � 
� 
� 
� � � �g� it then follows that

���Sm� � S���
�m�� m � ���ZZ��

for some other linear subdivision operator S�� Here� �� is the forward
di�erence operator de�ned by ���m�i � mi���mi� as usual �

� � ������
� � �� and ��m � m� Note that S� has again the local support property�
and the entries of its matrix representation are linear combinations of the
entries of S� Suppose now that S has order k�
� in which case S�� � � � � Sk��
are already de�ned� Then S has order k if rk��Sk�� reproduces constants�
and as above we can de�ne Sk such that

�k�Sm� � �k���S��
�m� � � � � � ���Sk���

k��m� � Sk�
km

for all m � ���ZZ�� Note that if ��������� has order k and satis�es ���� then the
derived families ����������� � � 
� � � � � k� inherit this property by construction�

The theorems proved in ��� essentially assert that if ��������� is bounded�
has order k � 
� and satis�es a bound on the joint ���spectral radius �k
of the derived family ���������k�

�k �� lim inf
j��

sup
m����ZZ�

k�k�S
j��m� � � ��k�Sm��k�m�k��j� �

then the subdivision scheme governed by S��������� converges� and its limit func�
tions belong to Cs�IR� for all � � s 	 sk �� minflogr�

�k�� kg�

Note that there is a slight ambiguity in the choice of the family ���������
since ��� does not uniquely determine ��������� if S is given� The choice for ���������
is made easy if S is a higher order perturbation of a linear subdivision
operator �S� i�e�� if it can be represented in the form

Sm � �Sm���m��km� m � ���ZZ�� �	�

��������� � f��m� � m � ���ZZ�g is a family of linear operators on ���ZZ�
with the local support property� This assumption came as natural in the
analysis of the Donoho�Yu scheme �	�
�� which appeared to be a second
order perturbation of the midpoint�interpolation scheme� Obviously� if
S is given by �	�� it can also be written in the form ��� with ��m� �
�S � ��m��k� This ��������� has order k if �S has order k� and is bounded if ���������
is bounded� Thus� we have the following corollary to ��� which is easy to
apply in practical applications�

Theorem �� Assume that the subdivision operator S is given by ����
where the linear subdivision operator �S has order k� ��������� has the local sup�
port property and is bounded� If for some j � 
 the inequality

k�k�Sjm�k� � �k�jk�
kmk�� m � ���ZZ�� ���
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holds with some constant �k�j 	 
� then the associated subdivision scheme
converges� the limit functions f � S�m belong to Cs�IR�� and satisfy the
estimate

kfkCs � C�s�kmk�� m � ���ZZ��

for all � � s 	 sk�j� �� minflogr�

�k�j��
j�� kg�

In �
�� in connection with the particular example of the Donoho�Yu
scheme� an alternative derivation of this result was given based on a per�
turbation theorem proved in ���� For a more detailed discussion� we refer
the interested reader to �����
�� and the extended version of this paper
posted at http���cm�bell�labs�com�who�poswald�

x�� H�older regularity estimates for S�

We de�ne the nonlinear subdivision operator S� by �
�� where N � ��
n � �� and � is constructed as follows� Given three arguments� say
�m���m��m��� we determine a polynomial p � p� of degree � � whose
best L��approximating constants on the intervals Ii �� �i� i� 
� coincide
with mi� i � �
� �� 
� In other words� the interpolation rule is formally
given by c��p�� Ii� � mi� i � �
� �� 
� where the function c��f � I� is
de�ned for any continuous function f and closed interval I by

kf � c��f � I�kL��I� � min
c�IR

kf � ckL��I��

or� in more explicit form� by

c�f � I�� � �max
x�I

f�x� � min
x�I

f�x��
�� ���

Below� we will use the parametrization p��t� � a�t� c��� b with param�
eter c � IR if ���m��� �� �� otherwise we set c � �� Similarly� in the
imputation step we set

�Sm�l�� � �l�m���m��m�� �� c�p�� I �l���� l � 
� � � � � r�

where I �l�� � ��l � 
�
r� l
r� denote the r equal subintervals of I� � ��� 
��
The only di�erence with the median�interpolation scheme analyzed in �	�
�
is that the latter is de�ned by medians which represent best L� approxi�
mating constants�

Although S� could also be de�ned by using higher�degree polyno�
mials� compare �	�
�� we present its H�older regularity analysis only for
the above quadratic case� From now on� �x r � � for simplicity� Since
c�f� ��� 
��� � �f����f�
��
� for monotone f and quadratic polynomials
consist of two monotonic pieces� we suggest to de�ne the associated linear
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subdivision operator �S� by end�point averaging interpolation� I�e�� we
�nd a quadratic p �� �p according to

�p��
� � �p��� � �m��� �p��� � �p�
� � �m�� �p�
� � �p��� � �m�� ���

and impute new values by using the same rule�

� �S�m�� � ��p��� � �p�

���
�� � �S�m�� � ��p�

�� � �p�
��
�� ���

Note that ���� ��� imply that

�p�t� � m��p���t� �m�p��t� �m�p��t��

where p���t� � ���t�
���
�
	� p��t� � �����t�
���
	� p��t� � ��t��
�
	
are the Lagrange polynomials associated with ���� and

� �S�m��i �
mi��


�
�


mi

�
�

�mi��


�
�

� �S�m��i�� � �
�mi��


�
�


mi

�
�

mi��


�
�

i � ZZ� m � ���ZZ�� �
�

Lemma �� For r � �� we have

�S�m��i�e � � �S�m��i�e � ��e�ci����m�i��� e � �� 
� �
��

where ��e��� are bounded� Lipschitz continuous functions� and ci denotes
the parameter c associated with p� and the data mi���mi�mi���

Proof� The proof is similar to that of Proposition 
 in �
�� We give
the main steps� We can set i � �� and assume that ���m��� �� �� i�e��
c � c� is �nite �the case ���m��� � � is trivial� and i �� � follows by
shift�invariance�� By symmetry� we have

����c� � ����
� c�� ����c� � ����
� c�� �

�

and we can restrict our attention to c � 

�� The proof of �

� is left to
the reader�

If c �� ��
� �� then p� and �p satisfy identical interpolation conditions
which gives p� � �p� Since the imputation steps are also identical we
arrive at �
�� with ��e�c� 	 ��

We next consider c � ��
��

��� According to ���� p� satis�es on
I�� the condition p��c� � p���� � �m�� while on the other intervals
it satis�es the same interpolation conditions as �p� Consequently� �p ��
p� � �p � 
�p��� where the constant 
� can be found as follows� On the
one hand�

�p�c� � �p��� � 
��p���c� � p������ � ��c� 
��
�
��
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On the other hand� using the interpolation condition for p� and �p on I���
we see that

�p�c� � �p��� � �p��
�� �p�c� � ����m����
 � c���c� 
�
� � q��

where we have used the identity

�p�t�� �p�t�� � ���m����t� t����t� t��
� � q�� t� t� � IR� �
��

with q �� ���m���
��
�m��� �we postpone the proof of �
�� until the end

of the paragraph�� Since

��m� �m��� � �p���� � p��
��� �p��c� � p����� � a�c� 
���

��m� �m�� � �p���� � p��
��� �p��
� � p����� � �	a�c� 
��

and 

q � 
 � �m� � m��
�m� � m��� by de�nition of q� we get q �
�
� c�
��� c� as a function of c� Substituting into the above expressions�
we �nd


� �
����m����
 � c�

�c� 
��
�
c� 


�
�

c� 


c� �
� � ����m���

�c� 
��

�� � c��
� c�
� �
��

Since for c � ��
��

�� the imputation rules for SL� and Sep are the
same� we conclude that

�S�m�� � �Sepm�� � 
��p����� � p���

��� � 
�

��

�S�m�� � �Sepm�� � 
��p���

�� � p���
�� � ��
�

��
�
	�

Together with �
�� this establishes �
�� for c � ��
��

��� For c �
��

�� ��� the only change is that now p� satis�es on I�� the condition
p��
� � p�c� � �m��� Similar considerations lead to �p � 
�p��� where


� � ����m��� � c
�
�	� c��� c � ��

�� ��� �
��

and again to �
	�� with 
� replaced by 
� for these c�
This completes the argument for c � ��
� �� if we establish �
���

Assume that ���m��� �� �� and write

�p�t� � �a�t� �c�� ��b �a �� ��

From the interpolation conditions ��� we derive

��m� �m��� � �p�
�� �p��
� � �	�a�c�

��m� �m�� � �p���� �p��� � �	�a��c� 
��
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which gives

�a � ���m���
�� �c � ����m���
��
�m��� � �q�

Since �p�t�� �p�t�� � �a�t� t���t� t� � ��c�� �
�� follows by substitution�
Finally� we consider c � ��� 

��� This time� p� satis�es the same

interpolation conditions as �p on I�� and I�� while on I� we have �p�
� �
p�c�� � �m�� Thus� we conclude that �p � 
�p�� and obtain

�p�c� � �p�
� � 
��p��c� � p��
�� � �� � c� c��
�� �
��

On the other hand� as above

�p�c� � �p�
� � �p���� �p�c� � ����m���c�c
� � q�� �
��

and from

��m� �m��� � �p��
� � p��c��� �p���
� � p����� � �a�c� � 	c��

��m� �m�� � �p���� � p��
��� �p��
� � p��c�� � a�c� ����

we compute q � ��c� � 	c�
��c� � 	� and


� � ���m���c
�
��c� � 	�� c � ��� 

��� �
��

The imputation step has to be performed carefully� Since c �� I �� we have

�S�m�� � � �S�m�� � 
��p��

�� � p��
��
� � 

�
�� �

�

For c � ��� 

	� we get

�S�m�� � �p��c� � p��

���
�

� � �S�m�� � ��p�c�� �p����
� � 
��p��c� � p��

���
�

� � �S�m�� � 
��p��

��� p��
��
��

the last equality comes from �
����
��� By substituting �
�� we get

�S�m�� � � �S�m�� � c����m���
�
��c
� � ���� c � ��� 

	�� ����

A similar formula holds if c � �

	� 

���

�S�m�� � � �S�m�� � �c� � �c� �����m���
�
��c
� � ���� ��
�

This concludes the proof of Lemma � �explicit expressions for ��e and their
properties are given below��
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From Lemma � we see that S� can be written in the form �	� required
by Theorem 
� with k � �� Each row of ��m� has at most one non�

zero entry given by the corresponding ��e�ci�� According to �
��� �
�� the
associated ���m� � � �S��� �����m� is given by

���S�m��i � �
�


�
� ����ci����

�m�i�� � �
�


�
� ����ci������

�m�i�

���S�m��i�� � ��
�


�
� ����ci����

�m�i�� � �
�


�
� ����ci������

�m�i�

where ����c� � ����c�������c�� ����c� � ����c�������c�� Explicit expressions

and estimates for the ranges of ��e�c� and ��e�c� can be found from the
above �see �
	���
����
�� for c � ��
� ��� �

���������
���
�� for c � ��� 

���
and �

� for c � �

�� ��� for all other c the functions vanish�� E�g�� for
c � 

� we �nd


�����c� �

�����
����

�� c � �
�
�c� 
��
�	� �c� 
���� �
 � c � �

��
c�
�	� c��� �

� � c � ��
c�
�� � c��� � � c � 

	�
�c� � �c� ��
�� � c��� 

	 � c � 

��

and


�����c� �

���
��

�� c � �
�
���c� 
��
�	� �c� 
���� �
 � c � �

��
��c�
�	� c��� �

� � c � ��

c�
�� � c��� � � c � 

��

Together with �

�� this shows that ��e�c� is Lipschitz continuous for c � IR�
monotone on each of the intervals I �l � �l
�� �l� 
�
��� l � ��� � � � � �� and
vanishes outside ��
� ��� Thus� � is bounded� Similarly�


� ����c� �

�����
����

�� c � �
�
��c� 
��
�	� �c� 
���� �
 � c � �

��
�c�
�	� c��� �

� � c � ��
�
�c�
�� � c��� � � c � 

	�
��
�c� � �c� ��
�� � c��� 

	 � c � 

��

and


� ����c� �

�����
����

�� c � �
�
���c� 
��
�	� �c� 
���� �
 � c � �

��
��c�
�	� c��� �

� � c ���
�c�
�� � c��� � � c � 

	�
��c� � 
�c� 	�
�� � c��� 

	 � c � 

��
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Fig� �� Graphs of �

���� �

��� �on the left�� and S����������� �on the right��

The graphs of ��� and ��� are displayed in Figure 
� We also show the
graph of the limit function of the subdivision process with initial sequence
��������� � �� � � � �� �� 
� �� �� � � ���

From the above formulae� we easily obtain

��
�	� � ��e�c� � 


�� �


� � ��e�c� � �
�	�� ����

According to the above recursions for ��S�m and ����� we have

j����m�x��ij � j�

� � ����ci�jjxi��j� j�

�� ����ci���jjxij

� ��
� � ����ci�� ����ci����kxk�

� ��
� � �� � ��
�	��kxk� � �
�kxk��

����

Due to �

�� the bound for j����m�x��i��j will be the same� Thus� we
have proved

���� � sup
m����ZZ�

k���m�k� � �
�� ��	�

The example

�� � � �m���m��m��m�� � � �� � �� � � �����	� 	� �� � � ��
�

shows that the inequalities in ��	� actually turn into equalities� The re�
maining entries of m are chosen such that m � ���ZZ� and k�

�mk� � 
�
this can obviously be done �note that ���m��� � ����m�� � 
 by the
choice of the scaling factor ��� For such an m� we get c� � �

� since
p��t� � ���

 � ��c � 
���

� satis�es the interpolation conditions for
the data �m���m��m�� � �����	� 	�
�� By symmetry� we have c� � �
��
Thus� for this m and by setting i � � in ����� we get

����m���m�� �
�


�
� �����




�
� �

�


�
� ����

�

�
� �

�

�
�


�

�	�
�

�

�
�

This establishes equality in ��	�� and by Theorem 
 we arrive at
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Theorem �� The dyadic nonlinear subdivision scheme de�ned by S�
converges and has limit functions in the H�older space Cs�IR� for all s
satisfying � 	 s 	 log���
�� � ����������

To obtain improved bounds� one could try to verify ��� for some j � 
�
We numerically calculated values of s��� � ���������� s��� � ����������
s��	 � ���		����� Together with other numerical evidence� this lets us
conjecture that the exact H�older exponent of S� coincides with the cor�
responding value s�� �S�� � log���
�� � �����
��� for �S��
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