Nonexistence of Compactly Supported Box Spline
Prewavelets in Sobolev Spaces

R. A. Lorentz and P. Oswald

Abstract. Motivated by the use of multilevel Riesz basis precondi-
tioners for elliptic problems in Sobolev spaces, we investigate compactly
supported prewavelets with respect to homogeneous Sobolev norms for

multiresolution analyses based on box splines in ]Rd,d > 2. We show

that, in contrast to the cases Lz(]Rd) and H*(IR'), prewavelets of com-
pact support with respect to homogeneous Sobolev inner products do not
exist for Sobolev exponents s with s > 0, d > 2. They do not even exist if
we allow the Riesz basis property to be taken with respect to one Sobolev
semi—norm, while the semi—orthogonality is determined with respect to
another Sobolev semi—norm. The same is shown for tensor products of
univariate multiresolution analyses.

§1. Introduction

The motivation for this work was the usefulness of Riesz bases of Sobolev
spaces HS(IRd) derived from multiresolution analyses in constructing multi-
level preconditioners for the numerical solution of partial differential equa-
tions. For uniform partitions, these bases are typically of the form ¥*(2/z —
k), 0 =1,...,2¢4 —1, j € ZZ, k € 72%, where ¢! are compactly supported
functions. Now while it is usually not so hard to obtain the Riesz property
on one level, i.e., for the functions ¢*(27x — k) for a fized j, it is a non-trivial
task to prove the Riesz property for the complete system.

See [6] for a more complete discussion of this subject as well as for numer-
ical methods to determine whether a proposed system is really an H?®-Riesz
basis.

One relatively easy way out, if it works, would be to choose the functions
* from a wavelet space determined by a Sobolev inner product. Then the
Riesz basis property on one level would immediately imply the Riesz basis
property for the whole system.

This works quite well for B-splines in one dimension [7]. But up to now,
no one has succeeded with such a construction for box splines in R¢,d > 2.
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It 1s part of the folklore that this is not possible. We show that these doubts
were justified.

Some other results connected with these investigations are those of [3,5,8],
in which specific constructions of L, (Rd)—prewavelets for box splines are given.
Also [4] have constructed biorthogonal prewavelets with respect to Sobolev
norms. In [3], the same authors show that it is not possible to have an Lj-
MRA, such that the generating functions are strictly orthogonal with respect
to a Sobolev norm.

Our general approach is to find a necessary condition in order that trans-
lates of compactly supported functions ¢ form a Riesz basis for the wavelet
space determined by the homogeneous Sobolev inner product for a multires-
olution analysis generated by a function of compact support. This is given in
Theorem 5. Then we show that the condition is satisfied neither in the box
spline case nor in the tensor product case.

If the wavelet spaces are determined using the full Sobolev inner prod-
uct, they are no longer dilates of each other. Thus a prewavelet basis on
one level is no longer the dilate of a prewavelet basis on another level. In
Section 3, we look at a useful choice of prewavelet bases in this context. But
Theorem 1 there shows that such H?®-Riesz prewavelet bases with functions
having a uniformly bounded number of coefficients in their symbols exist only
if the corresponding homogeneous Sobolev wavelet spaces have Riesz bases of
compact support. Thus for box splines and tensor product multiresolution
analyses, useful prewavelet bases with respect to the full Sobolev norm also
do not exist.

The sufficient condition given in Theorem 5 1s quite explicit and although
our original motivation was the box spline multiresolution analysis, Theorem 5
could potentially be used in a wide range of examples.

§2. Notation and Basic Facts

By ]/C\, we denote the Fourier transform of f € Lg(IRd), f(G) =
f]Rd f(:z;)e_”'edx, by ||f|lz:, the Sobolev norm ||f||lg: = {(27r)_d fRd(l +
|9|2)3|f(9)|2d9}1/2 and by || f]| g7+,» , the homogeneous Sobolev norm || f|| gs,n =
{(2m)™ [ 101 |F(6)?d6} /2.

Let V be an infinite-dimensional separable Hilbert space. Then {¢i }rez
C V is said to be a Riesz system for V if there exist constants 0 < 4 <
B < oo such that for any sequence (¢ )rem € (2(Z2),

AN lerlllenllt < 1Y enelly B Y lewl el (1)

keZ keZ kEZ

Note that we have included the norms of the basis functions in this definition.
We will use the equivalence symbol < for such inequalities saying that U =< U’
if there exist constants ¢,C with 0 < ¢ < €' < oo such that ¢U < U’ < CU.
A Riesz system in V which is also a basis for V' is called a Riesz basis for

V.
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Taking V = H*(R?) and o} = @(- — k), k € ZZ%, for some ¢ € H*(R?),
it follows that {¢(- — k)}rege is an H*(IR%)-Riesz system if and only if

Fu(6)" = [l

where
FS(Q)2 = Z (1416 — 27roz|2)8 |o(6 — 27ra)|2. (2)
T=V/Ad

Similarly, the translates of ¢ form an H*" Riesz system if and only if

Fan(0)” = llllgen,

where
Fon(8) = > 10— 2mal* |G(6 — 27a) [, (3)
aEZ

A dyadic multiresolution analysis (MRA) of HS(IRd), s >0, is an increasing
scale of closed spaces V; C HS(IRd), J € ZZ, such that v; € V; <= v;(2) €
Viti, v; €V; <= v;j(- —277k) € Vj for any j € 7ZZ, k € Z*, UV; = H*(R")
and finally, that there exists a function ¢ € V; such that {¢(- — k)}rega is an
H?-Riesz basis for Vy. We then say that ¢ generates the MRA.

We look at two kinds of wavelet bases associated with an HS(IRd)fMRA:

Wi =VimiouVy Wi = Vig1 O V.

l.e., wavelet spaces associated with the full norm, respectively the homoge-
neous norm. Note that the W7, , are not dilation invariant, while the W;_i_hl
are.

If ¢ generates an H*-MRA, then since ¢ € Vy C Vj, there is a sequence
(ar)peme € l2(72%) such that o(x) = Y oremd akp(2x — k) or, equivalently,
2(8) = m(—6/2)2(8/2) where m(8) = 2773, .4 are’*? is the (scaling) sym-
bol of ¢. Similarly, if ¢ € W} or ¢ € Wls’h, then 12(9) = my(—6/2)2(6/2).
The symbols are all 2r—periodic functions belonging to L2(C), where C =
[—, ]2

Let A be the set of vertices of the unit cube [0,1]% of R? and A’ = A\{0}.
Formulas for Riesz bounds (1) can be simplified by the use of symbols. For

example, the system {y(- — k)}le pezd 1S an H*" Riesz basis for Wf’h if
and only if L = 2% — 1, the system is an H*" basis for Wf’h and if

SOF O =Y vum (=0 + 7N = > o Pt Fes (4)

A€A neEN’ neA

a.e. in C for any numbers v,, u € A’. Here m* is the symbol of ¢*.

In the nonhomogeneous case, the corresponding equation depends on j.
Let opMi+1 ¢ W7, have symbol mMITL(g) =274 D ke brett? ie.,

PAIHI(9) = 27 N (27102 3(27762) (5)
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for A € A'. Then the system {¢*F1(- — 277k)}\cp peme is an H*-Riesz
system if and only if (4) holds with F\ ; replaced by 27742 FJ+1 where

FIYN 67 = 3 (1427710 — 27a) I E(0 — 2ma)[2. (6)

All of these formulas can be derived exactly as in the L, case. If Fj, re-
spectively F,, and the m*, respectively m#*/+! are continuous, then (4),
respectively the inhomogeneous analog, holds uniformly for 6 € C. This is,
for example, the case when ¢ and ), respectively /11, are of compact
support as will be shown in Lemma 2.

The orthogonality condition that ¢ € Wf’h can also be written in terms
of symbols. If m is the scaling symbol and if m, is the symbol of ¢ € V;,

then ¢ € Wf’h if and only if

> Fon(0 =70 m(=0+ 7 )my(—60 + 7)) = 0. (7)

Also if I+t € Vit1, then /Tt € W2, if and only if (7) holds with Fj
replaced by F/1!.

§3. The Nonhomogeneous Case

Given an HS(IRd)fMRA generated by a compactly supported ¢ € Vy, we
want to find a Riesz basis built up of Riesz bases of the W/, ,7 € ZZ. As
mentioned in Section 2, it is not possible to do this by taking dilations of a
Riesz basis of W7, The best one could do is to look for bases of the following
form: for each j € Z, {4y (- —277k)}ycpr peme is a Riesz basis of Wi
such that a) the ¢p*/*! are of uniformly bounded support in the sense that if
YAt (2) = Yo kema bz’j+1<,o(2j+1:1;—k), then there is a J such that bz’j—H =0
for all |k| > J, b) the Riesz bounds of these bases are uniformly bounded in
jforall j € ZZ%.

The following theorem shows that if we have such a basis, then there is a
Riesz basis of functions of compact support for Wls’h, i.e. for the homogeneous
case. But, as will be shown in Section 4, there are no Riesz bases of compact
support for Wf’h for MRA’s constructed from box splines and from tensor
products in RY,d > 2. Consequently, it will follow from this theorem that
there are no bases for these MRA’s satisfying a) and b).

Theorem 1. Let ¢ be a function of compact support which generates an
H*(R%)-MRA. Suppose that there exist Riesz bases of the W2, satistying a)

and b) as above. Then there exist functions > € Wf’h of compact support
such that {*(- — k)}year peme is an H*"—Riesz basis for Wls’h.

Proof For each j € 7, let the translates of {1771} 24 be a normalized
H*-Riesz basis of V1! satisfying the assumptions of the theorem. Let m*i+!
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be the symbol of 1)1 as in (5). It then follows that

Z |bz,j+1|2 — 2(j—|—1)(d—23) /(2—2(j—|—1) + |9|2)8|$A’j+1(9)|2d9.
kEZd Rd

The normalization of the »*7*! implies that >, o4 |Z)2"H_1|2 = 2UFD(d=29)
as j — oo. ‘

Thus the sequences 2_(j+1)(d_23)/262’]+1 are uniformly bounded in j for
each A € A’ and k € Z?. From assumption a), only a finite number of these
sequences are nonzero so that there is a subsequence (j,)rez and there are
coefficients b3 such that 2_(jr+1)(d_23)/262’jr+1 converges to by as r — oo for
all k& with |k| < J and all A € A"

For each A € A', let @) = 3, cppa bpp(x— k), where by = 0 for |k| > J.
Clearly, the ¢* are of compact support. We claim that {¢*(z — E)}rea keme
is an H*" Riesz basis for Wf’h.

Since the translates of 1»»/T1 form an H* Riesz basis for Wiy, (4) holds
with F j replaced by 2—Jd2 pitt,

The above bounds on bz’j—H imply that 20-+tD@s=dypAir+l converges
uniformly to m? (the symbol of 1)*), as 7 — co. Thus, in the limit, we obtain

ZFS”’ | Z v,mt( 9—|—7r/\ Z |vu|2

A€A neEN’ neA

i.e., (4) holds and the translates of »*, A\ € A’ form an H*" Riesz system.

To show that the > € Wf’h, we use the nonhomogeneous orthogonality
condition (7) with Fj; and 1 replaced by F/*! and */+! for some A € A/,
Multiplying through by s~U+1(d=25)/2 taking j = j,. and letting r — oo, we
see that m* satisfies the homogeneous orthogonality condition (7). It remains

to show that the span of {p*(- — k)}rcp peze is dense in W That is, we
would like to show that any vy € V| can be written as

vi(e) = (o) + Y 3 @ e — k) (8)

AEN kel

for some vy € V. Since the span of {¢M/ (- —277k)}y cxr peyga is H—dense
in W/, ,, there exist a‘}c’A and vé—H € V4 such that

v1(2j )= ]+1 2] Z Z ’]+1 ’j+1(:1; — 2_jk),
AEAN! kezd
which we write as
vi(z) =

é+1 (z) + Z Z 2(]+1)(d—23)/2a2,1+12—(j+1)(d—23)/2¢>\,j+1(2—]‘(:L, — k).
AEAN kel
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Assume, without loss of generality, that vy is of compact support. Then there
is an L such that az’]—H = 0 for |k| > L. Since 2(j+1)(d_25)/2a2’]+1 are uni-
formly bounded and a subsequence of 2_(j+1)(d_23)/2;/))"j+1(2_1-) converges
to 1, we can find another subsequence j; such that 2(j(—|—1)(d—23)/2a2,]2+1 con-
verges to some ap for each |[k|] < L and A € A’ and such that
2~ Dd=25) /2y Ae+1 (9700 ) converges to ¢ as ¢ — oo, since all of these
functions are of compact support. But then also vé‘—H converges uniformly to
some vy € Vj and we have the representation (8) as desired. &

§3. The Homogeneous Case

In all of this section, we will assume that, for some s > 0, the compactly
supported scaling function ¢ generates an HS(IRd)fMRA and for some t with
s < t also an HY(R?)-MRA. The main theorem of this section will be a
necessary condition in order that the integer translates of some compactly
supported functions ¢¥* € Vi, A € A’ be an H*" Riesz basis of Wf’h.

We first need some technical lemmas

Lemma 2. Suppose that o generates an H*(R*)-MRA and an H'(R®)-
MRA for some s, t with 0 < s < t. Then the function Fs ,(8)* given by (3)

is continuous.

Proof Since ¢ is of compact support, ¢ is continuous. We have

sup Z |6 — 27ra|23|92(9 — 27ra)|2 < B sup |0— 27Ta|—2(t—3) < BON-2(t—9)

pec
€€ Jal>N lal>N

for some B, C' > 0 since ¢ generates an H'(IR?)-MRA.
From this inequality and the fact that the function gx given by

gn(8):= 3 10— 2mal”*[3(6 — 2ma)]?
|a|<N

is uniformly continuous, the lemma follows. &

If, starting from the definition (3) of F,j, we replace $(#) by
m(6/2)3(6/2) and split the sum according to the elements of Z%/(27Z)¢, we
obtain

6 6
2 o2s 2 2
Foal0 =23 lm(—8 + m\Fa(s = a2 0
AEA
For the following lemma, we choose the normalization p(0) = 1, so that

m(0) = 1. In addition, we use the fact that ¢(6) = H;?ozlm(Q_jG), the conver-
gence being uniform on compact subsets of R?.

Lemma 3. Let the compactly supported scaling function ¢ generate an
HS(IRd)fMRA and an Ht(IRd)fMRA for some 0 < s < t. Then F; ,(0)?

vanishes only at 8 = 0 and, everywhere in a neighborhood of § = 0,

Fun(6)? =< |62,
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Proof Let g(8) = F, 1(6)*, then g(6) > |(6)]*|6]*%. Since g, according to
Lemma 2, and ¢ are continuous and ¢(0) = 1, thereis a ¢ > 0 and an A > 0
such that A|0]?* < g(8) for all @ with |6] < é;.

Suppose now that there is no é2 > 0 and no B > 0 such that ¢(6) <
B|6|*¢ for all 8 with |#] < ;. Then for each k = 1,2,..., there is a 6
with || < k=1 such that k|65 |** < ¢(6k). From (9), it follows that ¢(8) >
22¢|m(—6/2)|?¢(6/2) and thus, for any ( =1,2,...,

>f“Ipm ~i9)|2g(2740). (10)

For each k, choose ((k) such that 65/2 < |2£(k)9k| < b3, where 63 is chosen so
that |p(0)]* > B for |6] < &3. Then {(k) — oo as k — oo. Using (10),

£(k)
g(2f(k)9k) > k22f(k)s|9k|23 H |m(_2—j2f(k)9k)|2

j=1
(5 25 L(k) )

Since the product Hlem(2j9) converges to @(6) uniformly on compact sub-
sets, it follows that for ¢ sufficiently large H§:1 |m(2776)* > C for some C' > 0
and all § with |8] < 3. Consequently, since ((k) — co and |2¢F)8;] < 63,

@Www>k<§> C

for k large enough, which contradicts the boundedness of ¢(6) on the disk
6] < 5.

To show that F},(6)? vanishes only at § = 0, we use the fact that
(1+ 0 —27al*)* Y cpe |P(6 — 27a)]> > A > 0. Thus, for each 6, there
is an a(f) € Z*, for which 3(8 — 27a(6)) # 0. For each § € C\{0}, |6 —
27a(0)]*5|p(0 — 27 (0)|? # 0 and hence F ,(8) # 0. ¢

The last tool we need is a factorization theorem for complex trigonometric
polynomials vanishing on hyperplanes.

Lemma 4. Let T be a complex 2r—periodic trigonometric polynomial on R
Let ¥ = (x1,...,2q) € 72" and a = ged(xq, ... xq). IFT() =0 for all 0 with
z-0 =0, then 1 — 9% divides T(#), i.e., the quotient is a trigonometric
polynomial.

Proof The special case that @ = e¢; = (1,0,...,0) is easy since this is
essentially the univariate case. For the general case, one uses the fact that if
v € ZZ% has ged(xq,....xq) = 1, then there exists an automorphism on 72°
mapping = to e; to reduce the general case to the special case. &
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Before we state the main theorem of this section, we look at the matrix
My(0) = (m#(—60 4 wA))x uenrr, where m# are the symbols of # € Wf’h. If
{*(x—d)} jenr aeme is to be a Riesz basis of W" | then (4) must be satisfied.
Since ¢, " are of compact support, F,, and m# are continuous, (4) holds
everywhere. Taking 8 = 0, we obtain

> Fon(=m0)] Y a1 = 3 ol 119# e

ACA! peEA! HEA

Since F,s p(—Aw) # 0 for A € A', My(6) is invertible at § = 0 and since its

components are continuous, it is invertible in a neighborhood of 6§ = 0.

Theorem 5. Let the compactly supported ¢ generate an HS(IRd)fMRA and
an H'(R")-MRA for some s, t with 0 < s < t. If the integer translates of

Y, A € A form a Riesz basis of Wls’h, then
0> T(8) < m(—6 + 7)) (11)

in a neighborhood of @ = 0 for each A € A'. Here T(8) is the numerator of the
rational trigonometric polynomial My ' (8)C(8) with C(8) = (m*(—6))xear.

Proof The orthogonality conditions (7) for the ¥* can be written as
m(—0)F, 1 (0)°C(6) = —My(8)D(9), (12)

where C'(6), My(6) are as above and D(6) = (m(—8+ 7A)Fs (6 — 7r/\) JaeA’-

In a neighborhood of 8 = 0, m(—6) < 1, F,,(8)* =< [0]*%, My(0) is
invertible and m(—0 + 7\)Fs 4 (60 — 7A)? < m(—0 + 7 \) since Fs ,(—7\) # 0
for A € A'. Inverting the matrix in (12) and observing that My(0)~'C(0) is a
rational trigonometric polynomial which does not vanish at 8§ = 0, we obtain

(11). o

§4. Application to Box Splines and Tensor Products

In this section we will show that (11) does not hold for box splines and tensor
product MRA’s in R? with d > 2.

The box spline Bx in R? associated with directions X = (xb, ... a")
with #% € 7ZZ% is defined by

H k 9/2 —z(x1+...+£")~9/2'
- k -6/2

In order that Bx be a function, we must assume that z',... 2" span
R?. By is of compact support if the matrix formed by any set of d directions
in X is unimodular. Then By generates an H*(IR?)-MRA for all s with
0 < s < rx —1/2, where rx is the minimum number of columns one can
delete from X so that the remaining columns no longer span R?. As an
example, take 2% = e, k= 1,...,d and 2971 = (1,...,1). These are linear
box splines. In this case, rx = 2 so that Bx generates an HS(IRd)fMRA for
all 0 <s < 3/2.
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Theorem 6. Let d > 2 and X be a set of directions as above with rx > 1.
Let 0 < s < rx —1/2. Then for the HS(IRd)fMRA generated by By, there is
no H*" Riesz basis of W"" of the form {y*(- — k)}senr keme with compactly
supported functions ™.

Proof All of the hypotheses of Theorem 5 are satisfied. The scaling function
of Bx is

= kog .o
mx(6) = H cos = B i e ) 8/2

bl

=1

Thus, near 6 = 0, mx (=0 + 7A) < [[;cs, |sin(z* - §/2)] where J) =
{k|z* - X is odd} and A € A’. From the assumptions on X, it follows that Jy
contains at least rx elements. Then (11) becomes

LA
6]°7(6) < ] Isin 5| (13)

ke Jy

everywhere in a neighborhood of § = 0 for each A € A’. We fix one A € A’ and
take an 2 € Jy. Then T must vanish on the whole hyperplane z¢-8 = 0 since
otherwise there would be a 6 # 0 with z¢ - 6, = 0 lying in the neighborhood
for which (11) holds and for which T(6,) # 0. But this is not possible since
then the left hand side of (13) does not vanish, while the right hand side
does. Now use Lemma 4 to conclude that T(0) = (1 — e_”['e/‘”)R(G), where

ar = ged(xf, ..., 2%). Dividing both sides of (13) by 1 — e_”['e/‘”, we obtain

k.8
6°R(6) <[] Isin 5|
ke \ (o}

since |(1 — e_”['e/‘”)_l sin(z - 6/2)| < 1 in a neighborhood of § = 0.
We continue the procedure with the other elements of Jy to finally obtain

625(6) = 1,

where S is some trigonometric polynomial. But now we are left with a con-
tradiction since |#]?* = 0 for # = 0 and so (13) is not satisfied for § = 0.

%

Using Theorem 1, we immediately have

Corollary 7. Let the box spline Bx satisfy the assumptions of Theorem 6.
Then there are no compactly supported H®-Riesz bases of the W7 , of the
form {ypMITL(. —2_jk)})\€A/’kezd with compactly supported 1y 1! satisfying
a) and b) of Section 3.

Corollary 8. Let the box spline Bx satisfy the assumptions of Theorem
6. Let 0 < sy # sy < rx — 1/2. Then there is no compactly supported
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H*v" Riesz basis of W182’h of the form {4)*(- — k)}renr peze With compactly
supported ™.

Proof The proof is exactly as in Theorem 6. That the basis is an H*1 " Riesz
basis is used to conclude that Mj(6) is invertible in a neighborhood of 6 = 0.
The orthogonality condition results in (11) with s = s5. &

We remark that the proof of Theorem 6 would break down for d = 1 at

the place where one looks at the hyperplane perpendicular to a direction .

Theorem 9. Let ¢, and @y generate H*(IR')-MRA’s for some s with 0 < s
and be of compact support. Then the H*(IR*)-MRA generated by ¢1(z) -
©2(y) has no H*" Riesz basis of Wls’h consisting of translates of compactly
supported functions Y*, A € A'.

Proof This follows as in the proof of Theorem 6 since m(6;,602) =
My, (01 )my,(02) so that the zeros of m are the coordinates axes.
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