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Abstract� We consider some examples of nonlinear subdivision
schemes whose subdivision operator S is de�ned by a nonlinear lo�
cal polynomial interpolation�imputation procedure� and analyze their
H�older smoothness properties� The results grew out of a case study ��	
for the Donoho�Yu median�interpolation subdivision scheme �
	� and
complement the theory presented in ��	�

x�� Introduction

We will deal with the Cs�smoothness analysis for nonlinear subdivision
schemes on IR�� Such schemes occur in a number of applications� e�g��
in connection with normal schemes for curve design ���� the capturing of
singularities by ENO�schemes ������ denoising �	�� shape�preserving data
interpolation �
�� etc� However� their theoretical investigation has only be�
gun ������ The present paper grew out of a case study ��� on the smooth�
ness properties of the Donoho�Yu scheme �	� for removing heavy�tail noise
from one�dimensional data sets� and relates the speci�c results obtained
in ��� to the general theory for quasilinear subdivision schemes developed
in ���� In Section �� we introduce necessary notation� state a slightly im�
proved version of the main result from ���� and introduce a subclass of
subdivision schemes where S is given as a higher�order perturbation of a
linear subdivision operator 
S� In Section �� we apply the abstract result
to the Donoho�Yu scheme and a new nonlinear subdivision scheme� where
the local interpolation�imputation procedure is based on �tting quadratic
polynomials to the data by best constant approximation in L��
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x�� Abstract Results

We will de�ne a stationary� shift�invariant� locally supported subdivision
scheme with integer dilation factor r � � by �xing a function � � IRN �
IRr� and introducing the associated subdivision operator S �� S� acting
on sequences m �� fmig � ���ZZ� according to

�Sm�ri�l�� � �l�mi�n��� � � � �mi�n�N �� l � �� � � � � r� i � ZZ� ���

The choices for � and the integer parameters n�N depend on the particular
application� In our examples� the dilation factor is either r � � �dyadic
subdivision� or r � � �triadic subdivision�� If � is a linear map then S is
called linear subdivision operator� The subdivision scheme itself consists
in repeatedly applying S to any initial m � ���ZZ�� This leads to a
sequence fmjg� where m� � m� mj�� � Smj � Sj��m� j � �� It is
customary to associate with mj either a piecewise constant function

gj�x� � mj
i � x � �ir�j � �i� ��r�j�� i � ZZ�

or a piecewise linear function f j given by the interpolation conditions

f j�ir�j� � mj
i � i � ZZ�

and call the subdivision scheme convergent if� for each m � ���ZZ�� the
sequence ff jg converges uniformly to some f �� S�m � C�IR� as j ���
Obviously� if ff jg converges to f so does fgjg� vice versa�

In ���� the authors introduce a quasilinear �or data�dependent� sub�
division scheme by specifying a family ��������� � f��m� � m � ���ZZ�g of
bounded linear mappings ��m� � ���ZZ� � ���ZZ� with the following
local support property� In the matrix representation ��m� � f�i�i�m�g
entries vanish if ji��rij � L for some �xed L �which may vary from family
to family but is independent of m�� The associated S �� S��������� is de�ned

Sm � ��m�m� m � ���ZZ�� ���

Obviously� the additional assumption of shift�invariance� although satis�ed
in most examples� makes our above de�nition ��� more particular�

The theory presented in ��� systematically extends the existing theory
for linear subdivision operators S �see ������ by requiring some properties
to hold uniformly for the whole family ��������� instead of a single S� A family
��������� is called bounded if

k��m�k� � C� m � ���ZZ�� ���

and Lipschitz continuous if for all m� �m � ���ZZ�

k��m���� �m�k� � C�maxfkmk�� k �mk�g�km� �mk�� �	�
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where k � k� is simultaneously used for sequence and operator norms on
���ZZ�� The constant in �	� is allowed to continuously depend on its
argument �when used without argument� C denotes a generic constant
that depends on S but not on m�� Due to the local support property� both
��� and �	� are equivalent to similar conditions on the entries �i�i�m�� We
say that ��������� has order of polynomial reproduction of at least k � � �in short�
order k� if all ��m� have order k� For linear S� the order of polynomial
reproduction can be de�ned in the following recursive way� S has order �
if it reproduces constants� i�e��

S��������� � ���������� ��������� � f� � � � �� �� �� � � �g� ���

it then follows that

���Sm� � S���
�m�� m � ���ZZ�� ���

for some other subdivision operator S�� Here� �
� is the forward di�erence

operator de�ned by ���m�i � mi�� �mi� as usual �� � ������ � � ��
and ��m � m� Note that S� has again the local support property� and the
entries of its matrix representation are linear combinations of the entries
of S� Suppose now that S has order k� �� in which case S�� � � � � Sk�� are
already de�ned� Then S has order k if rk��Sk�� reproduces constants�
and as above we can de�ne Sk such that

�k�Sm� � �k���S��
�m� � � � � � ���Sk���

k��m� � Sk�
km ���

for all m � ���ZZ�� Note that if ��������� has order k and satis�es ��� or �	��
then the derived families ����������� � � �� � � � � k� inherit those properties by
construction�

Theorem �� Assume that the subdivision operator S � S��������� is given by
���� where ��������� has order k and is bounded ���� If

�k �� lim inf
j��

sup
m����ZZ�

k�k�S
j��m� � � ��k�Sm��k�m�k��j� 	 �� ���

then the associated subdivision scheme converges� the limit functions f �
S�m belong to Cs�IR�� and satisfy the estimate

kfkCs � C�s�kmk�� m � ���ZZ�� �
�

for all � � s 	 sk �� minflogr��
�k�� kg� If� in addition� ��������� is Lipschitz
continuous ��� then the subdivision scheme is also Cs�stable� � � s 	 sk�
i�e��

kf � �fkCs � C�s�maxfkmk�� k �mk�g�km� �mk� ����
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for all m� �m � ���ZZ� � �f � S� �m��

This theorem was essentially proved in ���� the above formulation
incorporates two slight improvements� First� we have replaced the joint
���spectral radius de�nition

��k �� lim inf
j��

sup
m������mj������ZZ�

k�k�m
j��� � � ��k�m

���k�m
��k��j� � ����

for ���������k used in ��� by �k� which gives sometimes better bounds� and� sec�
ondly� we observed that the stability proof given in ��� does not require
the existence of a linear �and locally supported� left�inverse T of S� The
proof of Theorem � is given in Appendix A�

There is a slight ambiguity in the above approach� Since a nonlinear
subdivision operator S does not uniquely determine ���������� the application
of Theorem � may lead to non�optimal results if ��������� has not been chosen
carefully� A particular situation where this potential problem goes away
is when S can be represented in the form

Sm � 
Sm���m��km� m � ���ZZ�� ����

where 
S is a linear subdivision operator� and ��������� � f��m� � m � ���ZZ�g
is a family of linear operators on ���ZZ� with the local support property�
Roughly speaking� S is a higher order perturbation of a linear 
S� This
assumption came as natural in the analysis of the Donoho�Yu scheme
�	���� which appeared to be a perturbation of the midpoint�interpolation
scheme� Obviously� if S is given by ����� it can also be written in the form
��� with ��m� � 
S � ��m��k� This ��������� has order k if 
S has order k� and
is bounded if ��������� is bounded� Thus� we have the following corollary to the
proof of Theorem �� which is easy to apply in practical applications�

Theorem �� Assume that the subdivision operator S is given by �	���
where the linear subdivision operator 
S has order k� ��������� has the local sup�
port property and is bounded� If for some j� � � the inequality

k�k�Sj�m�k� � ck�j�k�
kmk�� m � ���ZZ�� ����

holds with some ck�j� 	 �� then the associated subdivision scheme con�
verges� the limit functions f � S�m belong to Cs�IR�� and satisfy the
estimate

kfkCs � C�s�kmk�� m � ���ZZ�� ��	�

for all � � s 	 sk�j� �� minflogr��
ck�j��
j�� kg�

In ���� for the particular example of the Donoho�Yu scheme� it was
shown how to derive this result from a perturbation theorem proved in ����
under the assumption that the linear subdivision scheme governed by 
S



Nonlinear Subdivision �

has an H�older exponent � sk�j� �since 
S can be replaced by any other 
S�

of order k in ����� this is not an essential constraint�� From the identity

�k�Sjm� � �k�S
j��m� � � ��k�m��km� �k�m� � 
Sk ��k��m��

we easily see that


sk �� sup
j

sj�k � sk � �sk �� minflogr��
��k�� kg� ����

Thus� we should get at least as good smoothness exponent estimates by
proving ���� as by obtaining similar bounds for the joint spectral radii �k
resp� ��k� Note that to verify ����� only S �but not ��������� resp� ���������� needs to
be speci�ed�

x�� Examples

We �rst treat the Donoho�Yu scheme for quadratic median�interpolation�
where N � �� n � �� in ���� and � is constructed as follows� Given three
arguments� say �m���m��m��� we determine a quadratic polynomial p
whose median value on Ii �� �i� i� �� coincides with mi� i � ��� �� �� The
r components �l of � are then de�ned as the medians of p with respect
to the r subintervals I �l�� � ��l � ��
r� l
r�� l � �� � � � � r� of I� � ��� ���
Similar de�nitions can be given using polynomials of arbitrary even degree�
however� only the quadratic case can be treated by explicit analytical
formulas� For basic results on median polynomial interpolation� see ����
For r � �� the associated subdivision scheme was investigated in �	� while
in ��� the smoothness estimates were signi�cantly improved upon� and
extended to the dyadic case�

In the following� we show some details for r � �� The correspond�
ing subdivision operator is denoted by S � Smed� Let p � pmed be
parametrized in the form p�t� � a�t� c�� � b� where a �� � i� ���m��� �
m���m��m�� �� � �if ���m��� � � then the median�interpolant p is ob�
viously linear� this exceptional case can be handled separately�� Since for
monotone and continuous f the median on an interval I � �t�� t�� coincides
with f��t�� t��
��� most of the time the median interpolation�imputation
with p is essentially a linear operation �midpoint evaluation�� An exception
occurs only if c belongs to the middle portion ���t� � t��
	� ��t� � t��
	�
of the interval which explains the nonlinearity of Smed� It is therefore
quite suggestive to compare Smed with the linear midpoint�interpolation
subdivision operator 
S � Smid� where the quadratic polynomial p � pmid

is de�ned by

p���
�� � m��� p��
�� � m�� p��
�� � m��
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and �� � p��
	�� �� � p��
	�� Using elementary calculus� it has been
found in ���� Proposition �� that

�Smedm��i�e � �Smidm��i�e � �e�ci���
�m�i��� e � �� �� ����

which establishes ���� with k � �� Here� ci is the c�value of the quadratic
median�interpolant associated with the triple �mi���mi�mi���� note that
in the exceptional case when ���m�i�� � � and the associated quadratic
median�interpolant becomes linear� we formally set ci � � and �e�ci� �
��� The explicit formulas for �e established in ��� show that the associated
��������� is bounded� Unfortunately� they also reveal that ��������� is not Lipschitz
continuous with respect to m � l��ZZ� which leaves the stability question
open�

In Theorem � of ��� it was rigorously established that c��� � �
��
and c��� 	 ��
��� 	 c���� for j� � �� � in ����� Thus� Theorem � implies
that Smed has Cs�limit functions where � � s � log�����
��� � �����
����
An open conjecture supported by numerical evidence �see �	���� is to prove
that the H�older exponent s��Smed�� i�e�� the supremum of the set of all s �
� for which the limit functions S�medm belong to Cs�IR� independently of
m� coincides with the H�older exponent s��Smid� � log����
�� � ���
�����
of Smid�

Note that the formulation of Theorem � suggests a straightforward
way to collect numerical evidence on the potential Cs�smoothness� E�g��
using the shift�invariance property and the fact that Smed��m � 
� �
�Smedm � 
 for arbitrary constants �� 
� the computation of c��j� � j� �
�� can essentially be reduced to computing the global maximum of the
functional

Fj��x�� x�� x	� � � max
i�
�������rj���

j���Sj�m�i� j�
� max
i
�������

j���m�ij� ����

where m � f� � � �m���m���m��m��m�� � � �g 	 f� � � � x�� x�� �� �� x	� � � �g�
This leads to the following numerically obtained estimates for s��j� �

r � � � s��� � ���
������ s��	 � ����	����� s��� � ����
���� �

r � � � s��� � ��
������� s��	 � ��
��	���� s��� � ��
������ �

The values shown for the triadic case have to be compared to the bound
s��� � log	����
��� � ��������� rigorously established in ���� and to their
conjectured limit of s��Smid� � ��

As a second example we consider a variation of Smed where the median
rule �or best local L� approximation by constants� is replaced by best local
L� approximation by constants� i�e�� the interpolation rule now amounts
to �nding a quadratic polynomial p � p� such that

kp�mikC�Ii� � min
�
kp� �kC�Ii� 
� �mi � min

t�Ii
p�t� � max

t�Ii
p�t� ����
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for i � ��� �� �� similarly for the imputation step� As above� if ���m��� ��
� we use the parametrization p��t� � a�t�c���b� otherwise we set c ���
The resulting scheme is denoted by SL� � Since for monotone f the best
approximating constant in L��I� is given by �f�t���f�t���
�� we suggest
to de�ne the linear associated linear subdivision operator 
S �� Sep by
end�point averaging interpolation� i�e�� to �nd p � pep the interpolation
rule would be

p���� � p��� � �m��� p��� � p��� � �m�� p��� � p��� � �m�� ��
�

and the imputation �for r � �� would give

�Sepm�� � �p��� � p��
���
�� �Sepm�� � �p��
�� � p����
�� ����

Note that ��
�� ���� imply that

pep�t� � m��p���t� �m�p��t� �m�p��t�� ����

where p���t� � ���t�������
	� p��t� � �����t�����
	� p��t� � ��t����
	
are the Lagrange polynomials associated with ��
�� and

�Sepm��i �
mi��

��
�


mi

�
�

�mi��

��
�

�Sepm��i�� � �
�mi��

��
�


mi

�
�

mi��

��
�

i � ZZ� m � ���ZZ�� ����

Lemma �� For r � �� we have

�SL�m��i�e � �Sepm��i�e � 
�e�ci����m�i��� e � �� �� ����

with bounded� Lipschitz continuous functions 
�e��� �ci has a similar mean�
ing as before��

Proof� The proof is similar to that of Proposition � in ���� We give
the main steps� We can set i � �� and assume that ���m��� �� �� i�e��
c � c� is �nite �the case ���m��� � � is trivial� and i �� � follows by
shift�invariance�� By symmetry� we have


���c� � 
����� c�� 
���c� � 
����� c�� ��	�

and we can restrict our attention to c � �
�� If c �� ���� �� then p�
satis�es the same interpolation conditions ��
� as pep� which gives p� �
pep� and since the imputation steps are also identical we arrive at ����

with 
�e�c� 	 ��
We next consider c � ������
��� Then according to ����� p� satis�es

on I�� the condition p�c� � p��� � �m�� while on the other intervals it
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satis�es the same interpolation conditions as pep �see ��
��� Consequently�
�p �� p��pep � 
�p��� The constant 
� can be found as follows� We have

�p�c� � �p��� � 
��p���c� � p������ � ��c� ���
�
��

On the other hand� using the interpolation condition for p� and pep on
I��� we see that

�p�c� � �p��� � pep����� pep�c� � ����m����� � c���c� ��
� � q��

where we have used the identity

pep�t�� pep�t
�� � ���m����t� t����t� t��
� � q�� t� t� � IR� ����

where q �� ���m���
��
�m���� Since

��m� �m��� � �p���� � p������ �p��c� � p����� � a�c� ����

��m� �m�� � �p���� � p������ �p���� � p����� � �	a�c� ���

and �
q � � � �m� � m��
�m� � m��� by de�nition of q� we get q �
��� c�
��� c� as a function of c� Substituting into the above expressions�
we �nd


� �
����m����� � c�

�c� ���
�
c� �

�
�
c� �

c� �
� � ����m���

�c� ���

�� � c���� c�
� ����

Since for c � ������
�� the imputation rules for SL� and Sep are the
same� we conclude that

�SL�m�� � �Sepm�� � 
��p����� � p����
��� � 
�
���

�SL�m�� � �Sepm�� � 
��p����
�� � p������ � ��
�
���
����

Together with ���� this establishes ���� for c � ������
��� For c �
���
�� ��� the only change is that now p � p� satis�es on I�� the con�
dition p���� � p�c� � �m��� Similar considerations lead to �p � 
�p���
where


� � ����m���c
�
�	� c��� c � ���
�� ��� ����

and again to ����� with 
� replaced by 
� for these c�
Finally� we consider c � ��� �
��� This time� p� satis�es the same

interpolation conditions as pep on I�� and I�� while on I� we have �p����
p�c�� � �m�� Thus� we conclude that �p � 
�p�� and obtain

�p�c� � �p��� � 
��p��c� � p����� � �� � c� c��
�� ��
�
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On the other hand� as above

�p�c� � �p��� � pep���� pep�c� � ����m���c�c
� � q�� ����

and from

��m� �m��� � �p���� � p��c��� �p����� � p����� � �a�c� � 	c��

��m� �m�� � �p���� � p������ �p���� � p��c�� � a�c� ����

we compute q � ��c� � 	c�
��c� � 	� and


� � ���m���c
�
��c� � 	�� c � ��� �
��� ����

The imputation step has to be performed carefully� Since c �� I �� we have

�SL�m�� � �Sepm�� � 
��p���
�� � p�����
� � 

�
�� ����

For c � ��� �
	� we get

�SL�m�� � �p��c� � p���
���
�

� �Sepm�� � �pep�c�� pep����
� � 
��p��c� � p���
���
�

� �Sepm�� � 
��p���
��� p�����
��

the last equality comes from �������
�� By substituting ���� we get

�SL�m�� � �Sepm�� � c����m���
����c
� � ���� c � ��� �
	�� ����

A similar formula holds if c � ��
	� �
���

�SL�m�� � �Sepm�� � �c� � �c� �����m���
����c
� � ���� ��	�

This concludes the proof of Lemma ��

From Lemma � we see that SL� can be written in the form required
by Theorem �� i�e�� we have ���� with k � �� Each row of ��m� has at

most one non�zero entry given by the corresponding 
�e�ci�� According to
����� ����� the associated ���m� � 
S� �����m� is given by

���SL�m��i � �
�

��
� 
���ci����

�m�i�� � �
�

��
� 
���ci������

�m�i�

���SL�m��i�� � ��
�

��
� 
���ci����

�m�i�� � �
�

��
� 
���ci������

�m�i�

����

where 
���c� � 
���c���
���c�� 
���c� � 
���c���
���c�� Explicit expressions

and estimates for the ranges of 
�e�c� and 
�e�c� can be found from the
above �see �������������� for c � ���� ��� ������������	������ for c � ��� �
���
and ��	� for c � ��
�� ��� for all other c the functions vanish�� In particular�
we obtain

��
�	� � 
�e�c� � �
��� ��
�� � 
�e�c� � �
�	�� ����

By de�nition of the ���ZZ� operator norm and the symmetry property
��	� we �nd

c��� � sup
m����ZZ�

k���m�k� � max
c�c�

fj
�

��
� 
���c�j� j

�

��
� 
���c

��j �
�

�
�

More details are given in Appendix B� As a result� we arrive at
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Theorem �� In the dyadic case� the nonlinear subdivision scheme de
ned
by SL� converges and has Cs�limit functions for all s satisfying � 	 s 	
log���
�� � ����������

To obtain improved bounds� one could again try to verify ���� for
some j� � �� Using a functional similar to ����� we numerically calculated
values of s��� � ���������� s��	 � ���������� s��� � ���		����� Together with
other numerical evidence� this lets us conjecture that the exact H�older
exponent of SL� coincides with s��Sep� � log���
�� � ����������

xAppendix A� Proof of Theorem �

Our proof of Theorem � closely follows the proofs for Theorems ��	 in
���� In comparison with ���� we have incorporated slight changes in some
steps� especially in the proof of ����� to avoid some additional assumptions
made in ���� The interested reader is recommended to compare with ����

For simplicity� we will not explicitly display coe�cient dependencies
but rather use C � if the constant may also depend on maxfkmk�� k �mk�g�
otherwise if C is used it generally depends on S and s only� We freely use
the notation introduced in Section �� In particular� ����������� ����������� has order
k� and the families ����������� � � �� � � � � k� are recursively de�ned by ���� ����
We will always silently assume that ��������� and thus all ����������� � � �� � � � � k� are
bounded�

Let us recall the following elementary fact� Suppose that T is a
bounded linear operator acting on ���ZZ� which satis�es the local sup�
port property �i�e�� ti�i � � if ji� � irj � L� and whose null�space contains
���������� i�e�� T��������� � ��������� �� �� � � � �� �� �� � � ��� Then� if the entries of the matrix
representation of 
T are de�ned by


ti�i � �
iX

l
��

ti�l � �
X

�i��L��r�l�i

ti�l�

we see that Tm � 
T��m� and that 
T satis�es the local support property
with the same �or a smaller� L� Indeed� 
ti�i � � for all i� i� with i� � ir�L
because of T��������� � ���������� and obviously for all i� i� with i� 	 ir � L� Moreover�

�Tm�i� �
X
i

��
ti�i � 
ti��i���mi �
X
i


ti�i�mi�� �mi� � � 
T��m�i� �

Note that a similar derivation is used to de�ne S� resp� ���m� via ����
����

Applying the above to T �� ���m� � ��� �m� for arbitrarily given
m� �m � ���ZZ� and � � �� � � � � k � �� we deduce

k����m����� �m��xk� � C �km� �mk�k�
�xk�� x � ���ZZ�� ����
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under the assumption that also �	� holds� Similarly� if we set T �� ��� 
m��
r�� �S� � � �� � � � � k� �� where the linear subdivision operator �S is de�ned
by � �Sx�ir�l � xi� l � �� � � � � r � �� i � ZZ� we �nd

k���� 
m�xk� � r��k �Sxk� � k���� 
m�� r�� �S�xk�

� r��kxk� � Ck��xk�� x� 
m � ���ZZ��
����

��������� will be frequently used below�
We �rst derive the following geometric decay estimates for �j� ��

k��mjk�� � � �� � � � � k�

�j� � C�jk��mk�� �k 	 � � �� r�� � �� j � �� ��
�

where C depends on the actual choice of �� Fix an arbitrary �k 	 � � ��
By the de�nition ��� of �k� there is a j� �which generally depends on ���
such that

k�k�S
j���m� � � ��k�m�k��j�� � �� ��

�� �k
�

�	 ��� m � ���ZZ�� �	��

Writing j � nj� � l� where l � �� � � � � j� � �� we �nd from ���� �	��� and
��� that

�jk � k�k�S
j���m� � � ��k�m��kmk�

� ����nj�k�k�S
l��m� � � ��k�m��kmk�

� C����jk�kmk� � C�jk�kmk�� j � ��

This is the geometric decay estimate ��
� for � � k� To get the result
for � � k � �� � � � � �� we use induction in �� Suppose ��
� holds for � �
� � �� If �k 	 r�� then we take any � such that maxfr������� �kg 	
� 	 r�� � otherwise� let �k 	 � � � be arbitrary� Then� since �j��� �
k���m

j���mjk�� from setting � � �� 
m � mj � x � ��mj in ���� we get

�j��� � r���j� � C�j��� � r���j� � C�jk����mk�

� r����j��� � C��j � r���j���k����mk�

� � �

� C�

jX
l
�

r�l��j�l�k��mk�

� C�maxfr�� � �g�j��k��mk��

where in the last step we have used the special choice of �� This establishes
��
� for � � �� and concludes the induction step� If � � �� ��
� states
that the sequence fmjg is uniformly bounded in ���ZZ��
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Note that the geometric decay estimates remain true if ��� is replaced

by the assumption ���� �clearly� in this case �k should be replaced by c
��j�
k�j�

��
Indeed� this follows from initially estimating

�jk � k�k�Sjm�k� � ck�j�k�
k�Sj�j�m�k�

� cnk�j�k�k�S
l��m� � � ��k�m��kmk�� j � nj� � l�

and then repeating the above derivation� This explains how Theorem �
can be obtained as a corollary to the proof of Theorem ��

The geometric decay estimates ��
� imply the Cs�property in a stan�
dard way� Suppose �rst that r�� � �k 	 �� By de�nition of the sequence
fgjg and of the auxiliary subdivision operator �S �see the beginning of this
section�� from ���� we have

kgj�� � gjkL� � k��mj�mj � �Smjk� � Ck��mjk��

which together with ��
� for � � � implies that

kgj�� � gjkL� � C�jk��mk�� j � ��

for any �k 	 � 	 �� Since obviously kgj � f jkL� � k��mjk�� the same
geometric decay estimate holds for ff jg� i�e�� both sequences fgjg and
ff jg uniformly converge to some f � S�m � C�IR� at geometric rate�

maxfkf � gjkL� � kf � f jkCg � C�jk��mk�� j � �� �	��

for the same range of �� Furthermore� for arbitrary x� y with jx � yj � �
we can �nd a j such that r��j��� 	 jx� yj � r�j and get to

jf�x�� f�y�j � �kf � gjkL� � jgj�x�� gj�y�j

� �kf � gjkL� � Ck��mjk�

� C�jk��mk� � Cjx� yjsk��mk�� s � logr��
���

By varying � within the bounds allowed� this shows �
� for � � s 	 sk �
logr��
�k� � � since for this range

kfkCs � kfkC � max
�	jx�yj��

jx� yj�sjf�x�� f�y�j�

Note that the necessary bound for kfkC follows from setting j � � in �	���
and using kg�kL� � kmk��

If r�� � �k 	 r�� then necessarily k � � �for r � �� compare
Proposition � and ���� in ����� Since ��
� holds for � � � and any r�� 	
� 	 � we already know that the subdivision scheme converges� and that
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the Cs�property holds for all � 	 s 	 �� In particular� ff jg converges
uniformly to f � Let gj� be the step function which is obtained if we replace

mj by rj��mj in the de�nition of gj� j � �� similarly for f j� � Using ��
� for
� � �� we obtain in exactly the same way as above the uniform convergence
gj�� f

j
� � f� � C�IR� and the Ct�property of f� for all � 	 t 	 sk�� �since

by assumption sk � ��� �� this range is non�empty�� We leave this to
the reader� Since by construction the derivative of f j coincides with gj��
we can easily establish that f � coincides with f�� This proves �
� for all
� 	 s 	 sk � � since for this range

kfkCs � kfkC � kf �kC � max
�	jx�yj��

jx� yj�s��jf ��x�� f ��y�j

is a suitable norm de�nition for Cs�IR� �note that s � � follows by interpo�
lation resp� by direct inspection depending on which de�nition of H�older
spaces is adopted for integer s�� Finally� to get the result for arbitrary
r�k � �k 	 �� this argument can be used inductively�

To prove the stability result we again closely follow ���� From now on�
both ��� and �	� will be assumed� Lemma � from ��� can be replaced by
the estimate


j��k � C ��j
jX

l
�


l�� j � �� �	��

where �k 	 � 	 �� and the abbreviation 
j� � k���mj � �mj�k� is used
for j � � and � � �� � � � � k� Indeed� with the same notation as in the proof
of the case � � k of ��
� we have


j��k � k�k�m
j� � � ��k�m

j���j���kmj���j�

��k� �m
j� � � ��k� �m

j���j���k �mj���j�k�

� k�k� �m
j� � � ��k� �m

j���j���k�mj���j� � �mj���j��k�

� k��k�m
j� � � ��k�m

j���j����k� �m
j� � � ��k� �m

j���j���kmj���j�k�

	 Aj � Bj�

We have

Aj � k�k�S
j� �mj���j�� � � ��k� �m

j���j���k�mj���j� � �mj���j��k�

� ����j�
j���j�k � �j�
j���j�k �

while for estimating Bj we use the notation

Bj� �� k��k�m
j�� � � ��k�m

j���j��

��k� �m
j�� � � ��k� �m

j���j����kmj���j�k��

Kj� �� k��k�m
j����k� �m

j����k�m
j���� � � ��k�m

j���j���kmj���j�k��

Lj� �� k�k� �m
j����k�m

j���� � � ��k�m
j���j��

��k� �m
j���� � � ��k� �m

j���j����kmj���j�k��
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where j � j� � � � j� � j� Obviously� Bj� � Kj� � Lj� � and by the
boundedness �with constant �C� and Lipschitz continuity �with constant
�C �� of the family ���������k we get Lj� � �CBj���� and

Kj� � k�k�m
j����k� �m

j��k�k�k�m
j���� � � ��k�m

j���j���kmj���j�k�

� �C �
j
�

�
�Cj���j���j���j���j�k �

Substituting iteratively and taking into account Bj�j� � � as well as ��
�
for � � k� we get

Bj � Kj � �CBj�� � � � � �

jX
l
j���j�

�Cj�lKl

� �C � �Cj����j���j�k

jX
l
j���j�


l� � C ��j
jX

l
j���j�


l��

where C � is a new constant which depends on S� �� and maxfkmk�� k �mk�g�
Thus� together with the estimate for Aj � we get


j��k � �j�
j���j�k � C ��j
jX

l
j���j�


l��

Iteration leads to �	���
For � � k � �� � � � � �� we use ���� and ���� to estimate


j��� � k�k� �m
j�����mj � �mj��k� � k��k�m

j���k� �m
j����mjk�

� r��
j� � �Ck�����mj � �mj�k� � �C �kmj � �mjk�k�
���mjk�

� r��
j� � C
j��� � C ��j
j��
�	��

which according to ��
� holds for any � such that � � �k and � � r�������
In analogy to ���� for j � � we consider the recursion

�
j��� � r�� �
j� �A�
j��� �A������
j �
j�� �		�

if � � � 	 k� and

�
j��k � A����j
jX

l
�

�
l�� �	��

where �
�� � 
�� for � � � � k� and appropriately �xed constants A� A�� ���
and ��� � r�� � � �� � � � � k � �� for which we assume

�k 	 ��k �� �� 	 ��k�� 	 � � � 	 �� 	 �� � ��
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Obviously� if the constants A�A� are properly chosen for a given set of
admissible ���� by comparing �	��� �	�� with �	��� �		�� we have 
j� �

�
j�
for all j and �� From �		� with � � � it follows that �
j� is an increasing
sequence� thus� we get from �	��

�
j��k � C ��j � ������j �
j�� j � �� �	��

Substituting into �		� for � � k��� and taking into account that �� � ��k�
we obtain

�
j��k�� � r��k��� �
jk�� � C ��j � �����k�
j �
j�

� r���k��� �
jk�� � C ���j � �����k�
j � jr��k������k�

j��� �
j�

� � �

� r��j����k��� �
�k�� � C ��

jX
l
�

�j � �� l�r�l�k������k�
j�l� �
j��

Since �
�� � 
�� � ��
�� � �� �
j� and ��k 	 ��k�� as well as r��k��� � ��k���
this implies the following bound for � � k � � and j � ��

�
jk�� � C �maxf�j � ������k�
j� r�j�k���g�
j� � C ����k���

j �
j�� j � ��

Repeating the same estimation techniques by induction for � � k �
�� � � � � �� we get

�
j� � C ������
j �
j�� j � �� �	��

for all � � �� � � � � k � �� In particular� �
j� � C ������
j �
j�� where ��� 	 ��

Substituting the latter inequality into �		� for � � �� we get

�
j��� � �� � C ������
j� �
j� � �

jY
l
�

�� � C ������
l�� �
�� � C � �
�� � C �
��

for all j � �� Therefore� the sequence f�
j�g is bounded by Ckm � �mk��
by backsubstitution into �	�� and �	�� �and varying the chosen ���� if
necessary�� we arrive at

k���mj � �mj�k� � C ���j�km� �mk�� j � �� �	��

which holds for arbitrary for arbitrary ��� satisfying ��� � r�� and ��� � �k�
and each � � �� �� � � � � k� Since these are exactly the same inequalities that
were used for the Cs�smoothness proof �with m replaced by m� �m�� the
stability assertion ���� follows now in the same way�
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xAppendix B� Proof of Theorem �

We �ll the missing technical details in the proof of Theorem 	� Lemma
� was established in su�cient detail� with the exception of ��	�� �����

and explicit formulas for 
�e�c� which we need later on� The symmetry
argument is as follows� If p��t� � a�t� c��� b is associated with the data
�m���m��m�� then �p��t� � p����t� � a�t����c����b is the polynomial
associated with the data � �m��� �m�� �m�� � �m��m��m���� Thus� �c � ��c�
�S �m�� � �Sm��� �S �m�� � �Sm��� and since ��� �m��� � ���m��� we

arrive at ��	�� By de�nition of 
�e�c�� we also have 
���c� � 
����� c� and

���c� � 
����� c��

Concerning ����� let us assume that ���m��� �� �� and write

pep�t� � �a�t� �c� � �b� �a �� ��

From the interpolation conditions ��
� we derive

��m� �m��� � pep���� pep���� � �	�a�c�

��m� �m�� � pep���� pep��� � �	�a��c� ���

which gives

�a � ���m���
�� �c � ����m���
��
�m��� � �q�

Since pep�t�� pep�t
�� � �a�t� t���t� t� � ��c�� ���� follows by substitution�

The explicit formula for 
�e�c� and c � �
� are as follows�

��
���c� �

�����
����

�� c � ���
�c� ���
�	� �c� ����� �� � c � ��
��
c�
�	� c��� ��
� � c � ��
c�
�� � c��� � � c � �
	�
�c� � �c� ��
�� � c��� �
	 � c � �
��

and

��
���c� �

���
��

�� c � ���
���c� ���
�	� �c� ����� �� � c � ��
��
��c�
�	� c��� ��
� � c � ��

c�
�� � c��� � � c � �
��

Together with ��	�� this shows that 
�e�c� is Lipschitz continuous for c � IR�
monotone on each of the intervals I �l � �l
�� �l � ��
��� l � ��� � � � � ��
and vanishes outside ���� ��� A straightforward computation of the values

�e�l
�� gives the following range for 
�e�c�� c � IR� as

��
�	� � 
�����
�� � 
�e�c� � 
����
�� � �
��� e � �� �� �	
�
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�� �on the left�� and S�L���������� �on the right��

Similarly�

�� 
���c� �

�����
����

�� c � ���
��c� ���
�	� �c� ����� �� � c � ��
��
�c�
�	� c��� ��
� � c � ��
���c�
�� � c��� � � c � �
	�
����c� � �c� ��
�� � c��� �
	 � c � �
��

and

�� 
���c� �

�����
����

�� c � ���
���c� ���
�	� �c� ����� �� � c � ��
��
��c�
�	� c��� ��
� � c ���
�c�
�� � c��� � � c � �
	�
��c� � ��c� 	�
�� � c��� �
	 � c � �
��

and

��
�� � 
����
�� � 
�e�c� � 
�����
�� � �
�	�� e � �� �� ����

The graphs of 
�� and 
�� are displayed in Figure �� We also show the graph
of the limit function associated with the delta�sequence ��������� � �� � � � �� � �� �� �� �� � � ���

We come to the estimation of k���m�k�� According to ���� and the

above bounds for 
���c� and 
���c�� we have

j����m�x��ij � j
�

��
� 
���ci�jjxi��j� j

�

��
� 
���ci���jjxij

� ��
� � 
���ci�� 
���ci����kxk�

� ��
� � �� � ��
�	��kxk� � �
�kxk��

����

Due to ��	�� the bound for j����m�x��i��j will be the same� Thus� we
have proved

c��� � sup
m����ZZ�

k���m�k� �
�

�
� ����
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which according to Theorem � establishes the Cs�property of SL� stated
in Theorem 	� The example

�� � � �m���m��m��m�� � � �� � �� � � �����	� 	� �� � � ��
�

shows that the inequalities in ���� actually turn into equalities� The re�
maining entries of m are chosen such that m � ���ZZ� and k��mk� � ��
this can obviously be done �note that ���m��� � ����m�� � � by the
choice of the scaling factor ��� For such an m� we get c� � ��
� since
p��t� � ������ ��c�����
�� satis�es ���� for the data �m���m��m�� �
�����	� 	�
�� By symmetry� we have c� � �
�� Thus� for this m and by
setting i � � in ����� we get

����m���m�� �
�

��
� 
�����
�� �

�

��
� 
����
�� � �
� � ��
�	� � �
��

This establishes equality in ����� The same result can be obtained by
directly verifying that for the above m

�� � � � �Sm��� �Sm��� �Sm��� �Sm�	� � � �� � �� � � ������
� 
� ��� � � ��
���

Finally� let us mention without proof that the above example can be used
to establish

��� �
�

�
� ���

pretty much in the same way as this was done for the Donoho�Yu scheme
in ���� I�e�� the spectral radius de�nition used in ��� does not always allow
to capture the maximal possible Cs�smoothness of a nonlinear subdivision
scheme�
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