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O�J���behavior �or better� for the condition numbers of the hierarchical resp�
BPX�type preconditioners associated with the sets fPjg� fRjg as described
above� However� this requires further investigation�
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Table �
Results for the rotated Q� element

type �a� type �b�
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the de�nition for the P� element but lead to di�erent results�� In both cases�
there is only one generic nodal basis function N��i� The results show that �b� is
potentially better for constructing multilevel preconditioners� Details on this
particular element can be found in ����

Morley element� The energy scalar product is as in �	��� On the three�
directional mesh� there are only three generic basis functions� N��i associated
�a� with vertices �function value interpolation�� �b� with edges in diagonal di�
rection resp� �c� with edges parallel to the axes �normal derivative interpola�
tion�� We provide numerical values for �a� and �b�� These indicate exponential
growth of order � �J � at least in the range interesting for computations�

Zienkiewicz element� The relevant basis functions are associated with �a�
function value interpolation or �b� interpolation of the partial derivative in
x�� or x��direction at the vertices� In view of the discussion at the end of
subsection 	��� the boundedness of the values �J makes it likely to expect an

�	



f� Jj�i � kPJ � � � Pj��Nj�ik
�
E���jkNj�ik

�
H�g� since j is small one could have ne�

glected the denominator as well� In the typical examples� if at least one of the
sequences f� Jj�i � J � jg computed for the selected set of basis functions is ge�
ometrically growing then so do the lower and upper bounds for the condition
numbers in Theorem �� Analogous statements hold for Theorem ��

Concluding the paper we present some numerical experiments� We have com�
puted the �rst few values of

�J �
kPJ � � � P�N��ik�E

kN��ik�E
� J � � � ����

for the typical basis functions for some low order elements on uniform grids�
The partition T� was a three�directional uniform triangulation of sidelength �
for triangular elements resp� a partition into squares of sidelength �� the do�
main � was a large enough square and N��i was chosen such that no boundary
e�ects could come in �the generic interior basis functions�� Experiments with
nodal basis functions close to the boundary showed quite analogous or even
better behavior and are not reported on here� In all cases� the prolongation
operators fPjg are de�ned by nodal value averaging procedures as explained
above�

Under these circumstances� according to Lemma �� the values �J provide rea�
sonable insight into the expected behavior of f� �k g and� thus� of the condition
numbers for the preconditioners described in subsection ���� E�g�� exponential
growth of any of these sequences indicates exponential growth of the condition
numbers as well�

Experiments of this type can help to select elements and intergrid transfer
operators suitable for preconditioning� They show also for which situations
we should expect negative results� Di�culties with V�cycle methods for the
Morley element seem to be known ���	�� however� this paper discusses only
multigrid �multiplicative� preconditioners and methods�� The numbers for the
Zienkiewicz element are much more encouraging which makes this element
interesting for preconditioning �nite element discretization matrices for fourth
order problems�

Triangular P� element� The two generic basis functions N��i are associated
with �a� edges in diagonal direction and �b� edges parallel to the axes� For
this and the following example� the energy scalar product is de�ned by �	
��

Rectangular rotated Q� element� The element can be characterized by
the local polynomial space spanf�� x�� x�� x

�
��x��g with the local interpolation

problems composed of �a� function value interpolation at the edge midpoints
or� alternatively� �b� integral averages along the edges �both choices extend

��



positive constant C� this would lead to

kPj��k � � � Pj���Nj��i�k
�
E

�j�kNj��i�k�H
�
kPj�k � � � Pj��Nj�ik�E

�jkNj�ik�H
� k � � � ����

whenever the two sequences are translation�dilation invariant� The proof of
the following lemma shows that ���� could be further relaxed but we do not
wish to complicate the exposition�

Lemma � Let the above assumptions of a translation�dilation�invariant set�
ting hold� Set

� �k � max
kPj�k � � � Pj��Nj�ik�E

�jkNj�ik�H
� � �� � � � ����

where the maximum is taken over the �nite set of selected basis functions
mentioned above� Then

� Jj � C� �J�j �
JX
j��

� Jj � C
JX

k��

� �k � ��	�

If in addition �	
� holds then in the de�nition of � �k the denominators can be
replaced by kNj�ik�E�

PROOF� For �xed J � j� consider any uj �
P

i xj�iNj�i � Vj and

�Pjuj �
X
i

xj�i�PJ � � � Pj��Nj�i� �
X
i

xj�iu
J
j�i �

According to the above assumptions on fPjg� the set fsupp uJj�ig has locally
�nite overlap� hence

k �Pjujk
�
E � C

X
i

x�j�iku
J
j�ik

�
E �

For each index pair in this �nite sum� there is a match in the �xed set from the
assumptions and a brief inspection of ����� ���� gives kuJj�ik

�
E � �j�

�
J�jkNj�ik�H�

We can �nish the argument by using the upper bound of ����� and looking at
the de�nition ��
� of the � Jj �

Remark �� If one uses Lemma � in connection with Theorem � then the
second inequality in ��
� serves the upper condition number estimate� Lower
estimates can be obtained by looking at the growth of each of the sequences

��



the corresponding Rj���

kPjuj��k
�
E � kRj���Pjuj���� �Id�Rj����Pjuj���k

�
E

� kuj��k
�
E � kPjuj�� � uj��k

�
E �

now take any function uj�� of local support such that the last term does not
vanish�

Thus� one can not expect to handle the estimation of k �PjkE by assumptions
on kPjkE since this would lead to too pessimistic results� compare ��
� for
attempts in this direction� Experience shows that in many cases k �PjkE is
much smaller than the corresponding product kPj��kE � � � kPJkE� E�g�� Lemma
� of ���� states for the two�dimensional P� element and the above choice of
Pj � P ext

j jVj�� that

� Jj � O��� � j� J �	 � ��
�

under certain conditions on T�� For the rotated Q� element� analogous results
have recently been proved in ���� However� even for dyadically re�ned uni�
form grids of Rd� in a shift�invariant setting� the investigation of the energy
norms of the iterated prolongation operators f �Pjg by means of Fourier anal�
ysis tools leads to rather nonstandard� unsolved questions� Instead of going
this direction� we propose the following� experimental approach�

We assume again that the bases fNj�ig are local and H�stable ����� Suppose
that the operators Pj act in a local and translation�dilation�invariant fashion�
i�e�� the support of Pj��Nj�i is contained in the set Kj�i given as the the union
of all cells in Tj intersecting or touching the support of the basis function
Nj�i� and if Kj����i� is obtained from Kj���i by a coordinate transformation
T containing translation and dilation� then we have Nj��i��T �� � Nj�i��� and
�Pj���Nj��i���T �� � �Pj��Nj�i����� These assumptions are ful�lled for all �nite
element examples we have checked so far �note that in some situations one
could even require full a�ne�invariance�� Thus� if we start with a �nite par�
tition T� �V� 
� f
g� and use regular dyadic re�nement only� we can �nd a
set of �nitely many Nj�i such that each sequence fPj��k � � � Pj���Nj��i�� k � �g
is translation�dilation equivalent to the same sequence corresponding to one
of the selected basis functions �it is easy to check that in general a selection
of all basis functions of levels j � 	 into this set would do� for the Morley
resp� P� element� even j � � would su�ce�� Finally� suppose that the norms
k � k�E and k � k�H are additive with respect to the underlying domain and trans�
lation�dilation invariant� with the obvious scaling involved� For the choices
stated in �	
� resp� �	��� together with �j � C��j resp� �j � C��j for some

�




1

S

P P

P

2

3

Fig� �� Zienkiewicz element

This construction guarantees that quadratic functions are exactly reproduced�
Since on a dyadically re�ned fTjg the interpolation conditions are preserved
with increasing j � a simple candidate for the restriction Rj�� is the nodal
interpolation operator with respect to Tj�� while fP ext

j g can be de�ned again
by averaging �actually� due to the properties of this element� only at edge
midpoints Me of edges in Tj�� averaging is necessary for the derivative in the
direction ne� all other interpolation values associated with Tj are well�de�ned
for functions from Vj�� � Vj�� We set Pj � P ext

j jVj��� The de�nition of the E
and H scalar products is the same as for the Morley element� see �	�� resp�
�	
�� These choices satisfy the condition �	�� of Lemma 
 as well as �
� and ����
where �j � C��j is appropriate� Along the lines of ��
�� one can prove �	��
with moderately growing constants �cJ � O�J�� �this is expected since �	��
corresponds to the hierarchical basis decomposition where this is the typical
growth in two dimensions�� Thus� for the Zienkiewicz element we get with this
straightforward approach a still reasonable estimate of

cJ � C�J � ��� � J � 
 � �	��

for the natural choice of the prolongations Pj � With a di�erent set of fRjg
one might further improve the estimate for cJ �compare the methods of ������
however� we do not attempt to do this here�


�	 Investigation of � Jj

Typically� the prolongation operators Pj for nonconforming elements which
have been used in the literature lead to an increase of the energy norm� i�e��
usually one has kPjkE � c for some constant c � �� For the P� element �or the
Morley element� this easily follows from �
� and the orthogonality property of

��



These are the standard choices for the Morley element �see ������ which satisfy
the condition �	�� of Lemma 
 as well as �
� and ���� where �j � C��j is
appropriate� The veri�cation of the assumptions of Lemma � parallels the
case of the P� element� It su�ces to look at the case j � J � By Green�s
formula� if u and v are quadratic polynomials on a certain triangle� then

Z
�

r�u � r�v dx �
X
i

X
	e� 
�i

�rv

�n	e

Z
	e

ruj�i
ds

�
X

	e�int���

j�ej

�
�rv

�n	e

�
� ru�M	e� �

X
	e���

j�ej
�rv

�n	e
� ru�M	e� �

notice that ru is a linear and �rv
�n�e

a constant vector function along �e� Now�
as above apply this to u � uJ �RJ��uJ and v � vJ�� on the four triangles �i

forming a triangle � from TJ��� and check that due to the de�nition of the el�
ements and RJ�� all terms in the last sum cancel� This gives the orthogonality
property of the restrictions�

To see �	��� �x any � from TJ��� Since R � RJ�� reproduces quadratic
polynomials on �� we have for u � uJ

ku�Ruk�L����� inf
deg�p���

k�u� p� �R�u� p�k�L����

�C inf
deg�p���

ku� pk�L���� � C�diam���kuk�E���

The local L� boundedness of R as well as the approximation result used in
the last step are left to the reader �e�g�� take p such that p � u on ���� Now�
apply this local estimate to u�Ru instead of u� multiply by �J � �diam�����
and sum over all triangles ��

For more complicated� higher order nonconforming elements orthogonal pro�
jections �with respect to ��� ��E� can not be made explicit by local considera�
tions� Thus� their use as restriction operators is impossible� For certain types
of nonconforming elements� ��
���� contain some results on proving estimates
like ��� leading to the lower estimate in ��	�� As an example� consider the
Zienkiewicz element which is used in connection with plate bending and is
de�ned by a relatively small number of interpolation conditions per triangle�
The local interpolation problem is indicated in Figure �� on each triangle it
consists of determining a reduced cubic polynomial p by interpolating func�
tion and gradient values at the three vertices and one linearly independent
condition �xing the value at the barycenter�

p�S� �
�

	

�X
i��

p�Pi��
�

�

�X
i��

rp�Pi� � �S � Pi� �

��



Fig� �� Morley element

Similarly to the P� case� the restriction Rj�� is de�ned by preserving the
values of uj at the vertices of Tj�� and by setting

�Rj��uj
�ne

�Me� �
�

�
�
�uj
�ne

�M�� �
�uj
�ne

�M���

for the values of the normal derivatives� Again� the prolongations fP ext
j g can

be de�ned by averaging� Speci�cally� this concerns function values at the mid�
points Me and normal derivatives at M� and M� for edges e in Tj�� which
may have jumps for functions �uj � Vj�� � Vj while at all other points usual
nodal interpolation is well�de�ned� E�g��

�P ext
j �uj��Me� �

���
��

 if e � ��

�
���uj�Me�� � �uj�Me��� elsewhere

�

analogously

�P ext
j �uj

�ne
�Me� �

���
��

 if e � ��

�
��

�
uj
�ne

�Me�� � �
uj
�ne

�Me��� elsewhere
�

We set Pj � P ext
j jVj��� The de�nition of the energy product has to be changed

to its counterpart for fourth�order problems

�u� v�E �
X
��TJ

Z
�

r�u � r�v dx � u� v �
JX
j��

Vj � �	��

while H � L���� is preserved�

�




Substituting this into the above sums� we see that all terms or vanish� or
cancel� Summing over all � from TJ��� the desired orthogonality property
comes out� The three�dimensional case is completely analogous�

The inequality �	�� is more or less obvious� e�g�� it can be seen from observ�
ing that p � Rp vanishes on � whenever p is a linear function on � �local
preservation of polynomials of degree ��� By de�nition of R and some obvious
properties of nonconforming P��elements� this gives

ku�Ruk�L����� inf
deg�p���

k�u� p� �R�u� p�k�L����

�C inf
deg�p���

ku� pk�L���� � C�diam���kuk�E���

�To see the last step� simply take p to coincide with u on ��� This makes the
values of u�p vanish at the nodal points interior to �� at the remaining nodal
points u� p can be expressed by �second� di�erences of u�values from neigh�
bored nodal points which in turn can be estimated by local H��seminorms�� It
remains to multiply by �J � �diam����� to apply this inequality to a �u � VJ
which extends u � Ru outside � in an arbitrary way �thus� R�u � 
 on ����
and to sum the inequalities with respect to ��

If the prolongations Pj resp� P ext
j satisfy �	�� then the optimal result cJ �

O���� J �	� is the output �note that in general cJ � C � 
 for a constant
depending on �	� only� see the proof of Theorem ��� For the P� element� the
standard choice is to de�ne P ext

j �uj� �uj � Vj�� � Vj � at the edge midpoints of
Tj by

�P ext
j �uj��Me� �

���
��

 if e � ��

�
�
��uj�Me�� � �uj�Me��� elsewhere

where � and � indicate one�sided limits of �uj at Me from the two triangles
�� and �� attached to e �note that for �uj � uj � Vj all Me are continuity
points of uj� thus� the limits coincide and P ext

j uj � uj as expected�� Analogous
de�nitions apply to the three�dimensional case� Now �	�� is obvious from local
considerations� For the P� element in two dimensions� these results have been
established in ���� by di�erent means�

The analogous arguments go through for the Morley elementwhich seems to be
the simplest element useful for fourth�order problems� The local interpolation
problem for this nonconforming element is indicated in Figure 	� on each
triangle a quadratic polynomial p will be determined by interpolating function
values at the three vertices and normal derivatives at the midpoints of the
edges�
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Fig� �� Notation for the de�nition of Rj��

The restrictions Rj�� are de�ned as follows� For any edge �face� of Tj�� we set

�Rj��uj��Me� �
�

�

�X
i��

uj�Mi�

�
�Rj��uj��SF � �

�

�

�X
i��

uj�Si�

�
�

the notation is explained in Figure ��

We verify the assumptions of Lemma �� It su�ces to consider j � J � for
brevity set u � uJ � v � vJ��� R � RJ��� and let � be an arbitrary triangle
�tetrahedron� of TJ�� decomposed into � triangles �i �� tetrahedra� of TJ � The
further considerations are di�erent only in the notations� we consider the �D
case in detail� Using that u is linear on all �i and �directional� �rst derivatives
of v are constant on �� we get by Green�s formula

X
�i��

Z
�i

r�Ru� u� � rv dx �
X
i

X
	e� 
�i

�v

�n	e

Z
	e

�Ru� u�j�i
ds

�
X

	e�int���

�
�v

�n	e

�
j�ej�Ru�M	e�� u�M	e�� �

X
	e���

�v

�n	e
j�ej�Ru�M	e�� u�M	e��

�all edges �e are from TJ � and j�ej stands for the length of �e�� For edges �e
interior to � the jump � �v

�n�e
� of the derivative of v in the direction n	e normal

to �e vanishes while for the pair e�� e� of edges �e in �� forming an edge e in
TJ�� �set ne � ne� � ne�� we have by construction je�j � je�j � jej�� and

�v

�ne�
�

�v

�ne�
�

�v

�ne
�

�X
i��

Ru�Mi� � �Ru�Me� �
�X
i��

u�Mi� �

��
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Fig� �� Triangular and tetrahedral P� elements

PROOF� If we set uj � �RjuJ �u�� � 
�� then we get from the orthogonality
assumption

JX
j��

�jk �RjuJ � �Rj��uJk
�
H �

JX
j��

�jkuj �Rj��ujk
�
H

� C
JX
j��

kuj �Rj��ujk
�
E � C

JX
j��

�kujk
�
E � kuj��k

�
E� � CkuJk

�
E �

This proves the assertion�

We illustrate the use of Lemma 
 by considering �rst the P� element case �for
more information on the �nite element types considered in our examples� we
refer to �
��� Let fTjg be a sequence of dyadically� regularly re�ned partitions
of a polygonal �polyhedral� domain � into triangles �tetrahedra� of size � ��j

�for an appropriate version of such re�nement in the three�dimensional case�
see� e�g�� ������ Let fVjg be the sequence of nonconforming P� elements which
are piecewise de�ned by nodal interpolation in the edge midpoints Me of the
edges e �barycenters SF of the faces F � of the triangles �tetrahedra�� see Figure
�� Since we wish to consider the discretization of a H�

� ����elliptic problem� zero
interpolation values are assigned to nodal points on ���

De�ne

�u� v�E �
X
��TJ

Z
�

ru � rv dx � �u� v�H �
Z
�

uv dx � �	
�

for all u� v �
PJ

j�� Vj and assume that aJ�uJ � vJ�� the modi�ed bilinear form
on VJ � is symmetric and satis�es �	�� Note that ��� is satis�ed with �j � C��j

for some constant C depending on T��

��



compare ���� however� this choice does not necessarily give the minimal con�
stant cJ �which stems from a much more complicated minimization with re�
spect to V� 
 � � �
 VJ����

The following lemma might be helpful by separating the investigation of fPjg
and fRjg� Recall that by assumption the scalar products ��� ��E and ��� ��H are
extended to V� � V� � � � �� VJ �

Lemma � Suppose that there are extensions P ext
j � Vj�� � Vj � Vj of the

prolongation operators Pj such that

P ext
j jVj�� � Pj � P ext

j jVj � Id � kP ext
j �vjk

�
H � Ck�vjk

�
H � �	��

for all �vj � Vj�� � Vj and j � 
� Then the estimate

JX
j��

�jk �RjuJ � �Rj��uJk
�
H � �cJkuJk

�
E � uJ � VJ �	��

implies ��� with cJ � C�cJ �

PROOF� This is obvious�

JX
j��

�jk�Id� PjRj��� �RjuJk
�
H �

JX
j��

�jkP
ext
j � �RjuJ � �Rj��uJ �k

�
H

� C
JX
j��

�jk �RjuJ � �Rj��uJk
�
H � C�cJkuJk

�
E �

The following simple lemma is useful for some low�order elements like the
nonconforming P� or Morley elements�

Lemma � If Rj�� is the orthogonal projection with respect to the energy scalar
product� i�e��

�Rj��uj� vj���E � �uj� vj���E � vj�� � Vj�� �

and satis�es

�jkRj��uj � ujk
�
H � CkRj��uj � ujk

�
E � uj � Vj � �	��

then �cJ � C in �
���

�	



sti�ness matrices Aj de�ned by

��Ajxj� yj�� � aj�uj� vj� � uj� vj � Vj � j � 
� � � � � J � � �

and obtain various V� and W�cycle multigrid results� See Chapter � of ����
especially Theorem ���� which shows an alternative construction of precondi�
tioners by so�called variable V�cycles�

Our results on verifying the condition number estimates of Theorem � and
� for the simpler additive preconditioners of BPX or hierarchical basis type
in section 	 indicate the necessity of such alternatives in some cases like for
the Morley element� Another alternative was presented in ��
�� to avoid the
detoriation of the condition numbers of the additive multilevel preconditioners
for nonconforming elements �which comes mainly from the non�nestedness
of the hierarchy of spaces�� one may use a two�level method to switch to a
conforming reference discretization for the nonconforming discretization on
VJ which incorporates known �multilevel� preconditioners for the conforming
 relative � The same idea is used in ��� in a domain decomposition framework�
see also ������� As a rule� this approach �as well as the use of variable V�cycle
preconditioners� gives asymptotical optimal algorithms� in the sense� that the
condition numbers remain bounded for J �	� and the work per iteration is
proportional to the number of unknowns�

� Discussion and examples


�� Estimation of cJ

We do not have a general recipe for estimating the constant cJ in ��� for
arbitrarily given sequences fPjg and fRjg satisfying �
�� Note that in case of
Theorem �� since Rj�� does not enter the preconditioner itself we have some
freedom of choice� The general form of the restrictions satisfying �
� is

Rj�� � P�
j � �Rj�� � P�

j � �P �
j Pj�

��P �
j � �

where �Rj�� � Vj � Vj�� is any linear operator vanishing on the range of Pj�
and P �

j denotes the adjoint of Pj with respect to the scalar product in H� The
choice Rj�� � P�

j might seem to be most reasonable since the pseudoinverse
P�
j satis�es the minimization property

kuj � PjP
�
j ujkH � min

vj��
kuj � Pjvj��kH � uj � Vj �

��



Remark � Relying on Remark 
� we can derive a preconditioner CHB
J which

we call multilevel preconditioner of hierarchical basis type� Assume that there
is a basis fHj�i � i � �� � � � �mjg of Wj � Vj which satis�es the analog of �	���
Recall that Wj was de�ned as the range of the operator Id � IjPj�� which�
according to �
�� has dimension mj � nj � nj��� j � 
� � � � � J �n�� � 
�� In

analogy to the above setting� we require the mj 
mj matrices �Sj to satisfy


 � �	 �
�� �S��j xHB

j � xHB
j ��

�jkwjk�H
� �! �	 � wj �

mjX
i��

xHB
j�i Hj�i � Wj �	��

�uniformly in j � 
� �� � � � � J�� To make the comparison with CBPX
J more

transparent� denote by �Pj the nj 
mj matrix corresponding to a basis trans�
formation which transfers the hierarchical basis coe�cient vector xHB

j of wj �
Wj � Vj into the nodal basis coe�cient vector xj of the same function with
respect to fNj�ig� As before� if the hierarchical basis functions are locally sup�

ported� and are stable with respect to k � kH� both �Sj and �Pj are expected to be
sparse� with O�nj� non�zero elements�

If we de�ne �CJ � CHB
J recursively by

�Cj � Pj �Cj��P
T
j � �Pj �Sj �P

T
j � j � 
 " �C� � �P�

�S� �P
T
� �	��

then we have

Theorem � The matrix CHB
J de�ned by the recursion �
	� is a symmetric

preconditioner for the linear system ��� satisfying

c �
�	
�!
c�J max

j�������J
�� Jj � 
�A

���
J CHB

J A
���
J � � C �

�!

�	
cJ

JX
j��

�� Jj � �		�

Usually� if the upper estimates for the condition numbers in �	
� resp� �		� are
bounded independent of J or slowly growing� the above preconditioners are
used in a pcg�method which is faster than applying the simpler extrapolated
Richardson iteration to the preconditioned system ���� The latter is also called
additive Schwarz method associated with the corresponding subspace splitting�
see ���������� Multiplicative Schwarz methods based on the same splittings are
known to be equivalent to speci�c multigrid V�cycle iterations� see ����������
If directly applied in the above framework� these algorithms involve coarse
grid sti�ness matrices of the form �Aj � �P T

j AJ
�Pj � j � 
� � � � � J � � � which in

the general case can be generated only with O�JnJ� operations� We do not go
into further details but refer to an alternative approach of �	� where� within
a di�erent set of assumptions� the authors directly work with the coarse�grid

��



We call preconditioners based on these choices for Sj multilevel preconditioners
of BPX type as they are close to the corresponding method for conforming
linear �nite elements proposed in ����

Assumptions ��� and ��
� usually follow by a trivial local consideration and
are valid for the appropriate choice of the constants �j �actually� together they
determine f�jg up to constants�� In practice� if the coarsest�grid subspace V�
is still relatively large� one replaces S� by exact solvers for the variational
problem corresponding to ��� on V�� Note �nally that the locality assumption
for fNj�ig is used in the proofs but also leads to sparse representations for
fPjg and fRjg�

De�ne the nJ 
 nJ matrix AJ in ��� by

��AJxJ � yJ�� � aJ�uJ � vJ� � uJ � vJ � VJ

�yJ denotes the coe�cient vector of vJ�� and introduce fJ � RnJ with the
components �f�NJ�i�H � We preserve the notations Pj � �Pj � Rj� �Rj for the rect�
angular matrices corresponding to the intergrid transfer operators�

De�ne CJ � CBPX
J recursively by

Cj � PjCj��P
T
j � Sj � j � 
 " C� � S� � ����

In the typical applications� if Pj and Sj are sparse with O�nj� non�zero el�
ements� and the dimensions fnjg grow geometrically� j � 
� �� � � � � J � then
a matrix�vector multiplication with CBPX

J can be performed in O�nJ � oper�
ations� Moreover� a moment�s re#ection shows that CBPX

J AJ is the matrix
representation of the additive Schwarz operator PBPX

J associated with the
splitting

fVJ " aJ��� ��g �
JX
j��

�PjfVj " bj��� ��g ����

which is obtained from the splitting ���� of Theorem � by replacing the scalar
products �j�uj� vj�H on the subspaces Vj by their spectrally equivalent discrete
counterparts bj�uj� vj� � ��S��j xj� yj��� As a direct consequence of Theorem ��
Lemma �� and ��	�� we have

Theorem 	 The matrix CBPX
J de�ned by the recursion �	�� is a symmetric

preconditioner for the linear system ��� satisfying

c �
	

!
max

j�������J
� Jj � 
�A���

J CBPX
J A

���
J � � C �

!

	
cJ

JX
j��

� Jj � �	
�

�




	�	 Preconditioners of BPX and hierarchical basis type

To get practical algorithms� we assume that all Vj are �nite�dimensional and
equipped with a designated basis fNj�ig such that each uj � Vj has its unique
representation

uj �
njX
i��

xj�iNj�i �

By xj � �xj�i� � Rnj we denote the coe�cient vector of uj�

We �x some set of symmetric positive de�nite nj 
 nj matrices Sj such that
for some 
 � 	 � ! �	

	 �
��S��j xj� xj��

�jkujk�H
� ! � uj � Vj � j � 
� �� � � � � J � ��	�

The notation ��x� y�� stands for the Euclidean scalar product of two Rn�
vectors� the particular n will be clear from the context� here n � nj would be
appropriate� In some model cases� if Nj�i are the usual nodal basis functions
for a given �nite element type on partitions obtained by regular dyadic re�ne�
ment� we may typically choose Sj as a multiple of an identity matrix or some
other diagonal matrix� Indeed� assume that the basis fNj�ig for Vj is local and
H�stable� The set fsuppNj�ig should locally have �nite overlap� and


 � c �

P
i x

�
j�ikNj�ik�H
kujk�H

� C �	 � uj �
X
i

xj�iNj�i � Vj � ����

For �nite element nodal basis functions �on regular partitions� this assumption
easily follows from the de�nition and unique solvability of the local interpola�
tion problems if H � L����� Then

Sj � diag�
�

�jkNj�ik�H
� � j � 
 � ����

satis�es ��	� with 	 � c and ! � C� Another popular choice is

Sj � diag�
�

�Nj�i� Nj�i�E
� � j � 
 � ����

which is justi�ed if we have in addition to ��� the estimate

�jkNj�ik
�
H � CkNj�ik

�
E � � Nj�i � ��
�

�



Since� by our choice uJ is aJ �orthogonal to the range of PJ � and

uJ � v�J � PJu
�
J�� � u�J�� �

J��X
j��

PJ�� � � � Pj��v
�
j �

it follows that aJ�uJ � uJ� � aJ�v�J � v
�
J� � By �	�� ���� we arrive at

aJ�uJ � uJ� � Ckv�Jk
�
E � C�jkv

�
Jk

�
H � CjjjuJ jjj

�

for the above uJ � which in view of ���� gives

kP��
J kA�

�

�
inf

uJ�VJ

aJ�uJ � uJ �

jjjuJ jjj�

���
� sup

uJ�VJ

jjjuJ jjj
�

aJ�uJ � uJ�
� c �

Combined with the previous estimate for kPJkA�
� this gives the lower bound

in ����� The proof of Theorem � is complete�

Remark � The same considerations can be applied to the modi�ed splitting

fV " aJ��� ��g �
JX
j��

�PjfWj "�j��� ��Hg � ��
�

where the subspaces Wj � Vj � j � 
 � are de�ned as the ranges of the operators
Id� PjRj�� �in particular� W� � V��� and lead to the following estimates for
the corresponding additive Schwarz operator�

c � c�J

	
max
j�������J

�� Jj



� 
� �PJ� � C � cJ

JX
j��

�� Jj � ����

where c�J denotes the minimal value of cJ in ���� and

�� Jj � supfk �Pjujk
�
E � �jkujk

�
H � � � uj � Wjg � j � 
� � � � � J � ����

Since� by de�nition of Wj and �
�� the splitting �	�� is into a direct sum
of subspaces� the proof is even simpler since the in�mum can be dropped in
the de�nition of the triple�bar norm� In general� �� Jj � � Jj since Wj � Vj �
therefore the upper bound �	�� is at least as good as in Theorem �� In some
cases the factor cJ which is closely tied to the use of the set of intergrid transfer
operators ��� and� therefore� to the splitting �	�� might be a too rough estimate
in ��
� resp� ����� Note again that Rj does not enter the implementation of
the preconditioners associated with PJ and �PJ �

�



Denoting uj � �Id� PjRj��� �RjuJ � the lower estimate in ��	� is now obvious
from ����� �	�� and ����

jjjuJ jjj
� �

JX
j��

�jkujk
�
H � cJkuJk

�
E � CcJaJ�uJ � uJ� �

For the upper estimate� take an arbitrary decomposition uJ �
PJ

j��
�Pjvj� and

use �	�� ��
��

aJ�uJ � uJ��CkuJk
�
E � C�

JX
j��

q
� Jj
k �PjvjkEq

� Jj
��

�C�
JX
j��

� Jj �
JX
j��

k �Pjvjk�E
� Jj

� C�
JX
j��

� Jj �
JX
j��

�jkvjk
�
H �

Taking the in�mum with respect to all decompositions of uJ � by ���� we get
the upper estimate in ��	��

Thus� the condition number estimate from above in ���� is established� The
following examples show the lower bound� First we pick uJ � �Pjvj where
vj � Vj is arbitrary ��x temporarily j�� For all those uJ � by �	� and �����

aJ �uJ � uJ�

jjjuJ jjj�
� c

k �Pjvjk�E
�jkvjk�H

Now taking the supremum with respect to vj and j� we see �compare the
de�nition of � Jj in ��
�� ����� and our above discussion� that

kPJkA�
� sup

uJ�VJ

aJ�uJ � uJ �

jjjuJ jjj�
� c max

j���������J
� Jj �

On the other hand� �x any nontrivial uJ � VJ such that aJ�uJ � PJvJ��� � 

for all vJ�� � VJ�� �the existence of such an element is guaranteed if nJ �
dimVJ � dimVJ��� the exceptional case of nJ � nJ��� which can not occur in
practice� is left to the reader�� Assume that fv�jg is such that

uJ �
JX
j��

�Pjv
�
j � jjjuJ jjj

� �
JX
j��

�jkv
�
jk

�
H �






introduce

jjju�jjj
�
� � inf

u��H� �u��Lu�
ku�k

�
A�

� u� � H� � ��
�

Lemma 
 Assume that we have a two�sided estimate

c�jjju�jjj
�
� � ku�k

�
A�
� C�jjju�jjj

�
� � u� � H� � ����

Then the operator P � LA��� L�A� is symmetric positive de�nite with respect
to ��� ��A�

� and

kPkA�
� inf

����
C� � kP��kA�

� �sup
����

c��
�� � ����

i�e�� the spectral condition number 
�P� � kPkA�
kP��kA�

of P is given by the
�optimal� constants c�� C� in �����

Note that P � � H� � H� itself does not depend on the particular choice of
the scalar products ��� ��i� i � 
� �� however� the explicit representation P �
LA��� L�A� is often convenient to derive matrix representations for particular
cases� To formally �t Theorem � into the framework of Lemma �� set H� � VJ �
with �uJ � vJ�A�

� aJ�uJ � vJ� as the proper choice for the scalar product� and
introduce H� � V�
 V�
 � � �
 VJ � with the elements �u � �u�� u�� � � � � uJ� and

��u� �v�� �
JX
j��

�uj� vj�H � ��u� �v�A�
�

JX
j��

�j�uj� vj�H �

Thus� the operator�matrix for A� is diagonal� with the identity operators on
the Vj �s multiplied by �j in the diagonal� The operator L is given by L�u �PJ

j��
�Pjuj� with �Pj de�ned in ���� Without making explicit A� and L� �which

depend on a choice for ��� ����� it is clear that the triple�bar norm in ����
coincides with the triple�bar norm in ��
�� Thus� by proving ��	�� we get
estimates for c�� C� in ����� and the remaining statements of Theorem � follow
from Lemma � by observing that PJ � P �the lower estimate in ���� requires
a bit more work� see below��

We establish ��	�� By de�nition of the intergrid transfer operators� for any
uJ � VJ we have

JX
j��

�Pj��Id� PjRj��� �RjuJ �
JX
j��

� �Pj �RjuJ � �Pj�� �Rj��uJ� � uJ �

�



one�dimensional subspaces Vj�i are spanned by the nodal basis functions Nj�i�
see subsection ���� Another modi�cation of ���� leads to hierarchical precondi�
tioners which depend on knowledge of a basis for the range of Id�PjRj�� in Vj�
Although the numerical performance of both variants might be di�erent� the
above theorem leads to similar lower and upper bounds for their asymptotic
preconditioning power�

In section 	 we discuss the estimation of the constants cJ from ��� and � Jj
de�ned in ��
� which enter the condition number estimates� For some low order
elements like the nonconforming P� or Morley elements� cJ � O���� J �	�
can be shown by using orthoprojections Rj with respect to the energy scalar
product ��� ��E� For �nite elements of higher degree� the techniques of ��
����
can be adopted� As a rule� with the natural choice of the intergrid transfer
operators where the Pj � Rj are de�ned by nodal value averaging procedures�
boundedness or moderate growth of the cJ will be observed�

What concerns the numbers � Jj � less is known� Only in two cases �triangular
P� element ������ rotated Q� rectangular element ���� there is a theoretical es�
timate showing � Jj � O��� for j� J �	� We show that estimates for the � Jj are
numerically accessible in many cases� since in the situation of regular dyadic
re�nement it su�ces to test the energy norm growth on nodal basis functions�
We have tested a number of low order �nite element types� the results are
reported on in subsection 	��� Unfortunately� for the standard sets of intergrid
transfer operators ��� de�ned by nodal value averaging� the numbers for the
Morley element are disappointing showing that the preconditioning power of
the corresponding multilevelmethod deteriorates exponentially with the num�
ber of levels� The next simple nonconforming element for plate bending� the
Zienkiewicz triangle� shows much better behavior in this respect�


 Theory and preconditioners

	�� Proof of Theorem �

We rely on the abstract theory of additive Schwarz methods using Nepomn�
jashchikh�s �ctitious space lemma which we state in a form convenient for our
purposes �see section ���� especially Theorem �
� of ������ Let Hi be real Hilbert
spaces with scalar products denoted by ��� ��i� and Ai � Hi � Hi symmetric
positive de�nite operators �i � 
� ��� By �ui� vi�Ai

� �Aiui� vi�i �resp� kuikAi
�

we denote the associated bilinear forms �resp� norms�� Let L � H� � H� be
linear� bounded� and surjective� denote by L� � H� � H� its adjoint� and

�



Theorem � The discrete norm

jjjuJ jjj
� � inf

vj�Vj � uJ�
PJ

j��
	Pjvj

JX
j��

�jkvjk
�
H ����

associated with the additive subspace splitting

fVJ " aJ��� ��g �
JX
j��

�PjfVj "�j��� ��Hg ����

satis�es under the assumptions �
�� �
�� ���� ��� the two�sided inequality

c

cJ
jjjuJ jjj

� � aJ�uJ � uJ� � C�
JX
j��

� Jj �jjjuJ jjj
� � uJ � VJ � ��	�

where the absolute constants 
 � c�C � 	 depend only on the constants in
�
�� Moreover� the additive Schwarz operator associated with ��	�

PJ �
JX
j��

�PjTj � ����

where Tj � VJ � Vj is determined by

�j�TjuJ � vj�H � aJ�uJ � �Pjvj� � vj � Vj � j � 
� �� � � � � J � ����

possesses a two�sided condition number estimate

c �
	

max
j�������J

� Jj



� 
�PJ� � C � cJ

JX
j��

� Jj � ����

For the proof and details of the used terminology� see subsection ���� Theorem
� gives an additional tool to investigate preconditioners of BPX type for some
nonconforming situations� and allows us also to obtain negative results based
on knowledge about the growth of the numbers ��
� �see the estimate from
below in ���� �� Note that under optimal circumstances� if both cJ and � Jj
are bounded� the upper estimate in ���� behaves like O�J� for J � 	� The
numerical evidence for the P� element ���� seems to indicate that this is the
best we can hope for within the assumptions of Theorem � �however� there is
no rigorous proof for this claim��

BPX�type preconditioners essentially coincide with the additive Schwarz oper�
ator for a subspace splitting similar to ���� by replacing Vj by

P
i Vj�i where the

�



a multiplicative way and lead to relatively rough estimates� On the other
hand� in the particular case of the nonconforming triangular P� element�
we observed in ���� that direct estimates for k �PjkE� though harder to ob�
tain� can be sometimes an order better than their trivial upper estimate
kPJkEkPJ��kE � � � kPj��kE�

The considerations of ���� can be made more precise and general to cover other
interesting situations� We present here a simpli�ed version of this extension
and discuss on its basis the behavior of multilevel preconditioners for some
nonconforming elements� The assumptions are as follows� Let

Rj � Vj�� � Vj � �Rj � RjRj�� � � �RJ�� � VJ � Vj � ���


 � j � J �in addition� set �RJ � Id� R�� � �R�� � 
��� be some other set of
intergrid transfer operators �restrictions� and their iterates such that

Rj��Pjuj�� � uj�� � uj�� � Vj�� � j � � � �
�

and� for some constant cJ �

JX
j��

�jk�Id� PjRj��� �RjuJk
�
H � cJkuJk

�
E � uJ � VJ � ���

The positive numbers �j are chosen such that the following inverse inequality
holds�

kujk
�
E � �jkujk

�
H � uj � Vj � j � 
� � � � � J � ���

It turns out that for some low order nonconforming elements �P�� Morley��
with the standard choices for the energy product �u� v�E� a good choice for the
operators Rj are orthogonal projections �with respect to ��� ��E� which can be
found explicitly� Thus� in some cases� the estimate in ��� is easily available and
not bound to additional regularity assumptions� We discuss the possibilities
of proving ��� or replacing it by other conditions in subsection 	���

Introduce �nally the numbers

� Jj � supfk �Pjujk
�
E � �jkujk

�
H � � � uj � Vjg � j � 
� � � � � J � ��
�

which characterize the energy norm behavior of �Pj from ��� �i�e�� of the inter�
grid transfer operators ��� iterated over many levels��

	



of nonconforming �nite element spaces with respect to an increasing sequence
of partitions obtained by regular or nested dyadic re�nement� In the examples
below� we mostly discuss the case of triangular elements in R�� but the theory
developed also applies to simplicial resp� rectangular elements in Rd� We are
interested in preconditioners for the linear system

AJxJ � fJ � ���

the so�called nodal basis discretization of a variational problem

Find uJ � VJ such that aJ�uJ � vJ� � �f� vJ�H � vJ � VJ ���

in VJ � which are based upon simple subproblems associated with the coarse�
grid spaces Vj� The bilinear form aJ�uJ � vJ� will be assumed symmetric� con�
tinuous� and coercive with respect to a discrete energy scalar product �uJ � vJ�E
on VJ � In particular�

ckuJk
�
E � aJ�uJ � uJ � � CkuJk

�
E � uJ � VJ �	�

�here and in the following� 
 � c�C � 	 denote generic constants which
do not depend on J and may have di�erent values at di�erent places�� The
energy scalar product which may depend on J as well as the scalar product
��� ��H �in all our applications H coincides with L����� should make sense on
V� � V� � � � �� VJ � Since the spaces Vj are not embedded into each other� one
needs intergrid transfer operators �prolongations�

Pj � Vj�� � Vj � j � �� � � � � J� ���

and their iterates

�Pj � PJPJ�� � � � Pj�� � Vj � VJ � j � 
� � � � � J � � � �PJ � Id� � ���

to de�ne subproblems of ��� associated with the coarse�grid spaces Vj �for
notational convenience� set V�� � f
g and P� � �P� � 
�� This approach was
started in the multigrid community� and basically led to the development of
a general theory covering W�cycle convergence and optimal variable V�cycle
preconditioners� see ���	���� When it comes to simpler V�cycle preconditioners
examples of which are multilevel methods based on further splitting the Vj
with respect to their respective nodal bases fNj�ig or some hierarchical basis
constructions� less is known�

We wish to mention a theory developed by D$or#er ��
���� where conditions
in terms of kPjkE are used� These norms entered the �nal results of ��
���� in

�
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We discuss multilevel preconditioners of hierarchical basis and BPX
type for nonconforming discretizations of second and fourth order
elliptic variational problems where the underlying subspace split�
ting of a nonconforming �ne grid space is obtained from the natural
sequence of nonconforming coarse grid spaces using appropriately
designed intergrid transfer operators� We present a simple conver�
gence theory which shows the importance of controlling the energy
norm growth of the iterated coarse�to��ne�grid operators� It enters
both upper and lower bounds for the condition number of the pre�
conditioned linear system� and can be checked numerically in the
case of regular dyadic re�nement� For the standard sets of intergrid
transfer operators �prolongations based on nodal value averaging��
the numerical tests with some low order nonconforming elements on
uniform grids indicate boundedness of these norms� with the excep�
tion of the Morley element where the condition numbers deteriorate
exponentially with the number of levels� The results complement
recent work by Bramble�Pasciak�Xu� Brenner� D�or�er� and the au�
thor�

Key words� Preconditioning� nonconforming �nite elements�

� Introduction

We consider multilevel methods of hierarchical basis or BPX type for non�
conforming �nite element discretizations of second or fourth order problems
associated with the natural sequence

V� � V� � � � �� VJ
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