Smoothness of Nonlinear Subdivision Schemes

Peter Oswald

Abstract. We consider some examples of nonlinear subdivision
schemes whose subdivision operator S is defined by a nonlinear lo-
cal polynomial interpolation/imputation procedure, and analyze their
Holder smoothness properties. The results grew out of a case study [8]
for the Donoho-Yu median-interpolation subdivision scheme [4], and
complement the theory presented in [2].

§1. Introduction

We will deal with the C'*-smoothness analysis for nonlinear subdivision
schemes on R'. Such schemes occur in a number of applications, e.g.,
in connection with normal schemes for curve design [3], the capturing of
singularities by ENO-schemes [7,2], denoising [4], shape-preserving data
interpolation [9], etc. However, their theoretical investigation has only be-
gun [3,2]. The present paper grew out of a case study [8] on the smooth-
ness properties of the Donoho-Yu scheme [4] for removing heavy-tail noise
from one-dimensional data sets, and relates the specific results obtained
in [8] to the general theory for quasilinear subdivision schemes developed
in [2]. In Section 2, we introduce necessary notation, state a slightly im-
proved version of the main result from [2], and introduce a subclass of
subdivision schemes where S is given as a higher-order perturbation of a
linear subdivision operator S. In Section 3, we apply the abstract result
to the Donoho-Yu scheme and a new nonlinear subdivision scheme, where
the local interpolation/imputation procedure is based on fitting quadratic
polynomials to the data by best constant approximation in L.

Curve and Surface Fitting: Saint-Malo 2002 1
XXX (eds.), pp. 1-10.

Copyright © 2002 by Nashboro Press, Nashville, TN.

ISBN XXX.

All rights of reproduction in any form reserved.



2 P. Oswald

§2. Abstract Results

We will define a stationary, shift-invariant, locally supported subdivision
scheme with integer dilation factor r > 2 by fixing a function 7 : RY —
R", and introducing the associated subdivision operator S := S, acting
on sequences m := {m;} € {o,(Z) according to

(Sm)riti—1 = T1(Mi—pt1,-- -, Mi—ntN), I=1,...,r, i€Z. (1)

The choices for 7 and the integer parameters n, N depend on the particular
application. In our examples, the dilation factor is either r = 2 (dyadic
subdivision) or r = 3 (triadic subdivision). If 7 is a linear map then S is
called linear subdivision operator. The subdivision scheme itself consists
in repeatedly applying S to any initial m € £, (ZZ). This leads to a
sequence {m’}, where m® = m, m’*1 = Sm/ = S/tlm, j > 0. It is
customary to associate with m/ either a piecewise constant function
g (x) = m] xelird (i+1)r), icZ,

7

or a piecewise linear function f7 given by the interpolation conditions

fir=)y=m!, e,

and call the subdivision scheme convergent if, for each m € £.,(Z), the
sequence { f/} converges uniformly to some f := S®°m € C(IR) as j — oo.
Obviously, if {f7} converges to f so does {g’}, vice versa.

In [2], the authors introduce a quasilinear (or data-dependent) sub-
division scheme by specifying a family ¥ = {U(m) : m € Lo (Z)} of
bounded linear mappings V(m) : floo(ZL) — Lso(ZZ) with the following
local support property: In the matrix representation W(m) = {1;;(m)}
entries vanish if |i —ri| > L for some fixed L (which may vary from family
to family but is independent of m). The associated S := Sg is defined

Sm = ¥(m)m, m € Loo(7Z). (2)

Obviously, the additional assumption of shift-invariance, although satisfied
in most examples, makes our above definition (1) more particular.

The theory presented in [2] systematically extends the existing theory
for linear subdivision operators S (see [1,5]) by requiring some properties
to hold uniformly for the whole family ¥ instead of a single S. A family
¥ is called bounded if

[T(m)lleo < C, m € Loo(72), (3)
and Lipschitz continuous if for all m,m € £y (7Z)

@ (m) = W(m)|[eo < Cmax{|[mllos, [[Mllco})lm — M, (4)
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where || - || is simultaneously used for sequence and operator norms on
Vs (7Z). The constant in (4) is allowed to continuously depend on its
argument (when used without argument, C' denotes a generic constant
that depends on S but not on m). Due to the local support property, both
(3) and (4) are equivalent to similar conditions on the entries ;/;(m). We
say that ¥ has order of polynomial reproduction of at least k > 1 (in short,
order k) if all ¥(m) have order k. For linear S, the order of polynomial
reproduction can be defined in the following recursive way: S has order 1
if it reproduces constants, i.e.,

S1=1, 1={...,1,1,1,.. .}, (5)
it then follows that
AY(Sm) = S1(AMm),  m e Lo (), (6)

for some other subdivision operator S;. Here, Al is the forward difference
operator defined by (Alm); = m;y 1 — m;, as usual A* = (AV)H, > 0,
and A%n = m. Note that S; has again the local support property, and the
entries of its matrix representation are linear combinations of the entries
of S. Suppose now that S has order k — 1, in which case Sy,...,Sk_1 are
already defined. Then S has order k if r*=1S;,_; reproduces constants,
and as above we can define S such that

AF(Sm) = AP (S A Ym) = ... = AY(Sp_1AF T Im) = SpAFm (7)

for all m € £ (7Z). Note that if ¥ has order k£ and satisfies (3) or (4),
then the derived families ¥,, p = 1,...,k, inherit those properties by
construction.

Theorem 1. Assume that the subdivision operator S = Sy is given by
(2), where ¥ has order k and is bounded (3). If

pr = liminf sup || Up(S7"m) .. Uk (Sm) Ty (m)||Y7 <1,  (8)
IO melo (Z)

then the associated subdivision scheme converges, the limit functions f =
S*°m belong to C*(IR), and satisfy the estimate

[flles < Cs)llmlleo,  m € Loo(Z2), (9)

for all 0 < s < s := min{log,(1/pk), k}. If, in addition, ¥ is Lipschitz
continuous (4) then the subdivision scheme is also C*-stable, 0 < s < s,
ie.,

If - f]

o < O(s, max{||m/|oo, [[172]|o0 }) | — 102[] 0 (10)
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for all m,m € loo(ZZ) (f = S®m).

This theorem was essentially proved in [2], the above formulation
incorporates two slight improvements: First, we have replaced the joint
! -spectral radius definition

pr := lim inf sup Wk (m? 1) Wy (m ) g (M), (11)

J=00 0. mi—1lel,, (Z)

for Wy, used in [2] by pg, which gives sometimes better bounds, and, sec-
ondly, we observed that the stability proof given in [2] does not require
the existence of a linear (and locally supported) left-inverse T' of S. The
proof of Theorem 1 is given in Appendix A.

There is a slight ambiguity in the above approach: Since a nonlinear
subdivision operator S does not uniquely determine ¥, the application
of Theorem 1 may lead to non-optimal results if ¥ has not been chosen
carefully. A particular situation where this potential problem goes away
is when S can be represented in the form

Sm = Sm+ ®(m)AFm,  m €l (7Z), (12)

where S is a linear subdivision operator, and ® = {®(m) : m € loo(Z)}
is a family of linear operators on £, (7Z) with the local support property.
Roughly speaking, S is a higher order perturbation of a linear S. This
assumption came as natural in the analysis of the Donoho-Yu scheme
[4,8], which appeared to be a perturbation of the midpoint-interpolation
scheme. Obviously, if S is given by (12), it can also be written in the form
(2) with U(m) = S 4+ ®(m)AF. This ¥ has order k if S has order k, and
is bounded if ® is bounded. Thus, we have the following corollary to the
proof of Theorem 1, which is easy to apply in practical applications.

Theorem 2. Assume that the subdivision operator S is given by (12),
where the linear subdivision operator S has order k, ® has the local sup-
port property and is bounded. If for some j, > 1 the inequality

IAF(Sm) oo < crgollAFmlloo, M € Loo(Z2), (13)

holds with some cy_ j, < 1, then the associated subdivision scheme con-
verges, the limit functions f = S°°m belong to C*(IR), and satisfy the
estimate

[flles < C(s)llmllco, M € Loo(Z2), (14)
for all 0 < s < sy, j, := min{log,.(1/ck j,)/Jo, k}.

In [8], for the particular example of the Donoho-Yu scheme, it was
shown how to derive this result from a perturbation theorem proved in [3],
under the assumption that the linear subdivision scheme governed by S
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has an Holder exponent > sy, j, (since S can be replaced by any other S’
of order k in (12), this is not an essential constraint). From the identity

AF(STm) = U (877 m) ... Uy (m)AFm,  Wp(m) = S + AF®(m),
we easily see that

8 :=sup s > s > 8 = min{log, (1/px), k}. (15)
J

Thus, we should get at least as good smoothness exponent estimates by
proving (13) as by obtaining similar bounds for the joint spectral radii pg
resp. pi. Note that to verify (13), only S (but not ® resp. ¥) needs to
be specified.

63. Examples

We first treat the Donoho-Yu scheme for quadratic median-interpolation,

where N =3, n = —2in (1), and 7 is constructed as follows. Given three
arguments, say (m—_1,mg,m1), we determine a quadratic polynomial p
whose median value on I; := [i,4 + 1] coincides with m;, i = —1,0,1. The

r components 7; of 7 are then defined as the medians of p with respect
to the r subintervals I} ; = [(l — 1)/r,{/r], | = 1,...,r, of Iy = [0,1].
Similar definitions can be given using polynomials of arbitrary even degree,
however, only the quadratic case can be treated by explicit analytical
formulas. For basic results on median polynomial interpolation, see [6].
For r = 3, the associated subdivision scheme was investigated in [4] while
in [8] the smoothness estimates were significantly improved upon, and
extended to the dyadic case.

In the following, we show some details for » = 2. The correspond-
ing subdivision operator is denoted by S = Sjeq- Let p = ppmeq be
parametrized in the form p(t) = a(t — ¢)? + b, where a # 0 iff (A?m)_; =
my—2mo+m_1 # 0 (if (A%2m)_; = 0 then the median-interpolant p is ob-
viously linear, this exceptional case can be handled separately). Since for
monotone and continuous f the median on an interval I = [tq, t2] coincides
with f((¢1+1%2)/2), most of the time the median interpolation/imputation
with p is essentially a linear operation (midpoint evaluation). An exception
occurs only if ¢ belongs to the middle portion ((3t; + t2)/4, (3t1 + t2)/4)
of the interval which explains the nonlinearity of S,,cq. It is therefore
quite suggestive to compare S,,.q with the linear midpoint-interpolation
subdivision operator S = Smid, where the quadratic polynomial p = pyiqg
is defined by

p(=1/2) =m_1, p(1/2) =mo, p(3/2)=my,
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and 71 = p(1/4), 2 = p(3/4). Using elementary calculus, it has been
found in [8], Proposition 1, that

(Smeam)zite = (Smiam)2ite — de(ci)(A*m)i—y, e=0,1, (16)

which establishes (12) with k£ = 2. Here, ¢; is the c-value of the quadratic
median-interpolant associated with the triple (m;_1,m;, m;11), note that
in the exceptional case when (A*m);_; = 0 and the associated quadratic
median-interpolant becomes linear, we formally set ¢; = oo and ¢.(c;) =
0). The explicit formulas for ¢, established in [8] show that the associated
® is bounded. Unfortunately, they also reveal that ® is not Lipschitz
continuous with respect to m € [, (Z) which leaves the stability question
open.

In Theorem 1 of [8] it was rigorously established that co, = 1/2,
and ¢z < 31/128 < ¢3; for jo = 1,2 in (13). Thus, Theorem 2 implies
that Sp,eq has C*-limit functions where 0 < s < log,(128/31) = 1.0229....
An open conjecture supported by numerical evidence (see [4,8]) is to prove
that the Holder exponent soo(Smed), i-€., the supremum of the set of all s >
0 for which the limit functions Sg° ,m belong to C*(IR) independently of
m, coincides with the Holder exponent so, (Spmiq) = log,(16/7) = 1.1982...
of Smid-

Note that the formulation of Theorem 2 suggests a straightforward
way to collect numerical evidence on the potential C*-smoothness. E.g.,
using the shift-invariance property and the fact that Speq(Am + 3) =
ASmeqm + (3 for arbitrary constants A, 3, the computation of ¢z j,, jo >
1, can essentially be reduced to computing the global maximum of the
functional

Fjy(r1,22,23) = (| max_[(A*S™m)y])/(_max [(A%m);]) (17)
i'==2,...,770 —1 1=—2,—1,0
where m = {...,m_o,m_q1,mg,my,ma,...} = {...,21,22,0,1,23,...}.
This leads to the following numerically obtained estimates for s j,:

r=2: syp=10963..., sy3=11141..., sp4=1.1293...,
r=23: S22 = 09255, 52,3 = 09504, 824 = 0.9628... .

The values shown for the triadic case have to be compared to the bound
s2,1 = logg(135/53) = 0.8510... rigorously established in [8], and to their
conjectured limit of so (Smid) = 1.

As a second example we consider a variation of S,,,.q where the median
rule (or best local L approximation by constants) is replaced by best local
L., approximation by constants, i.e., the interpolation rule now amounts
to finding a quadratic polynomial p = p,, such that

lp = mille) =minlp —vllew) <= 2mi=minp(t) +maxp(t) (18)
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for i = —1,0, 1, similarly for the imputation step. As above, if (A%m)_; #
0 we use the parametrization po, (t) = a(t—c)?+b, otherwise we set ¢ = oo.
The resulting scheme is denoted by Sr,__ . Since for monotone f the best
approximating constant in Lo, (I) is given by (f(t1)+ f(¢2))/2, we suggest
to define the linear associated linear subdivision operator S = Sep by
end-point averaging interpolation, i.e., to find p = p., the interpolation
rule would be

p(=1) +p(0) =2m_y1, p(0)+p(1) =2mo, p(1)+p(2)=2m, (19)

and the imputation (for r = 2) would give
(Sepm)o = (p(0) +p(1/2))/2,  (Sepm)r = (p(1/2) +p(1))/2.  (20)
Note that (19), (20) imply that
Pep(t) = m_1p_1(t) + mopo(t) + mip1(t), (21)

where p_y (t) = (2(t—1)2=1)/4, po(t) = (5—(2t—1)2) /4, p1(t) = (262-1)/4
are the Lagrange polynomials associated with (19), and

mio1 Imi  3miqy
16 8 16
3mi_1  9m; Mg

Se 2 - - ;
(Sepm)aisa 6 s 16

(Sepm)2i =
i€, mely(Z). (22)

Lemma 3. Forr = 2, we have
(Stom)site = (Sepm)zive + delci)(Dom)i—1, e=0,1, (23)

with bounded, Lipschitz continuous functions ¢.(-) (c; has a similar mean-
ing as before).

Proof: The proof is similar to that of Proposition 1 in [8]. We give
the main steps. We can set i = 0, and assume that (A?m)_; # 0, i.e.,
¢ = cg is finite (the case (A%m)_; = 0 is trivial, and i # 0 follows by
shift-invariance). By symmetry, we have

o(c) = dr(1—c), di(e) = do(1 - 0), (24)

and we can restrict our attention to ¢ < 1/2. If ¢ ¢ [—1,2] then py
satisfies the same interpolation conditions (19) as pep, which gives po, =
Pep, and since the imputation steps are also identical we arrive at (23)
with ¢e(c) = 0.

We next consider ¢ € [—1, —1/2]. Then according to (18), ps satisfies
on I_ the condition p(c) + p(0) = 2m_; while on the other intervals it
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satisfies the same interpolation conditions as pe, (see (19)). Consequently,
D = Poo — Pep = PBop—1. The constant By can be found as follows: We have

p(e) +5(0) = Fo(p-1(c) +p-1(0)) = —(c — 1)*fo/2.

On the other hand, using the interpolation condition for p,, and pe, on
I_q, we see that

B(e) + P(0) = pep(=1) = pep(c) = =(A%m)_1 (1 +¢)((c — 1)/2 +q),
where we have used the identity
Pep(t) = pep(t’) = (A?m)_1(t =) ((t +1)/2+4q), tt'€R, (25)

where ¢ := (A'm)_1/(A%m)_;. Since

2(mo —m—1) = (Poo(0) + Poc (1)) = (Poo(€) + Pec (0)) = alc — 1),
2(m1 = 1mo) = (Poo(2) + Poo(1)) = (Poo(1) + Poo(0)) = —4a(c — 1),

and 1/¢ +1 = (my — mg)/(mo — m_1) by definition of ¢, we get ¢ =
(1—¢)/(3+¢) as a function of c. Substituting into the above expressions,
we find

2(4%m)_1(1+¢) c=1 c—1 (c+1)?

Bo = (6—1)2 ( 9 C+3):_(A2m)_1m.

(26)

Since for ¢ € [—1,—1/2] the imputation rules for Sr__ and S, are the
same, we conclude that

(Sz..m)o = (Sepm)o = Po(p-1(0) + p-1(1/2)) = Bo/16, 27)

(Szo.m)1 — (Sepm)r = Bo(p-1(1/2) + p-1(1)) = =360 /16.
Together with (26) this establishes (23) for ¢ € [-1,—1/2]. For ¢ €
[—1/2,0], the only change is that now p = p, satisfies on I_; the con-
dition p(—1) + p(c) = 2m_;. Similar considerations lead to p = (1p_1,
where

pr=—(A%m)_1c*/(4 —c?), ce[-1/2,0], (28)

and again to (27), with By replaced by f; for these c.

Finally, we consider ¢ € [0,1/2]. This time, p. satisfies the same
interpolation conditions as p., on I_; and I, while on I, we have (p(1) +
p(c)) = 2mg. Thus, we conclude that p = B2pg, and obtain

p(e) + (1) = Ba(po(c) +po(1)) = (2 + ¢ — ). (29)
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On the other hand, as above

() + B(1) = pep(0) = pep(c) = —(A%m) _1¢(c/2 + q), (30)
and from
2(mg —m_1) = (Poo(1) + Poo(€)) = (Poo(—1) + Poo(0)) = —a(c? + 4e),
2(m1 = 1mg) = (Poo(2) + Poo(1)) = (Poo(1) + Poo(€)) = alc — 2)?,

we compute ¢ = —(c? + 4¢)/(2¢? + 4) and
B2 = (A*m)_1c?/(2¢2 +4), c€[0,1/2]. (31)
The imputation step has to be performed carefully. Since ¢ ¢ I{ we have
(Sm)1 — (Sepm)1 = B2(po(1/2) + po(1))/2 = 932/8.  (32)
For ¢ € [0,1/4] we get
(SLm)o = (Poo(c) + Poo(1/2))/2
= (Sepm)o + (Pep(€) = Pep(0))/2 + P2(po(c) + po(1/2))/2
= (Sepm)o + B2(po(1/2) — po(1))/2,
the last equality comes from (30),(29). By substituting (31) we get
(Sp.m)o — (Sepm)o = 2 (A*m)_1/(16(c* +2)), c€0,1/4]. (33)
A similar formula holds if ¢ € [1/4,1/2]:
(Sp.m)o — (Sepm)o = (¢* + 8¢ — 2)(A%m) _1/(16(c* + 2)). (34)
This concludes the proof of Lemma 3. O

From Lemma 3 we see that Sp__ can be written in the form required
by Theorem 2, i.e., we have (12) with £ = 2. Each row of ®(m) has at
most one non-zero entry given by the corresponding QASe(ci). According to
(23), (22), the associated Wy (m) = Sy + A2®(m) is given by

(A285 m)ai = (3 + o(e))(A%m)ics — (55 = oleisa))(A%m);,
(A%81. mhaiss = (15 = b)) (APm)is + (35 + iness)) (A2

(35)
where o (c) = do(c) — 261 (c), P1(c) = d1(c) —2ho(c). Explicit expressions
and estimates for the ranges of ¢.(c) and .(c) can be found from the
above (see (27),(26),(28) for ¢ € [—1,0], (32),(33),(34),(31) for ¢ € [0,1/2],
and (24) for ¢ € [1/2, 2], for all other ¢ the functions vanish). In particular,
we obtain

—3/240 < do(c) < 1/16,  —1/16 < (c) < 7/240. (36)
By definition of the £o.(7Z) operator norm and the symmetry property
(24) we find

7 A 3 A 2
c21 < sup || Wa(m)]e = max{|— + ¥o(c)| + | = — do(c)| = 5.
m%(z)ll (m)]| c,c,{|16 @+ 115 3

More details are given in Appendix B. As a result, we arrive at



10 P. Oswald

Theorem 4. In the dyadic case, the nonlinear subdivision scheme defined
by Sr_ converges and has C*-limit functions for all s satisfying 0 < s <
log,(3/2) = 0.5850....

To obtain improved bounds, one could again try to verify (13) for
some jo > 1. Using a functional similar to (17), we numerically calculated
values of s9 9 = 0.6202..., 593 = 0.6335..., 524 = 0.6446.... Together with
other numerical evidence, this lets us conjecture that the exact Holder
exponent of Sp_ coincides with s4(Sep) = log,(8/5) = 0.6781....

§Appendix A: Proof of Theorem 1

Our proof of Theorem 1 closely follows the proofs for Theorems 1-4 in
[2]. In comparison with [2], we have incorporated slight changes in some
steps, especially in the proof of (10), to avoid some additional assumptions
made in [2]. The interested reader is recommended to compare with [2].

For simplicity, we will not explicitly display coefficient dependencies
but rather use C” if the constant may also depend on max{||m||sc, |7/},
otherwise if C' is used it generally depends on S and s only. We freely use
the notation introduced in Section 2. In particular, ¥(= ¥,) has order
k, and the families ¥,,, u = 1,...,k, are recursively defined by (6), (7).
We will always silently assume that ¥ and thus all ¥, 4 =0,...,k, are
bounded.

Let us recall the following elementary fact. Suppose that T is a
bounded linear operator acting on /., (Z) which satisfies the local sup-
port property (i.e., t;; = 0 if |i’ —ir| > L) and whose null-space contains
1, ie, T1 =0 := (...,0,0,0,...). Then, if the entries of the matrix
representation of 7' are defined by

i
tiri = — Z tin = — Z birt,

l=—00 (i'=L)/r<I<i

we see that T'm = TAlm, and that T satisfies the local support property
with the same (or a smaller) L. Indeed, ¢;;; = 0 for all ¢,¢" with ¢ > ir+ L
because of T1 = 0, and obviously for all ¢,7" with i < ir — L. Moreover,

(T'm)y = Z —(tiri — tAi’,i—l)mi = Zfz"i(mwrl —m;) = (TAlm)i’-

2

Note that a similar derivation is used to define S, resp. ¥,(m) via (6),

(7)-
Applying the above to T := ¥,(m) — ¥,(m) for arbitrarily given
m,m € Lo (ZZ) and = 0,...,k — 1, we deduce

1(Tu(m) = Ty (m)z]loo < C'llm = mllol| A 2]loo, @ € loo(Z), (37)
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under the assumption that also (4) holds. Similarly, if we set 7' := W, (17) —
r~#S, pw=0,...,k —1, where the linear subdivision operator S is defined
by (S%)ips1 =2, L =0,...,r =1, i € 7, we find

(@ ()2lloe < 77120 + (Vi) — 17" 8) ]|

L . (38)
<r M|zl + Cl|A % || oo, @M € Lop(ZZ).
(37),(38) will be frequently used below.
We first derive the following geometric decay estimates for afl =
|A*MI || oo, 1 =0, ..., k:
of, <CP || A m|e, pe<p<1l, 7 <p, j>0, (39)

where C' depends on the actual choice of p. Fix an arbitrary pr < p < 1.
By the definition (8) of pg, there is a jo (which generally depends on p),
such that

P+ Pr

Wy (S m) ... U (m)|| 3 < pf 2= 2

(< p), melo(Z). (40)

Writing j = njo + [, where [ = 0,...,j0 — 1, we find from (7), (40), and
(3) that

al = [Tk (S m) .. Uy (m)AFm||
< ()" P Wk(S"Im) L W (m) AP m| o
< C(PY)|A M|l < CP||A Mo, § > 0.
This is the geometric decay estimate (39) for 4 = k. To get the result

for y = k—1,...,0, we use induction in p. Suppose (39) holds for p =
v+ 1. If p < 7Y then we take any p such that max{r—**1Y p.} <

v

p < r7Y, otherwise, let p, < p < 1 be arbitrary. Then, since a/t! =
U, (m?)AYm? || s, from setting = v, m = m?, £ = A¥m? in (38) we get
g u g
altt <r7Val + Cal < r7Vad + Cpl | AV im|| o

ol O+ A

VAN

J
< (3 r ) A
=0
< Clmax{r=, p})I | A"m] oo,

where in the last step we have used the special choice of p. This establishes
(39) for p = v, and concludes the induction step. If u = 0, (39) states
that the sequence {m?} is uniformly bounded in £ (7Z).
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Note that the geometric decay estimates remain true if (8) is replaced
by the assumption (13) (clearly, in this case pj should be replaced by c,lc/ JJ(?)
Indeed, this follows from initially estimating

. ko K v
g = [[A%(S7m)loo < ek jo [AT(S7770m) oo

< o 1 2R(S" T m) U (m) Ao, j = o + 1,

and then repeating the above derivation. This explains how Theorem 2
can be obtained as a corollary to the proof of Theorem 1.

The geometric decay estimates (39) imply the C*-property in a stan-
dard way. Suppose first that r—! < p;, < 1. By definition of the sequence
{g7} and of the auxiliary subdivision operator S (see the beginning of this
section), from (38) we have

197" = ¢ |lpe = ¥ (m?)m? — Sm7 || < C|A'M ||,
which together with (39) for 1 = 1 implies that
g 2 p
lg’t = ¢\, < CP||AMm|lo, 5 >0,

for any pr < p < 1. Since obviously ||g7 — f/||r. < ||[Alm7]|s, the same
geometric decay estimate holds for {f7}, i.e., both sequences {g’} and
{f’?} uniformly converge to some f = S>°m € C(IR) at geometric rate:

max{[|f = ¢’llz., If = Flle} < CP'[[AMmlloo, 520,  (41)

for the same range of p. Furthermore, for arbitrary z,y with |z —y| < 1
we can find a j such that r~U+D < |z —y| < r~7 and get to

1f(x) = fF)] <2f — ¢ |lo.. + 197 (z) — g7 (v)]
<2|f — ¢ |lp.. + CllA'™ ||oo
< Cpl||A'm||lo < Clz — y*|AMm||oe, s =log,(1/p).

By varying p within the bounds allowed, this shows (9) for 0 < s < s, =
log,.(1/pr) < 1 since for this range

[flles = lIflle + oo ilax |z —y[7°1f () = fy)].

Note that the necessary bound for || f||¢ follows from setting j = 0 in (41),
and using [|¢°(|z., = [l

If r=2 < pr, < r~! then necessarily k > 2 (for r = 2, compare
Proposition 2 and (26) in [2]). Since (39) holds for g = 1 and any r=! <
p < 1 we already know that the subdivision scheme converges, and that
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the C*-property holds for all 0 < s < 1. In particular, {f7} converges
uniformly to f. Let gJ be the step function which is obtained if we replace
m? by r? Alm7 in the definition of g7, j > 0, similarly for ff . Using (39) for
i = 2, we obtain in exactly the same way as above the uniform convergence
gl, f1 = f1 € C(R) and the C*-property of f; for all 0 < ¢ < s — 1 (since
by assumption s, € (1,2] this range is non-empty). We leave this to
the reader. Since by construction the derivative of f7 coincides with g7,
we can easily establish that f’ coincides with f;. This proves (9) for all
1 < s < s < 2 since for this range

1flles = Iflle + 1 lle + pax =yl @) = f'(y)]

is a suitable norm definition for C* (]R) (note that s = 1 follows by interpo-
lation resp. by direct inspection depending on which definition of Holder
spaces is adopted for integer s). Finally, to get the result for arbitrary
r~% < pj, < 1, this argument can be used inductively.

To prove the stability result we again closely follow [2]. From now on,
both (3) and (4) will be assumed. Lemma 2 from [2] can be replaced by
the estimate

J
B <CY Y By i=0, (42)
1=0
where p < p < 1, and the abbreviation 3/, = [|A#(m/ — m/)||o is used

for > 0and p=0,...,k. Indeed, with the same notation as in the proof
of the case u = k of (39) we have

B = (| Wk (m) .. ()m”+1 ~90) Al =0
— \I/k(mj) (mj-i-l—]o)Akmj-i-l—jO“OO
< W) .. Wy (T ”)A’“(mj“‘j" — ) |
F |(U(md) .. U (md TE90) — Wy (d) .. Uy (i TL90) AR H=do ||
= Al 4 BI.
We have
Al — ||\I/k(Sj°mj+1_j0) o .\I;k(mj-i-l—jo)Ak(mj-i-l—jo _ mj+1—jo)||oo
< (p)Pp T < plo g,
while for estimating B’ we use the notation
B = [|(Up(m?") ... Uy (It T0)
— () W (I T AT
K7 o= [|(W(m?") = U (i ) Wg(md =YY .. Wy (md T1T0) A +1=do ||
L7 o= || (i ) (Ug(m? —1Y) .. Wy, (md T1d0)

— 0y, (mj'—l) . _\I/k(mj—i-l—jo))Akmj—H—jo [
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where j — jo + 1 < j/ < j. Obviously, B < KJ' + L7, and by the

boundedness (with constant C') and Lipschitz continuity (with constant

C") of the family ¥, we get LI < CB'~!, and

K9 < (| Ug(md") = Wi () [loo [ W (m? 1) . W (T 790) AT I 100 |
< O'F1 Q' =+ 1=do) i +1=do,

Substituting iteratively and taking into account B/=70 = 0 as well as (39)
for p =k, we get

j
B <K/ +CB~'<..< Z Ci—'K?
I=34+1—70

J J
1 Fo—1 0 +1—d [ ’ g I
<Ot Y g < O Y B,
I=j+1—jo I=j+1—jo

where C” is a new constant which depends on S, p, and max{||m/||so, ||7||c0 }-
Thus, together with the estimate for A7, we get

j
P . l
It <plptt L Y B

Iteration leads to (42).
For y =%k —1,...,0, we use (38) and (37) to estimate

BIF < W (170) (A (17— 107)) oo + | (Wi () — Wy, (7)) Al |
<rTHE 4 CIAP (mI — )| oo + C|lm? — i || oo | AP | o
<P+ OB+ O,

(43)

which according to (39) holds for any p such that p > pj, and p > r~(#+1),
In analogy to [2], for j > 0 we consider the recursion

Bt =Tt B+ ABL + A0,V B (44)
if 0 <p<k,and

- . j —
AL =AW Y B (45)
=0

where Bg = ﬁg for 0 < p < k, and appropriately fixed constants A, A’, p/,
and p,, > #, p=0,...,k — 1, for which we assume

pe < pipi=p <Pl <...<p1<po=1.



Nonlinear Subdivision 15

Obviously, if the constants A, A’ are properly chosen for a given set of
admissible pf,, by comparing (42), (43) with (45), (44), we have 3/ < 3]
for all j and p. From (44) with g = 0 it follows that B(J] is an increasing
sequence, thus, we get from (45)

BTt <CG+ D)) F, >0 (46)

Substituting into (44) for p = k —1, and taking into account that p’ = p},
we obtain

FItT <r= DG4 O+ 1) (p}) )
<P DB (G4 ) + i D ()

J
< GEEDE0 L  O(3 (G + 1 D D ()T B
=0

Since Bg = [ <2465 < 2038 and p, < ph_, as well as r= =1 < pf
this implies the following bound for 4 =%k — 1 and 7 > 0:

51 < C'max{(j + 1)%(p,)?,r 7 EVIE < C(p_1) B, 5> 0.

Repeating the same estimation techniques by induction for u = k —
2,...,1, we get N o
Bl < C'(p, VB, §=0, (47)

for all p = 1,...,k — 1. In particular, B{ < C”(p’l)ng, where p] < 1.
Substituting the latter inequality into (44) for p = 0, we get

J
B < (L () B < [T+ C'()DIB < €'y = €'Y

=0

for all j > 0. Therefore, the sequence {3} is bounded by C|lm — 1|so,
by backsubstitution into (47) and (46) (and varying the chosen pj,, if
necessary), we arrive at

|A#(m? — )| < O [m — 1illoo, >0, (48)
which holds for arbitrary for arbitrary p, satisfying p, > r=# and p,, > px,
and each p = 0,1,..., k. Since these are exactly the same inequalities that

were used for the C*-smoothness proof (with m replaced by m — m), the
stability assertion (10) follows now in the same way. O
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§Appendix B: Proof of Theorem 4

We fill the missing technical details in the proof of Theorem 4. Lemma
3 was established in sufficient detail, with the exception of (24), (25),
and explicit formulas for ¢.(c) which we need later on. The symmetry
argument is as follows: If peo (t) = a(t —c)? + b is associated with the data
(m_1,mg, my) then P (t) = Poo(1—t) = a(t—(1—c))?+b is the polynomial
associated with the data (m_1, mg, m1) = (my, mg, m_1). Thus, ¢ = 1—c,
(Sm)o = (Sm)1, (Sm); = (Sm)o, and since (A%m)_1 = (A%m)_; we
arrive at (24). By definition of . (c), we also have 91 (c) = 1o(1 — ¢) and
’l,bo(C) = ’le(l — C).

Concerning (25), let us assume that (A%m)_; # 0, and write
pep(t) = a(t — ) +b, a#0.
From the interpolation conditions (19) we derive

2(m0 - m—l) = pep(l) _pep(_l) = —dac,
2(m1 — mo) = pep(2) — pep(0) = —4a(c — 1),

which gives
@ = (A%m)-1/2, ¢=—(AMm)_1/(A%m)_1 = —q.

Since pep(t) — pep(t’) = a(t — t')(t +t' — 2¢), (25) follows by substitution.
The explicit formula for ¢.(c) and ¢ < 1/2 are as follows:

0, c < —1,
) (c+1)?/(d=(c+1)?), -1<c<-1/2,
16¢o(c) = { 2/(4—c?), -1/2<¢ <0,
/(2 +¢c?), 0<c<1/4,
(2+8c—2)/(2+c?), 1/4<c<1/2,
and
0, c < —1,
- ) S3(e+ 1)/ (4= (c+1)?), —1<e<-1/2,
1661(c) =9 _302/(4 —'¢2), “1/2<e<0,
9¢2/(2 + ¢?), 0<c<1/2

Together with (24), this shows that qASe(c) is Lipschitz continuous for ¢ € IR,
monotone on each of the intervals I} = [I/2,(I +1)/2], | = —=2,...,3,
and vanishes outside [—1,2]. A straightforward computation of the values
e (1/2) gives the following range for ¢.(c), ¢ € R, as

—3/240 = ¢1(—1/2) < ¢o(c) < o(1/2) =1/16, e=0,1. (49)
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Fig. 1. Graphs of ¢g, 1o (on the left), and ST, .0 (on the right).

Similarly,
0, c < —1,
. (c+1)?/(4=(c+1)?), -1<c<-1/2,
16¢0(c) = { 7c¢?/(4 — ?), -1/2<¢<0,
—17¢%/(2 + ¢?), 0<c<1/4,
(=172 +8c—2)/(2+¢?), 1/4<c<1/2,
and
0, c< —1,
) —5(c+1)2/(4—(c+1)?), —-1<c<-1/2,
16¢1(c) = { —5c?/(4 — c?), —1/2 < ¢ <0,
7c¢?/(2 + ¢?) 0<c<1/4,
(72 —16c+4)/(2+¢?), 1/4<c<1/2,
and

—1/16 = 1o (1/2) < e(c) < ¢ho(—1/2) = 7/240, e=0,1. (50)

The graphs of ng and @50 are displayed in Figure 1. We also show the graph

of the limit function associated with the delta-sequence d = (...,0,,0,1,0,0,.

We come to the estimation of || Ua(m)||eo. According to (35) and the
above bounds for ¢y (c) and 1)o(c), we have

7 - 3 .
(Pa(m)a)zi] < |7 +dole)llziza] + 175 = Polciva)llil

< (5/8+ doler) — do(cirr))l|elloo (51)
< (5/8 + (74 3)/240)||2]|o0 = 2/3%]|0o-

Due to (24), the bound for |(WUa(m)x)g;+1| will be the same. Thus, we

have proved
2
c21 < sup |[[Ua(m)]|e < 5

: 52

).
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which according to Theorem 2 establishes the C*-property of Sp__ stated
in Theorem 4. The example

(...,m_l,mo,ml,mz,...) = (,—7,—4,4,7,)/5

shows that the inequalities in (52) actually turn into equalities. The re-
maining entries of m are chosen such that m € £o(7) and ||A%m||s = 1,
this can obviously be done (note that (A%m)_; = —(A2%m)q = 1 by the
choice of the scaling factor 5). For such an m, we get ¢ = —1/2 since
Poo(t) = 2(—11+ (2¢+1)?) /15 satisfies (18) for the data (m_y, mg, m1) =
(—=7,—4,4)/5. By symmetry, we have ¢; = 3/2. Thus, for this m and by
setting ¢ = 0 in (51), we get

7T - 3 .
(Ta(m)A2%m) = 16 tPo(=1/2) + 1 = $0(3/2) = 5/8 +10/240 = 2/3.
This establishes equality in (52). The same result can be obtained by
directly verifying that for the above m

(.r\ (Sm)o, (Sm)1, (S (Sm)zy..) = (o..y—17,-9,9,17,...)/15.

Finally, let us mention without proof that the above example can be used

to establish 5

= - > ,
P2 3 P2

pretty much in the same way as this was done for the Donoho-Yu scheme
in [8]. Le., the spectral radius definition used in [2] does not always allow
to capture the maximal possible C'*-smoothness of a nonlinear subdivision
scheme.
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