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Table 	�� Zienkiewicz element� Leading eigenvalues of K�

For the discrete H� seminorm we have chosen
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�
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X
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��c���e� � c���� � �c���e� � c���� � �c���e� � c���� � �c���e� � c����
�
�

the resulting B� is shown in Figure 	�� From the computation of the good index set along the lines
of subsection ��	 we obtain M� � 	�	 and N � �� The computations with the direct method shown
in Table 	� give the values �max � 	�� and ��max � ��� � 	� This con
rms the uniform estimates
�	�� resp� �
� as well as the numerical tests in �	
� for this set of intergrid transfer operators for
the Zienkiewicz element� In conclusion we mention that the iterative methods have not been tried
so far for these elements� partly because of the complicated spaces � and ��� partly because of
solvability problems in ��	��
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Figure ��� Zienkiewicz element� B� for s � ��
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Table 	�� Adini element� Leading eigenvalues of K�

To see this� take the usual de
nition of the local interpolation problem for the Zienkiewicz element
�see ����� Find the unique p � �� that interpolates function values and gradients at the three
vertices P�� P�� P� of a triangle and additionally satis
es

p�S� �
	

�

�X
i��

p�Pi� �
	

�

�X
i��

r�Pi� � �S � Pi� �

where S � �P� � P� � P���� is the center of the triangle� Now check that the above polynomials
are linearly independent and satisfy the extra condition with respect to any triangle in T� �it is
enough to do this for the two triangles contained in the unit square��

Globally� we have V� � C�IR�� while the C� condition is violated for derivatives in normal
direction accross edges of T�� The intergrid transfer operators used in the computations below are
de
ned in full analogy to the Adini case� Also� the three functions �l correspond to the same sets
of interpolation conditions �but with respect to the new V��� Straightforward calculations lead to
the S��� shown in Figure 	��
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Figure ��� Zienkiewicz element� S for s � ��
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Figure ��� Adini element� S for s � ��

A suitable discrete H� seminorm would be given� e�g�� by
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Figure ��� Adini element� B� for s � ��

This leads to the B� shown in Figure 	�� The corresponding good index set �which we do not
reproduce here� yields the values M� � 	�� and N � � for this application� The computations
with the direct method are shown in Table 	� and con
rm our expectations� The computed values
�max � 	�� and ��max � ���� � 	 indicate that �
� holds for this set of intergrid transfer operators�
Note that the theory and computations for the Adini element given in �	�� are based on a slightly
di�erent multilevel scheme�

The Zienkiewicz element will be considered on the same initial triangular partition T� as the
Morley element� compare Subsection ���� The local polynomial space � � �Zienk is 
�dimensional
and intermediate to �� and ��� For the shift�invariant situation considered in this paper it is
characterized by the following basis of homogeneous polynomials� pk�x�� k � 	� � � � � �� are the
standard monomials in ��� and

p��x� � x�� � x�� � p	�x� � x�x��x� � x�� � p
�x� � x�� � x�� � �x�x��x� � x�� �

�	
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Table 		� Morley element� Spectral radius bounds�

According to previous numerical experience �	�� 	
�� for both of them we expect uniform bound�
edness for the standard iterated intergrid transfer operators�

Let us start with the Adini element� Here� the local polynomial space � � QAdini is given by

�� � QAdini � �� � fx
�
�x�� x�x

�
�g � �� �

equipped with a basis of monomials fpk�x� � k � 	� � � � � 	�g as suggested by its de
nition� The
partition T� into unit squares is as for the rotated Q	 element� and the interpolation problem
prescribes function values and gradients at all vertices of T�� Obviously� the 	��dimensional local
interpolation on each square is unisolvable with respect to QAdini� the global function v� � V�
is continuous along the edges of T�� with possible discontinuities in the normal derivatives across
edges� V� is spanned by three basis functions �k� each characterized by a single non�zero interpo�
lation condition �at the origin��

����� � 	 resp�
���

�x�
��� � 	 resp�

���

�x�
��� � 	 �

This gives M � �� The operator I� is obtained by nodal value averaging� i�e�� almost all interpola�
tion conditions for I�v� are preserved from v� by continuity of the corresponding derivatives� with
the exception of degrees of freedom corresponding to normal derivatives at midpoints of edges of
T�� For those� the average of the existing one�sided derivatives is taken� E�g��

�I�v�
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�v�
�x�
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The usual calculations lead to the matrix function S��� describing this intergrid transfer operator
�the cell representation given in Figure 		 for s � � already includes the scaling factor ���
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Table 	�� Morley element� Leading eigenvalues of K�

For s � �� the discrete H��seminorm of our choice which leads to the cell representation of the B�

used for this example� is as follows�

jv�j
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X
��ZZ�

�
�v�� � v���e� � v���e� � v���e��

� � �v�� � v�� � v���e��
� � �v�� � v�� � v����

�v�� � v���e� � v���e��
� � �v���e� � v���e� � v�� � v����

��v���e� � v���e� � v���e� � v���e� ��
�
�

The equivalence with jv�j�H� can be derived by a local consideration �e�g�� compute expressions for
the constant second derivatives of v� on the two triangles contained in the unit square E��

The computations �with both the direct and P �corrected iterative methods� the Q�corrected
iteration failed due to solvability problems in ��	�� show that

�max � ��max � ���� �

According to the theory in �	
�� this means that the additive preconditioner based on the standard
set of intergrid transfer operators �as described in more detail in �	
�� has an exponentially detori�
ating preconditioning power� Condition numbers of a preconditioned linear system corresponding
to a generic Kirchho� plate problem will grow approximately at the same rate as � h�� where
	 � log� 
�� is slightly larger than 	 and h denotes the element size of the 
nal triangulation� This
compares favorably with the condition number growth of � h�� of the sti�ness matrix but is far
away from the desired level�independent behavior of multilevel preconditioners� It is� however� not
clear whether this negative result carries over to the multiplicative algorithm �or standard V�cycle
multigrid method� with the same set of intergrid transfer operator�

��� Adini and Zienkiewicz Elements

In this concluding section we brie�y examine two other nonconforming elements suitable for plate
bending � the rectangular Adini element ��� Chapter ���� and the triangular Zienkiewicz element�

�




��� Morley element

The Morley element is the simplest nonconforming element suitable for plate bending� It is also
the most �resistent element if it comes to multilevel theory in the nonconforming 
nite element
case� Tests in �	
� have shown that the standard intergrid transfer operators for this element �again
obtained by averaged nodal interpolation� do not satisfy the uniform bounds �
�� We will con
rm
these experimental 
ndings by showing that �max � �����

Let us give some details� For the calculations below� the underlying shift�invariant initial
triangulation T� was formed by using e�� e�� and e� �not e� as in subsection ��	� for the three
edge directions� The Morley element space V� is characterized by the following requirements� A
function v� � L��IR

�� belongs to V� if its restriction to any triangle of T� is in ��� if it is continuous
at all vertices �i�e�� at all ZZ��points�� and if� for any edge e of T�� it has continuous 
rst derivative
at the midpoint Me in the direction normal to e� To be de
nite� we have chosen the edges of the
master triangle !� �with the vertices ��� ��� �	� ��� ��� 	�� as e��� e

�
�� e

�
� and 
xed
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as the local interpolation problem on !�� We hope that the reader can now derive the de
nition
of the four nodal basis functions �l� l � 	� � � � � �� such that their shifts form the Riesz basis N��
and

v� �
�X
l��

X
��ZZ�

cl��
l
� �

We will not repeat how the de
nition of I� by nodal value averaging is turned into formal mathe�
matics� see �	
� for more details�

The entries of the cell representation of S �which include the factor �s�d�� � � for s � ��
have been computed by a program� just to avoid errors which are very much likely if calculations
on paper are performed with higher order polynomials and directional derivatives� The following
Figure 	� gives the readers the chance to compare the result with their own 
ndings�
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Figure ��� Morley element� S for s � ��

The box sizes N� � � �for S� and N � � �determined from the good index set IS�B�� are
appropriate� We do not show the good index set itself� the resulting dimension of VS�B� is M� � 	�
�
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� Wilson element� Spectral radius bounds through iterative methods�
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degrees of freedom of are determined by interpolation at the vertices and by prescribing values for
the following two integrals of second derivatives�Z

E�

��v�
�x��

�x� dx �

Z
E�

��v�
�x��

�x� dx �

Thus� we again have M � �� The basis function �� coincides with the usual hat function for
bilinear conforming elements �centered at the origin� while ��� �� are nonconforming quadratic
bubble functions supported on the unit square E� and given by

���x� � �x��	� x���� � ���x� � �x��	� x���� � x � E� �

Even though the solution of a discretized second order elliptic boundary value problem with respect
to the Wilson element easily reduces to the solution of its bilinear part �the unknowns corresponding
to the bubble functions can obviously be eliminated locally�� we have introduced an intergrid
transfer operator between the Wilson element spaces� again by inheriting resp� averaging of nodal
values� and tested our methods� Obviously� we can use the continuity of �� and set

�I��
���x� � ���x� � ����x� �

	

�

�X
j��

�����x� ej� � ����x� ej��

�
	

�
�

�X
j��

�����x� ej� � ����x� ej�� �e� � e� � e�� �

Analogously� computing and averaging the values of �� at �
�ZZ� points� one is lead to de
ne

�I��
���x� �

	

�

�X
j��

����x� ej��
	

	�
�����x� e�� � �����x� e�� � ����x� e� � �e��� �

Note that Q�I� is the identity on V� if the projection operator Q� � V� � V� is de
ned as follows�
Q�v� � V� interpolates v� at the vertices of T�� and the integrals of the second derivatives of Q�v�
on a square E� are prescribed by summation of the integrals of the corresponding second derivative
of v� with respect to the four subsquares of E� in T�� With Q�� I�� and their iterates at hand�
the theory of �	�� could be applied� We leave it as an exercise upon the reader to complete the
elementary calculations for S� The non�zero entries of S��� are as follows �for brevity� we have set
z� � e�i��� z� � e�i�� ��

S������ �
�	 � z����	 � z���

�z�z�
� S������ � S������ �

	

�
�	 � z���	 � z�� �

S������ � �
	

	�
z��	 � z��

� � S������ � �
	

	�
z��	 � z��

� �

A discrete H� seminorm for the Wilson element is given by

jv�j
�
��� �

X
��ZZd

��c�� � c���e��
� � ��c�� � c���e��

� � �c���� � �c����� �

The good index set is relatively small� leading to N � � and M� � ��� The computations for the
eigenvalue problem associated with the norm behavior of the iterated intergrid transfer operators
�IJj are documented in Table � and 
� and lead to

�max � 	 � ��max � ���� �

For the iterative method based on Lemma 		 �the Q�correction method�� the choices � � �� and
�� � �� were su"cient� The P �correction is again not able to produce the correct value for ��max�

��
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Table �� Nonconforming P	 element� Spectral radius bounds through iterative methods

which are represented by the vectors

b� � �	� 	� 	�T � b� � �
	

�
� ��

	

�
�T � b� � ���

	

�
�

	

�
�T �

Let �� � �� be formed by the monomials �pk� k � 	� � � � � 	�� where �pk � pk� k � 	� �� �� �p��x� �
x��� �p��x� � x�x�� �p��x� � x��� and so on� From Figure � we compute

S��� � �p����S��� �

�
� � 	 	

	 � 	
	 	 �

�
� �p����S��� � �p����S��� �

�
� 	 �	�� 	��

	 � 	
	�� �	�� 	

�
�

�p����S��� � �p����S��� �

�
� � 	 	
�	�� 	 	��
�	�� 	�� 	

�
� �p����S��� �

�
� � �	 	

�	 � 	
�	�� �	�� 	

�
� �

and so on� Thus� if substituted into ��	� for k � �� �� �� we have jkj � � and obtain the following
singular linear systems for the vectors �bk��

� �� �� ��
�� �� ��
�� �� ��

�
��bk �

�
� �

�
�

�
� resp� �

�
� 	

	
	

�
� resp� �

�
� �

�
�

�
�

for k � � resp� k � � resp� k � �� Thus� only k � � gives rise to a useful left eigenmatrix
Ek� Because of the recursive nature of the proof of Lemma 		� no conclusion can be drawn for
k 	 �� Modi
ed restriction operators Q�� �Q� based on E�� E�� E�� and E� did not improve upon
the results obtained by the P� �P�correction methods� Evidently� the matter needs further study�
The same problems have arised for other triangular elements studied in this paper�

��� Wilson element

The Wilson element �see ���� is a nonconforming enrichment of the usual conforming rectangular
Q	 element� On each square E� of the initial partition we have v�jE� � ��� and the available �

��
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Table �� Nonconforming P	 element� Leading eigenvalues of K�
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Figure �� Nonconforming P	 element� B� for s � 	�
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Figure �� Nonconforming P	 element� Good index set�

We have also tried to apply the improved iterative method based on Lemma 		� In contrast
to the case of the rotated Q	 element� this approach failed due to solvability problems in ��	� for
jkj � �� Indeed� the set � � �� is formed by the monomials p��x� � 	� p��x� � x�� p��x� � x��

��



� More Examples

��� Nonconforming P� element

The investigation of the standard intergrid transfer operator for this element has been carried out
in �	�� �actually� this was the 
rst paper where the uniform boundedness of the iterated intergrid
transfer operators in the energy norm was noticed and rigorously established in the nonconforming
case�� The space V� is de
ned with respect to the triangulation T� with vertex set ZZ� and edges
e��� e�� as before and diagonal edges e�� in direction of e� � e� � e�� A function v� belongs to V�
if its restriction to any triangle is in ��� the function is continuous across the midpoints Me of all
edges e in T� and belongs to L��IR

d� �since v��Me� � av�v�� e�� a de
nition by edge averages leads
to exactly the same space�� The basis N� is generated by M � � functions �m associated with the
� types of edges� The intergrid transfer operator I� is de
ned by nodal value averaging� in exactly
the same manner as for the rotated Q	 element� For details we refer to �	��� for the convenience
of the reader we show the cell representation of the associated subdivision operator S in Figure ��

For the discrete H� seminorm� we have chosen

jv�j
�
��� �

X
��ZZ�

��c�� � c���� � �c�� � c���� � �c�� � c���e��
� � �c�� � c���e��

� �

The resulting B� as well as the characteristic function of the good index set are given in Figure �
and 
� We see that N� � N � � and M� � �
�

Table � and � show the results of the eigenvalue computations by the direct and iterative
methods� As one can see� we have

�max � 	�� � ��max � �������� �

which con
rms the known behavior of these intergrid transfer operators�
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Figure 	� Nonconforming P	 element� S for s � 	�
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Table �� Rotated Q	 element� Spectral radius bounds using Lemma 		�

particular k �nonuniqueness does not hurt�� Unfortunately� this situation happens very often� E�g��
for our example of the rotated Q	 element� we have from Figure 	 that

S��� �

�
��� ���
��� ���




which means that jkj � � and jkj � � may cause di"culties� The case jkj � � �i�e�� k � 	� is
covered by ���� while jkj � � occurs for k � � �again covered by ����� and k � �� �� It turns
out that ��	� is still solvable for these two critical k which can be checked by direct computation�
However� for some other elements �such as the nonconforming P	 element discussed in Subsection
��	� the solvability of ��	� was violated�

The practical importance of Lemma 		 is obvious� Having a large enough ��� we are able to
form left eigenvectors for K by considering the restrictions �Ek of the Hermitean left eigenmatrices
Ek � E�k to the good index set� If �Ek 
� � and

h �Ek���� B����imat � � resp� h �Ek���� �B����imat � � � ����

then �Ek is orthogonal �with respect to h�� �imat� to the whole Krylov space V �LS � B�� resp�
V �LS � �B��� Note that the 
rst relation in condition ���� can be transformed into the formula

�pk����jT ����b���j��j��� � � � ����

where �b��� is the vector function the existence of which was required in Lemma 		� The selection of
a maximal subset of �Ek such that ���� is satis
ed de
nes projectors Q� resp� �Q� which can be used
in a modi
ed power iteration to determine more accurate bounds for �max and� more importantly�
for ��max� We will not bore the reader with the obvious details� The present implementation
requires the description of �� and the submission of the vectors bk� k � 	� � � � �K��

The following table shows the iteration results obtained from the new correction methods� for
both variants of rotated Q	 element spaces �note that for the second version only the vector b�
has to be changed�� The additional application of P � resp� �P �corrections was super�uous� In
the present application� a correction that uses only the 
rst � left eigenmatrices �corresponding
to eigenvalues 	 	� would have led to the same result� Also� the additional e�orts which were
necessary for de
ning the maximal �� could have been avoided� We see that now the bounds
obtained by the iterative method are in full agreement with the direct method�

��



After applying �����

�pk�����a�X�a���e� �
X

jmj�jnj�jkj

�ckm�n�pm���a��e��
X

jrj�jsj�jnj

�cnr�s�pr���X��e��ps���a��e� �

we see from ���� that for e 
� � all terms vanish� whenever �ckm�n�cnr�s 
� �� either m or n �and
therefore s� do not exceed K� which means that either �pm���a��e� or �ps���a��e� vanishes�

Thus� the above formula simpli
es and can be processed further by using ���� and again �����
First� dropping all term swith e 
� � gives

hEk����LSX���imat � ��jkj�d�pk�����a�X�a����

� ��jkj�d
X

jmj�jnj�jkj

�ckm�n�pm���a����
X

jrj�jsj�jnj

�cnr�s�pr���X����ps���a��� �

In the same way� as it was demonstrated above for e 
� � with ����� in the case e � � we can rewrite
���� in the form

�pk���a��� � �s�d���bk � �s�d���pk����b��� � k � 	� � � � �K� �

Substitution yields

hEk����LSX���imat � ��s�jkj
X

jmj�jnj�jkj

�ckm�n�b�m
X

jrj�jsj�jnj

�cnr�s�pr���X����bs

� ��s�jkj�pk�����b�X�b���� � ��s�jkjhEk���� X���imat �

This proves �����
Since for Hermitean X��� and arbitrary Y ���

hY ���� X���imat �
X
r�s

�Y r�s����Xr�s����� �
X
r�s

�Y ��s�r����X��r�s������

� hX����� Y ����imat � hX���� Y ����imat � hY ����� X���i�mat �

we see that E�k��� is also a left eigenmatrix of LS associated with the eigenvalue �k �and so is the
generalized Hermitean matrix function Ek��� �E�k�����

A few words about the assumptions in Lemma 		� Given linearly independent �pk� the con�
struction of a suitable �b��� from the vectors �bk � k � 	� � � � �K�� is straightforward �
x a space of
trigonometric vector functions of su"ciently large degree� such that the linear system represented
by ���� has maximal rank K��� Thus� it su"ces to 
nd vectors �bk satisfying �������� According to
����� if we set

�bk � bk � ��vk���� � � � � �vk�M� �T � k � 	� � � � �K� �

we automatically satisfy ���� and partly ����� for k � K�� The remaining �bk� k � K� � 	� � � � �K��
should be found directly from ����� To this end� it is recommended to order the �pk such that the
linear systems

��s�d��Id� �jkjS�����bk �
X

jmj�jnj�jkj�jmj��

�jnj�ckm�n�pm���S����bn � k � K� � 	� � � � �K� � ��	�

can be solved one by one �in all examples below� this is achieved by ordering with respect to the
degree of �pk�� There is one di"culty with solving ��	� which was already mentioned in �	��� If
�s�d���jkj is an eigenvalue of S��� then it is a priori not clear whether a solution exists for this

�	



Lemma �� Suppose that there exists a trigonometric M � 	 vector function �b��� such that the
vectors

�bk � �pk����b��� � k � 	� � � � �K� � ����

satisfy

�s�d���bk �
X

jmj�jnj�jkj

�jnj�ckm�n�pm���S����bn � k � 	� � � � �K� � ����

and
� �

X
jmj�jnj�jkj

�jnjckm�npm���S��e��bn � k � 	� � � � �K� � ����

for all e 
� � from the set f�� 	gd� For each k � 	� � � � �K�� introduce the �generalized� matrix
function Ek��� by the formula

Ek��� �
X

jmj�jnj�jkj

�ckm�n
X

jrj�jsj�jnj

�cnr�s�bm�b�s#r��� � ��
�

Then
hEk���� �LSX����imat � ��s�jkjhEk���� X���imat � ����

holds for arbitrary Hermitean X��� and all k � 	� � � � �K�� I�e�� Ek��� represents a left eigenmatrix
for the matrix transfer operator LS corresponding to the eigenvalues �k � ��s�jkj� The conjugate
generalized matrix function E�k��� also satis�es �����

Proof� Using the above formulas �especially ����� ����� and ������ we 
rst verify that

hEk���� X���imat �
X

jmj�jnj�jkj

�ckm�n
X

jrj�jsj�jnj

�cnr�sh�bm�b�s�#r���� X���imat

�
X

jmj�jnj�jkj

�ckm�n
X

jrj�jsj�jnj

�cnr�s�b
�
m�pr���X����bs

�
X

jmj�jnj�jkj

�ckm�n
X

jrj�jsj�jnj

�cnr�s�pm����b�����pr���X����ps����b���

� �pk�����b�X�b���� �

This can be used immediately to transform

�jkjhEk����LSX���imat � �pk�����b�����LSX������b��������

� ��d
X

e�f���gd

�pk�����S�� � �e��b������X�� � �e�S�� � �e��b��������

� ��d
X

e�f���gd

�pk�����a�X�a���e� �

where this time we have set �a��� � S����b�����
Now we use ���� in conjunction with ���� or� what is the same� with ���� for k � 	� � � � �K��

This gives

�pk���a��e� �
X

jmj�jnj�jkj

�ckm�n�pm���S��e��jnj �pn����b���e�

�
X

jmj�jnj�jkj

ckm�npm���S��e��jnj�bn � � � e 
� � �

��



where we have temporarily introduced the row vector functions

An��� �
X

jrj�jsj�jnj

cnr�spr���a����ps���S��� �

Since the trigonometric vector function a��� is arbitrary� the constant vectors pr���a��e� can be
chosen arbitrarily� too� Thus� comparing coe"cients in front of a��e� � p����a��e� in the above
expressions for both sides of ��	�� we see that ��	� impliesX

jmj�jnj�jkj

�jmjckm�npn���S��e�bm �

�
�s�d��bk � e � �

� � e 
� �
� ����

for all k � 	� � � � �K� �recall that setting r � 	 implies s � n for the other index� and cnr�s � 	 for
the corresponding coe"cient in the last expression� and that jkj � jnj � jmj��

Let
�� � spanf�pk � k � 	� � � � �K�g �K� 	 K��

denote a space of polynomials generated by another set of linearly independent homogeneous
polynomials �pk which is subject to the following conditions� First� we assume that � � ��� Thus�
without loss of generality� we may assume that �pk � pk� k � 	� � � � �K�� Secondly� ���� will be
replaced by requiring that �� is invariant with respect to ZZd�shifts �together with the homogeneity
of the �pk� this implies invariance with respect to general IRd�shifts��

The last requirement is a bit technical� From the shift�invariance� we clearly have extensions
of ���� and ���� to the larger set ���

�pk�x� y� �
X

jmj�jnj�jkj

�ckm�n�pm�x��pn�y� 
 x� y � IRd � ����

�pk����ab���� �
X

jmj�jnj�jkj

�ckm�n�pm���a����pn���b��� � ����

for all k � 	� � � � �K�� What we need to assume is that

ckm�n 
� � �� min�m�n� � K� � ����

Let us illustrate this condition 
rst for the case � � �r� Then �� � ��r�� will be appropriate�
Indeed� if j�j � �r � 	 then c���� 
� � implies � � 
 � � and j
j� j�j � j�j � �r � 	 from which

min�j
j� j�j� � r� Thus� at least one of the two monomials x�� x� belongs to � � �r � Note that
this case has been considered in �	�� �and many other papers�� If � 
� �r� the answer might be
nontrivial� For the rotated Q	 element� if we take � � Qrot

� with the pk� k � 	� � � � � �� as introduced
above� an appropriate �� is spanned by �� �i�e�� by all cubic polynomials� with the basis functions
denoted by �pk� k � 	� � � � � 	�� where we set �pk � pk � k � 	� � � � � �� and

�p��x� � x�� � x��� �p��x� � x�x�� �p��x� � x��� �p	�x� � x��x�� �p
�x� � x�x
�
�� �p���x� � x�� �

and by two more functions of degree ��

�p�� � x�� � x�� � �p�� � x�x��x
�
� � x��� �

The inclusion of �� is obvious since �� � Qrot
� � For �p��� we compute

�p���x� y� � �p���x�p��y� � p��x��p���y� � ��x��y
�
� � x��y

�
��

����p��x�p��y� � p��x��p��y� � �p���x�p��y� � p��x��p���y�� �

Since �x�� � �p��x� � p��x�� �x�� � �p��x�� p��x�� we obtain

��x��y
�
� � x��y

�
�� � ���p��x�p��y� � p��x��p��y�� �

which shows that in each term of the representation ���� for �p���x� y� there is one factor pk with
k � K� � �� Thus� ���� is satis
ed for �p��� the veri
cation in the case of �p�� is left upon the reader
�it can also be shown that there is no possibility to further enlarge �� while satisfying ������

�




It will play a crucial role in the transformations below� The scalar product

ha���� b���i � �a�b�� �
X
�

a��b�

makes sense if at least one of the two functions is a trigonometric polynomial� E�g��

h#k���� a���i �
X
�

pk�
�a� � pk���a��� � ��
�

These formulas easily generalize to vector and matrix functions� For instance� if we introduce the
scalar product for M �M matrices as before by setting

hX���� Y ���imat �
MX

r�s��

hXr�s���� Y r�s���i �

then taking X��� � a����b���#k��� where a� b are trigonometric M � 	 vector functions� we have
for any trigonometric M �M matrix Y ��� the formula

hb����a����#k���� Y ���imat �
P

r�sh#k���� as���br ����Y r�s���i

� h#k���� b����y���a���i � pk����b�Y a���� �
����

The scalar product of M � 	 vector functions is denoted by

ha���� b���ivec �
MX
r��

har���� br���i �

We come to the consequences of ����� By de
nition of the subdivision operator S associated
with I� and the fact that pk is a homogeneous polynomial of degree jkj� we see that ���� implies

S���vk���� � �s�d����jkjvk��� � k � 	� � � � �K� �

�in the sense of generalized functions�� or� equivalently�

ha���� S���vk ����ivec � �s�d���jkjha���� vk���ivec ��	�

for all trigonometric vector functions a���� Recall that the factor �s�d�� is due to the normaliza�
tion factor introduced at the very beginning� Substitution of ���� and transformation �using the
expression of the dual of the subdivision operator and ��
�� yield

ha���� vk���ivec �
X

jmj�jnj�jkj

ckm�n

MX
r��

brmh#n���� ar����i

�
X

jmj�jnj�jkj

ckm�npn���a����bm �

and

ha���� S���vk����ivec � h��d
X

e�f���gd

S��
�

�
� �e�a�

�

�
� �e�

� �z �

a���

� vk���ivec

� ��d
X

jmj�jnj�jkj

ckm�npn����a����bm

� ��d
X

jmj�jnj�jkj

ckm�n��jnjpn�����a���������bm

� ��d
X

e�f���gd

X
jmj�jnj�jkj

��jnjckm�nAn��e�bm �

��



and have

p��x� y� � p��x�p��y� �

p��x� y� � p��x�p��y� � p��x�p��y� �

p��x� y� � p��x�p��y� � p��x�p��y� �

p��x� y� � p��x�p��y� � �p��x�p��y� � �p��x�p��y� � p��x�p��y� �

This example also shows that it is natural to include situations where � does not coincide with
any of the spaces �r �only the latter case is covered by �	����

According to ����� there are unique decompositions

pk�x� �
MX
l��

X
�

�vk�l��
l�x� 
� � k � 	� � � � �K� �

Using ���� and ����� we obtain

pk�x� �� �
MX
l��

X
�

�vk�l��
l�x � � � 
�

�
MX
l��

X
�

�vk�l����
l�x� ��

�
X

jmj�jnj�jkj

ckm�npn���
MX
l��

X
�

�vm�l��
l�x� ��

�
MX
l��

X
�

�
X

jmj�jnj�jkj

ckm�npn����vm�l� ��l�x� �� � � � ZZd �

Comparing coe"cients for � � �� we see that

�vk�l� �
X

jmj�jnj�jkj

ckm�npn����vm�l� ����

for all l � 	� � � � �M � k � 	� � � � �K�� Thus� if we introduce the generalized functions

#k��� �
X
�

pk�
�e�i�� � k � 	� � � � �K� � ����

then the �generalized� vector functions vk��� � ��vk������ � � � � �vk�M ����T associated with these
coe"cient sequences can be represented by

vk��� �
X

jmj�jnj�jkj

ckm�nbm#n��� � bm � ��vm���� � � � � �vm�M� �T � ����

In order to state and prove the following lemma� let us denote by pk��� �� � �iD�� the
di�erential operators acting according to

pk��� � a��� �
X
�

a�e
�i�� ��� pk���a��� �

X
�

pk�
�a�e
�i�� �

Let us list some useful identities� A consequence of ���� is the Leibniz formula

pk����ab���� �
X

jmj�jnj�jkj

ckm�npm���a���pn���b��� � ����

��



If ��� is real then the same procedure shows that the choice y���z���� � z���y���� would lead to
a Hermitean eigenmatrix�

To apply this idea� recall that in our applications A���� � B��� � S���� Thus� all what
we need are suitable eigenfunctions of the subdivision operator associated with S� For practical
reasons� we again restrict our attention to the generalized eigenfunctions fvk � k � 	� � � � � Lg
of the subdivision operator S associated with the invariant polynomial space �S considered be�
fore� Following the above recipe� we would try to introduce Hermitean eigenmatrices E�k� k�� �
vk���v�k���� � vk����v�k��� of L�S �non�Hermitean eigenfunctions are not of interest for obvious rea�
sons�� Unfortunately� since both vk and vk� have in
nite Fourier spectrum� the above products do
not have a meaningful interpretation�

However� one can try to repair the above de
nition� E�g�� let us take for simplicity the v� from
Figure �� Denote by v�jIN ��� the trigonometric vector function which we obtain by restricting the
Fourier spectrum of all entries to the box ��N�N ��� and de
ne

X � lim
N��

	

�N�
v�jIN �v�jIN �� �

in the sense of generalized �matrix� functions resp� cell representations� The reader may check
that the limit exists� One easily veri
es that X is a Hermitian � � � cell with all entries being
delta functions �i�e�� the � in
nite coe"cient arrays coincide with those in the representation of
v�� which is indeed a generalized eigenmatrix for L�S for the eigenvalue �� Following this recipe�
one could try to 
nd other candidates for generalized eigenmatrices� Their restrictions to the good
index set can be used to de
ne alternative projections for stabilizing the power iteration �recall
that we are speci
cally interested in X associated with eigenvalue 	��

A more systematic approach can be deduced from the material in �	��� Since this paper is hard
to read and is not general enough to cover some of the natural applications �e�g�� of those arising
from the problems discussed in this paper�� we give an independent representation� Let us start
with a 
nite�dimensional space � of algebraic polynomials with real coe"cients de
ned on IRd such
that

� � spanN� ����

and
I�p � p 
 p � � � ����

Again� ���� and ���� are meaningful in an algebraic sense� Let fpk � k � 	� � � � �K�g be a basis
in � consisting of homogeneous polynomials �for simplicity� we will write jkj for the degree of pk��
Moreover� we require constants to be in �� Without loss of generality� we will always assume that
p��x� � 	� From these assumptions� it already follows that we have formulas

pk�x� y� �
X

jmj�jnj�jkj

ckm�npm�x�pn�y� 
 x� y � IRd � ����

for all k � 	� � � � �K�� with real coe"cients ckm�n satisfying ckm�n � ckn�m and cn��n � cmm�� � 	� If
� � �r for some r� following the tradition� we will equip � with the standard monomial basis
p��x� � x� � x��� � � � x�dd � j�j � �� � � � �� �d � r� Then ���� simpli
es to

p� �x� y� �
X

�����

�

� �





p��x�p��y� �

giving explicit expressions for the constants ckm�n�� c������

In the case of the rotated Q	 element� the choices � � �� or � � �s � Qrot
� would be advisable

�the 
rst one for reasons of simplicity� the second one because it is the maximal possible � satisfying
������ In the latter case� we would take p��x� � x�� p��x� � x�� and p��x� � x�� � x�� as before�

��



However� the results in the third column show that there is still a de
cit� The convergence his�
tory of the �P��corrected power iteration with starting vector �b� clearly indicates that the approach
via Lemma 	� only partly removes the eigenspace corresponding to � � 	 which is irrelevant for the
representation �b� in the basis of eigenvectors� Again� after about �� iterations� perturbations take
over and destroy the almost correctly found value ��max �compare with the results documented in
subsection ��	�� The same limit as for the P��corrected iteration is obtained� since in both versions
P� � �P��

In order to improve the present iterative method� we will make use of results from �	��� where
the equivalence of LS with the adjoint of a certain new subdivision operator in a larger space
is explored� We reproduce the purely algebraic result for the convenience of the reader� Let us
consider the generalized transfer operator from ����� Since� by de
nition of LA�B and by �����

�LA�BX�l�m� �

MrX
k��

X
�

McX
n��

X
�

Al�k����X
k�n
���B

n�m
�

�
MrX
k��

McX
n��

X
�

�
X
�

Al�k������B
n�m
� �Xk�n

�

�
X
�k�n�

X
�

C
�l�m���k�n�
���� Xk�n

� �

we will introduce the MrMc �MrMc matrix function C with entries

C�l�m���k�n���� � Al�k���Bn�m��� � l� k � 	� � � � �Mr� m� n � 	� � � � �Mc �

and identify Mr �Mc matrix functions X��� with vector functions

X ��� � �X�l�m���� � X l�m��� � �l�m� � f	� � � � �Mrg � f	� � � � �Mcg�

of length MrMc� Then the operation LA�BX is equivalent to

�LC�IdMrMc
X ���� � ��d

X
e�f���gd

C�
�

�
� �e�X �

�

�
� �e� � ��	�

The dual operator is the subdivision operator generated by C��

�L�C�IdMrMc
X ���� � C����X ���� �

The important observation is that �generalized� eigenfunctions of L�C�IdMrMc
can be found from the

�generalized� eigenfunctions of L�A�IdMr
and L�B��IdMc

� The following argument is heuristic �and

contains a �aw� but will help to see the basic idea�
Let y��� and z��� be eigenfunctions of L�A�IdMr

and L�B��IdMc
with eigenvalues � and �� respec�

tively� I�e�� we assume that

A����y���� � �y��� � B���z���� � �z��� �

Consider now the vector function X ��� of length MrMc which corresponds to the Mr �Mc matrix
function y���z����� Since

�C���l�m���k�n���� � C�k�n���l�m����� � Ak�l����Bm�n���� �

we formally have

�L�C�IdMrMc
X ��l�m���� �

X
�k�n�

A�k�l�����B�m�n�����yk�����zn������

�

�
MrX
k��

�A��l�k���yk����

��
McX
n��

Bm�n���zn����

��

� �yl�����zm����� � ���X �l�m���� �

��
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with some constants ck�k��� for all k and 
� we immediately get

�vk�m��� �
LX

k���

ck�k����vk��
m
�

and

�Xvk�l� �
MX
m��

X
�

Xl�m
����vk�m� �

MX
m��

X
�

Xl�m
�� �vk�m���

�
LX

k���

ck�k���

MX
m��

X
�

Xl�m
�� �vk��

m
� �

LX
k���

ck�k����Xvk� �
l
� �

Thus� ���� impliesXvk � � for k � 	� � � � � L vice versa� Since all matrices X��� under consideration
have support in the 
nite self�conjugate index set IS�B� � only a limited number of entries of the vk
is needed to implement ����� If we represent X � VS�B� in the basis NS�B� �

X �
X

�k�n���

x�k� n� ��X�k� n� �� �

we see that ���� is equivalent to

x � �x�k� n� ��� � XL � span�xl�k
�

� l � 	� � � � �M� k� � 	� � � � � L� � ��
�

where

xl�k
�

�k� n� �� �
MX
m��

X
�

X�k� n� ��l�m�� �vk��
m
� � �k� n� �� � JS�B� �

Note that the dimension of XL may be smaller than LM �
By testing with the vectors b� and �b�� the values for L� and �L� are determined� and orthogonal

bases �xi � i � 	� � � � � dim XL�� and ��xi � i � 	� � � � � dim X
L�
� are chosen in XL� and X
L�

�
respectively� For this purpose� the routine orth is used� Finally� due to this construction the
projector

P� � x ��� x�

dim VL�X
i��

��xi��x�xi ����

induces a projector P� � VS�B� � VS�B��W� � Analogously� �P� and �P� are introduced� Thus� if
we run power iteration �or any other iterative method of Krylov space type� with LS replaced by
P�LS resp� by �P�LS and with starting matrix B� resp� �B�� we shall get better upper bounds for
�max resp� ��max� In practice� the implementation is with the M� �M� matrices P�K resp� �P�K
replacing K and starting vectors b� resp� �b��

The calculations for the intergrid transfer operators for the two versions of nonconforming
rotated Q	 
nite elements are given in Tables � and �� The three columns show approximations
to leading eigenvalues of K� P�K� �P�K obtained by power iterations from starting vectors b�� b��
�b�� respectively �the normalization was with respect to the maximum norm� and the iteration was
stopped if successive approximations di�ered by� 	��	�� In the 
rst case we observed L� � �L� � ��
and dim XL� � dim X
L�

� � while in the second case these values changed to � resp� ��
Let us comment on the numerical results� The 
rst two columns show what we would have

expected from the theory� While in both cases� according to the theory� the limit should equal
�max� without the correction numerical perturbations take over after about �� iterations which
leads to a serious detoriation from the desired result� The P��correction is su"cient to give an
accurate value of �max�
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Figure 
� Rotated Q	 element �edge averages�� Eigenvector functions of subdivision operator S�

Due to the shift�invariance of the underlying polynomial space� the veri
cation of Xvk � �� k �
	� � � � � L� for the cell representation X of a matrix function X��� with 
nite Fourier spectrum
reduces to a single algebraic equation as follows� Formally� Xvk � � means

�Xvk�l� �
MX
m��

X
��ZZd

Xl�m
����vk�m� � � 

 � ZZd � l � 	� � � � �M �

However� it su"ces to verify this for 
 � � only� i�e�� to guarantee that

MX
m��

X
��ZZd

Xl�m
�� �vk�m� � � 
 l � 	� � � � �M � k � 	� � � � � L � ����

Indeed� since

pk�x� 
� �
LX

k���

ck�k���pk��x�

��



Proof� It su"ces to establish that ���� implies

h�LSX�����vk���� u���i��D�TTd��M ����D�TTd��M � � 
 u��� � �D�TTd��M � k � 	� � � � � L �

One easily veri
es that

h�LSX�����vk���� u���i��D�TTd��M ����D�TTd��M

� h�LfS�X�S�Id�vk��������� u���i��D�TTd��M����D�TTd��M

� hS���vk����� X����S���u����i��D�TTd��M ����D�TTd��M

� �khB����vk���� S���u���� �z �
	
u���

i��D�TTd��M ����D�TTd��M � � �

where in the last step ���� and �u � �D�TTd��M have been used� All other steps are just algebraic
manipulations which hold true since the functions appearing in the second argument have always

nite Fourier spectrum�

To apply Lemma 	�� assume that a system of eigenvectors fvk � k � 	� � � � � Lg of the subdivision
operator S is given� such that its section fvk � k � 	� � � � � L�g satis
es ���� for X� � B�� and
fvk � k � 	� � � � � �L�g satis
es ���� for X� � �B� �without loss of generality� � � L� � �L� � L�� The
corresponding subspaces W are denoted by W� resp� �W� �W� � �W��� Then we have

V �LS � B�� � VS�B��W� � VS�B� � VW�

and
V �LS � �B�� � VS�B�� 
W�

� VS�B� � V 
W�

for the Krylov spaces of interest� Since

VS�B�� 
W�
� VS�B��W� � VS�B� �

power iteration with the operator LS � in combination with projection into VW� resp� V 
W�
should

give much better bounds for �max and ��max than without such a projection step�
To implement these ideas� we need to determine suitable eigenvector systems fvk � k �

	� � � � � Lg� We restrict our attention to those vk that correspond to certain low�order homogeneous
polynomials which are preserved under the action of the intergrid transfer operators Ij under
consideration� To be precise� let �S be the �largest� space of polynomials which is both invariant
under the action of I� and arbitrary ZZd�shifts� In our above example of the rotated Q	 element� we
can take �S � Qrot

� � spanf	� x�� x�� x�� � x��g �note that due to the assumption of 
nite masks in
the cell representation of S� the de
nition of I� can easily be extended to arbitrary polynomials from
Qrot
� �� Considering the coe"cients in the basis N�� we observe that the homogeneous polynomials

p��x� � 	� p��x� � x�� p��x� � x�� p��x� � x�� � x�� in Qrot
� generate generalized eigenvectors

v�� v�� v�� v� of the subdivision operator S corresponding to the eigenvalues �� � 	� �� � �� � 	���
�� � 	��� The cell representations of these eigenvector functions vk are given in Figure � for
the spaces based on edge averages �later� we will derive more compact representations for these
coe"cient arrays� compare ���� �� We do not show v� since it can easily be obtained from v� by
symmetry� For the case of midpoint interpolation� only v� has to be changed accordingly�

�	



s � 	

� mult rank m�b�� �� m��b�� �� cond
������������ 	 	 ��� ��� ���
	����������� � � ������� ��� �
���
������������ � � ��� ��� 
��	�	
�����
����		 	 	 ������� �����
�	 	����	

s � �
	����������� 	 	 ����
�� ��� ���
������������ � � ������	 �����
�� �
���

Table �� Rotated Q	 element �midpoint interpolation�� Leading eigenvalues of K�

�B� since �max � ��LS jV �LS �B�� resp� ��max � ��LS jV �LS� 
B�
�� However� special attention should

be paid to rounding errors which usually make the iterates leave the subspace of interest very
soon� and lead to uninteresting upper bounds rather than to correct estimations for these values�
Compare the calculations presented below�

Our 
rst attempt to correct this situation is based on the following observations� Note that
due to the 
nite support of the Fourier spectrum of S��� and T ���� all operators considered so
far have natural extensions to the space ��D�TTd��M �� of generalized vector functions �since we
are only interested in purely algebraic statements� the reader may think of ��D�TTd��M �� as the
collection of all M �	 cells whose entries are coe"cient arrays of in
nite size �N � �� �i�e�� formal
d�dimensional Fourier series��� E�g�� v � ��D�TTd��M �� is called eigenvector of the subdivision
operator S corresponding to eigenvalue � if

hS���v���� � �v���� u���i��D�TTd��M ����D�TTd��M

� hv���� �LfS��Id�gu���� � ��u���i��D�TTd��M ����D�TTd��M � � 
 u��� � �D�TTd��M �
����

For our convenience� we have introduced the notation

�LfA�BgX���� � ��d
X

e�f���gd

A�
�

�
� e��X�

�

�
� e��B�

�

�
� e�� ����

for a general transfer operator characterized by a Mr �Mr matrix function A��� and a Mc �Mc

matrix function B��� with trigonometric polynomials as entries which acts on Mr �Mc matrix
functions X���� Thus� LS � LfS��Sg� The practical computation �in terms of masks of Fourier co�
e"cients� with LfA�Bg is based on ���� and analogous to what was explained for LS � Furthermore�
IdM stands for the identity matrix function of size M �M � The duality pairing in ���� is to be
understood as the ����ZZd��M scalar product of the corresponding sequences of Fourier coe"cients�
It makes sense since the second argument has 
nite Fourier spectrum�

Lemma �� Let fvk � k � 	� � � � � Lg � ��D�TTd��M �� be a �nite set of eigenvectors of the subdi�
vision operator S corresponding to the set of eigenvalues f�k � k � 	� � � � � Lg� Let X���� be any
Hermitean M �M matrix function whose entries are trigonometric polynomials� If

W � span fvk � k � 	� � � � � Lg � kerX� �

i�e�� if
X����vk��� � � � k � 	� � � � � L � ����

in the sense of ��D�TTd��M ��� then

V �LS � X�� � VW � fX��� � W � kerX g � ����

In other words� LS leaves VW invariant �the matrix functions X��� are assumed to be of size
M �M and to have trigonometric entries��
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Figure �� Rotated Q	 element �midpoint interpolation�� S for s � 	�

While the cell representation of B� essentially does not change� the good index set is slightly
larger resulting in N � � and M� � ���
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Figure �� Rotated Q	 element �midpoint interpolation�� Good index set IS�B� �

We have again computed the upper part of the spectrum of the matrix K associated with
the restriction of LS to the subspace VS�B� � VIS�B� de
ned by the above good index set� The
numerical results are represented in Table �� leading to the values

�max � 	 � ��max � �����
�� �

Thus� the energy norms of the iterated intergrid transfer operators �IJj �de
ned by nodal value
averaging as explained before� for this version of rotated Q	 element spaces are uniformly bounded�
This corrects the statement to the contrary contained in �	
� �seemingly� a mistake has occured in
the computations leading to column a� of �	
� Table 	��� From the theory of �	
�� we expect an
suboptimal condition number growth for the associated additive Schwarz preconditioner� Details
are left to the interested reader�

��� The rotated Q� element� Iterative methods

Now we present results on the iterative techniques mentioned at the end of section �� As is
clear from the derivations in section � and subsection ��	� the values of �max resp� ��max can
theoretically be obtained by power iteration using the operator LS with starting matrix B� resp�

	




edge midpoints rather than on integral averages along edges �note that both versions lead to the
same 
nite element space if triangular P	 elements are considered�� To be precise� replace the
second condition in the above de
nition of V� by the requirement that

�v�jE���Me��
� � �v�jE

��e�
��Me��

� � �v�jE���Me��
� � �v�jE

��e�
��Me��

� 

 � ZZ� �

Here� Me denotes the midpoint of the edge e� Thus� functions from the new nonconforming rotated
Q	 space V� are continuous across midpoints of all edges in T�� Consequently� the Riesz basis in
V� can be generated from two functions ��� �� de
ned by

�mjE� � Qrot
� 
 
 � ZZ� � �m�Mek�

� �

�
	 � m � k� 
 � �
� � otherwise

�

The coe"cients in the basis representation

v� �
�X

m��

X
��ZZ�

cm� �
m
���

are given by cm� � v��Mem�
��

The intergrid transfer operator of interest will be de
ned by nodal value averaging� I�e�� for a
given v� � V�� the resulting v� � I�v� � V� satis
es v��Me� � v��Me� for all edges e from T� which
are interior to some square E� of T�� and

v��Me� �
	

�
��v�jE��Me� � �v�jE���Me��

if e belongs to the common edge e� � �E � �E� of two neighboring squares E�E� �E 
� E�� in T��
To produce the entries for S� it is enough to look at the representation of v� on a generic square
�say� on E���

p��x� � �v�jE���x� � A �Bx� � Cx� � D�x�� � x��� �

where one computes

A � �
� ��c�� � �c�� � c�e� � c�e�� � B � �c�e� � c�� � �c�� �

C � c�e� � c�� � �c�� � D � c�e� � c�� � c�e� � c�� �

for the coe"cients� Now it remains to evaluate the polynomial p� at all points of the form ����
�
� �

j
� �

resp� � j� �
�
� �

�
� � �j � �� 	� ��� to derive similar formulae for other p��x� � �v�jE���x� 
� by index

shifting� and to apply the above de
nition of I�� E�g�� let v� � ��� By the above formulae� we have

p��x� �
�

�
� x� � �x� � �x�� � x��� � p�e��x� � �

	

�
� x� � �x�� � x��� �

�all other p� vanish�� This yields �compare ����

�s���� � �I��
���

	

�
� �� �

	

�
�p��

	

�
� �� � p�e��

	

�
� 	�� �

	�

	�
�

�s���e� � �I��
���

	

�
�
	

�
� � p��

	

�
�

	

�
� �

�

	�
�

�s����e� � �I��
���

	

�
� 	� �

	

�
p��

	

�
� �� � �

	

��
�

all other �s���� can be obtained by symmetry arguments� or vanish� Analogous calculations lead to
the values of �sl�m� for other l�m� Figure � shows the 
nal result of these elementary computations
�N� � ���

	�



s � 	

� mult rank m�b�� �� m��b�� �� cond
������������ 	 	 ��� ��� ���
	����������� � � ������� ��� 	����
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� 	����

Table 	� Rotated Q	 element �edge averages�� Leading eigenvalues of K�

The second case is �max � 	� If this happens and if again eigenspaces associated with eigenvalues
of absolute value 	 are not de
cient� we have � � 	 and r � 	 in Theorem �� Thus� as a rule� �
�
holds true� and the intergrid transfer operator Ij should be successful in multilevel applications�

To further validate this positive result �note that the eigenspace associated with � � 	 has
usually a relatively large dimension which might cause some doubts�� we have used the observation
of Remark �� and implemented the same procedure with the coe"cient vector �b� of �B� � LSB��B�

instead of b�� Obviously� from ����� we immediately get

�b� �
M�X
i��

��i � 	�aiei �
M�X
i��

�aiei � ����

Thus� if the second case applies ��max � 	� then all �ai vanish for which either j�ij � 	 or �i � 	�
Thus� normally we expect that all eigenvalues �i of absolute value � 	 will be discarded in the
above procedure� and that the replacement ��max � j�
imax

j for �max will be less than 	� If this is
the case then Remark � independently yields �	�� resp� �
� since the relevant eigenvalues �i for
the Krylov space V �LS � �B�� satisfy j�ij � 	�

The results of the numerical calculations for the rotated Q	 element and the Ij de
ned by
averaging are given in Table 	� In the 
rst two columns� we show the distinct leading eigenvalues
of K obtained by the MATLAB command condeig and their multiplicity �after reordering using
sort�� Next� for each such � the rank of the associated system fei � �i � �g of eigenvectors has
been determined by rank� In columns � and �� the values

m�b� �� � max
i ��i��

j�e�jbj

are shown in the cases b � b� and b � �b�� In the last column the maximal condition number for
each group of eigenvectors is given� Finally� in the lower part of the table� the same calculations
are reported on for the case s � �� where T and B� are both replaced by a � � � unit cell �i�e��
the corresponding matrix function coincides with the constant unit matrix�� and S was multiplied
by �

�
to obtain the correct scaling factor� The good index set did not change even though we have

started from another B��
On the basis of these calculations� we have for s � 	

�max � 	 � ��max � ������	� � ����

This means that the iterated intergrid transfer operators �Ij for the nonconforming rotated Q	
element satisfy �
� which con
rms the results presented in �	
� ��� The situation does not change
if the norm of interest includes a L��term�

We have also investigated the standard intergrid transfer operator for another variant of non�
conforming rotated Q	 elements where the degrees of freedom are based on interpolation at the

	�



where Ei��� is the Hermitean matrix function associated with the eigenvector ei� Thus� if b� denotes
the coe"cient vector of B� with respect to the standard basis NS�B� then ��
� is equivalent to

b� �

M�X
i��

aiei � ����

Thus� in order to detect the non�zero coe"cients ai in ��
� as required by Theorem �� we can use
the biorthogonality relations ���� which give ai � �e�jb�� As a practical consequence� an eigenvalue
� of LS jVS�B� does not belong to the spectrum of LS�B� � LS jV �LS�B�� if and only if

�e�i b� � � 
 i � �i � � � ��	�

In this form� the statement remains true also without guaranteeing ���� for multiple eigenvalues�
Our MATLAB program does therefore the following�

� Computation �and ordering� of the eigenvalues and associated eigenvectors of K and KT by
using the condeig and sort commands� This leads to the sets of vectors ei and �ei such that

Kei � �iei � KT �ei � ��i �ei � i � 	� � � � �M� �

where �i are the eigenvalues of K�

� Computation of b� �corresponding to B���

� Starting from i � 	� for all �i with j�ij 	 	� we check whether �i is simple or multiple�
Assume for simplicity that the eigenvalues and associated eigenvectors are ordered such that
multiple eigenvalues always correspond to an index interval� Let i�� i� � 	� � � � � i� be the
indices associated with �i� i�e�� i� � i � i� and

�i��� 
� �i� � � � � � �i� 
� �i��� �

If the rank of the restricted eigensystem fei� � � � � � ei�g is maximal �this test has never failed$�
and if

�e�jb� � � � j � i�� � � � � i� �

then the eigenvalues �i� � � � � � �i� are discarded� otherwise they are kept�

The restriction to eigenvalues with j�ij 	 	 in the last step is typical for our applications� in other
applications this part should be appropriately adapted� Set �max � j�imaxj for the largest absolute
value of the eigenvalues remaining after the above procedure�

There are two main cases� First� if it happens that �max � 	 �and that the rank of eigenspace
associated with �imax equals the multiplicity of this eigenvalue� then we have � � �max � 	 and
r � 	 in Theorem �� In the examples below� this happened only for the Morley element� In
this case� the critical eigenvalue was simple� and de
ciency problems can be excluded with high
probability� In all cases we have also monitored the conditioning of the eigenvalue calculations to
improve the reliability of our calculations�

As a consequence� in the 
rst case the iterated intergrid transfer operators under consideration
do not satisfy the desired uniform bound �
� of the constants in the norm inequality ���� Moreover�
asymptotically we should have �cj�J � �J�jmax � and consequently� �max describes the exact rate of
exponential blow�up of these constants� According to the theory in �	��� this at the same time
indicates exponential growth of the condition numbers of the additive multilevel preconditioners
brie�y described in the introduction� Thus� intergrid transfer operators with �max � 	 are of little
interest for multilevel solvers for large scale applications �however� things may slightly change if
the same intergrid transfer operators are used as prolongations and restrictions in a true multigrid
algorithm� i�e�� in a multiplicative fashion��
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Figure �� Rotated Q	 element �edge averages�� Good index set IS�B� �

In the computations below� we have used VS�B� � VIS�B� equipped with the standard basis

NS�B� � fX�k� n� �� � �k� n� �� � JS�B�g �

where the cell representations of the basis functions are given by

X�k� n� ��l�m� �

��
�

	 � l � k�m � n� 
 � �
	 � m � k� l � n� 
 � ��
� � otherwise

�

and the index set JS�B� is given by all triples �k� n� �� satisfying 	 � k � n � M � � � �IS�B� �k�n

and� if k � n� additionally �� � �� � � or ��� � �� 	 �� I�e�� to each position in Figure � marked
by �� there corresponds a basis element given by the characteristic function of the self�conjugate
index set generated by this position� With this� we can derive a dimension formula for VS�B� �

M� � dim VS�B� �
	

�
��IS�B� �M�� � �IS�B� �

X
l�m

��IS�B� �l�m �

where M� �� � M� � M � is the number of index sets in the diagonal for which � � �IS�B� �m�m

�with the exception of exotic cases� we usually have M� � M �� From Figure �� we have M� � ��
for the example of this subsection�

In this basis NS�B� a matrix representation K of the operator LS jVS�B� can be found by evalu�
ating LSX�k� n� �� for each �k� n� �� � JS�B� � K is a real M� �M� matrix�

Assume for the following discussion that K is diagonizable� and that the MATLAB routine eig
has provided the eigenvalues f��� � � � � �M�g� and a linearly independent set of associated eigenvec�
tors fe�� � � � � eM�g within a certain su"ciently small tolerance �note that condeig and rank can be
used to gain some numerical support for this hypothesis�� Unfortunately� we do not know whether
the above K satis
es this assumption automatically� in the computations reported on below the
eigenspaces of interest never did show a �numerical sign of de
ciency� We will assume that the
natural ordering of the eigenvalues is already by decreasing absolute value� Since K is real� the
possibly complex eigenvalues occur in pairs� Since K� � KT is also diagonalizable� we have essen�
tially the same properties for the eigenvalues ��i � ��i and eigenvectors �ei of K�� Without loss of
generality� we may assume that the eigenvector systems feig and f�eig are biorthogonal� i�e��

�e�jei � 	ij � i� j � 	� � � � �M� � ����

Since B���� � VS�B� � we have

B���� �
M�X
i��

aiEi��� � ��
�

	�



reduce to the � � � arrays shown above� Below� we will automatically take care about reducing
array sizes� without explicitly mentioning it�

We have used the standard MATLAB commands conj� 	iplr� 	ipud� conv� which by default act
on two�dimensional arrays �matrices�� Replacing the cell entries by d�dimensional arrays potentially
covers the case of other dimensions d� Note that in our applications all coe"cients remain real�
valued� thus� the above use of conj is super�ous�

Because it is central to the paper� let us also outline the implementation of the transfer operator
LS � According to its de
nition in terms of symbol functions� given a matrix function X��� by
its cell representation X� one computes the cell product Y � ht�S�XS as described before� In
order to get the cell representation �X of �X��� � �LSX����� according to ���� it remains to pick
suitable subarrays� E�g�� if N� and N �N� � N � �N�� characterize as above the sizes of the
index boxes suitable for S� ht�S�� and X� then �after applying conv� twice� the arrays Y l�m

are associated with index boxes ���N� � N�N � �N��
�� and the pseudo�MATLAB assignment

�Xfl�mg � Y fl�mg���N � � � �N���N � � � �N � would be appropriate�
Before we can set up the matrix eigenvalue problem corresponding to the operator LS�B� as

described in Section �� we need to de
ne a suitable VS�B� � The following notation will be useful�
Let us consider M �M cells I �so�called index sets�� the entries Il�m of which are 
nite subsets
of ZZd� By 
I we denote the characteristic function for the index set I� i�e�� the entries of its cell
representation are given by

�
I�l�m� �

�
	 � 
 � Il�m

� � 
 
� Il�m
�

Since we are working exclusively with Hermitean matrix functions� we will assume that our index
sets are self�conjugate� i�e��


 � Il�m ���
 � Im�l 

 � ZZ� �

or� in other words� that ht�
I� � 
I � By VI we denote the linear space of all Hermitean matrix
functions with Fourier spectrum �componentwise� contained in the self�conjugate index set I� A
convenient way to describe this property is to de
ne the spectrum of a matrix function X��� as
the �not necessarily self�conjugate� index set I�X� given componentwise by

I�X�l�m � f
 � xl�m� 
� �g �Xl�m��� �
X
��ZZ�

xl�m� e�i��� �

Then
VI � fX��� � X���� � X���� I�X�l�m � Il�m � l�m � 	� � � � �Mg �

An index set I is called a good index set for LS if VI is invariant under the transfer operator
LS � The existence of good index sets is clear� e�g�� the index set IN consisting of index boxes
��N�N �� with N � max��N�� N�� will do �see Section ���

Here is a simple procedure for constructing a possibly much smaller good index set I with the
additional property that B���� � VI � Set %S � 
I�S�� i�e�� replace in the coe"cient arrays of S all

non�zero coe"cients by 	� and X��� � 
I�B��� The sizes of the arrays in the cell representations
of S and X are characterized by integers N� and N � respectively� Then de
ne recursively the
sequence fX�n�g by performing the following steps� From the representation of X�n�� compute

rst the representation Y �n� of L�SX

�n� as discussed above� Y �n� consists of arrays of non�negative

integer coe"cients� After this� set X�n��� � 
I�Y �n��X�n� � which is again a cell representation with
� and 	 in the arrays� Obviously� we have

Lemma � The sequence fX�n���g is increasing� i�e�� X�n��� 	 X�n�� and bounded by 
IN � There�
fore� there exists a maximal element characterized by a �nite n� which can be determined as the
smallest n such that X�n��� � X�n�� Then IS�B� � I�X�n� �� is a good index set for LS �

The proof is left as an exercise upon the reader�
In the case of the rotated Q	 element� with S and B� as shown above� this procedure leads to

the choice of N � � and to IS�B� as depicted in Figure ��
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Figure �� Rotated Q	 element �edge averages�� T and B� for s � 	�

Note that the introduction of a suitable equivalent norm does not change� up to constants�
the asymptotical behavior of the norms of iterated intergrid transfer operators� However� it may
change the size of the computational Krylov space �and� thus� the size of the eigenvalue problem
to be considered�� We will therefore choose equivalent norms� where the resulting representations
of T resp� B� are as compact as possible�

��� Direct methods

We come to the details of computing the needed spectral properties of LS by direct methods for
eigenvalue problems� The discussion is illustrated for the rotated Q	 case� We assume that the
entries of the coe"cient arrays in the representations for S� T have been precomputed� All further
computations can conveniently be carried out using this type of data structure� To give an example�
we discuss how to compute the representation of B�� Recall that B� � T �T � or in terms of matrix
functions B���� � T ����T ���� To carry out these multiplications �and other operations needed
in the sequel� in an e"cient way� MATLAB s version V provides the necessary tools �readers not
familiar with MATLAB should better skip the information on implementational details�� We will
identify T �and� simultaneously� the associated matrix function T ���� with a cell of coe"cient
arrays which we call the cell representation of T � In the above example� this results in a � � �
cell whose entries Tfl�mg � T l�m are given by the � � � arrays shown above� Analogously� cell
representations of other operators resp� matrix functions are de
ned� We immediately see that T �

corresponds to the Hermitean transpose ht�T � of T which is de
ned as a cell of size � � �� with
the entries

ht�T �l�m � flipud�fliplr�conj�Tm�l ��� �

The product of two matrix functions A���� B��� �represented by cells A and B of coe"cient arrays
of compatible dimensions as introduced above� is naturally given by a cell AB with the entries

ABl�m �
X
k

conv��Al�k � Bk�m� �

Linear combinations aA � bB resp� order relations A � B of cell representations are de
ned
componentwise by

�aA� bB�l�m � aAl�m � bBl�m

resp� by
Al�m� � Bl�m

� 

 � ZZ� �

l�m � 	� � � � �M � Applying the product operation to A � ht�T � and B � T � we get the cell
representation of B�� Formally� in the above example the result would be a � � � cell of � � �
coe"cient arrays �corresponding to an index box ���� ����� Since the support of all these arrays �the
index set of the non�zero entries� is contained in a smaller index box ��	� 	��� we could immediately

	�



av�v�� e� � av�v�� e�� Otherwise� there are two adjacent squares E�E� such that e � �E � �E��
and we set

av�v�� e� �
	

�
�av�v�jE � e� � av�v�jE� � e�� �

Again� the general Ij is obtained by dilation�
In ��� Lemma ����� it was shown that Ij is bounded� both with respect to the L��norm and the

discrete H��seminorm� uniformly in j� Also� Lemma ��� of the same paper essentially established
the uniform boundedness of the iterated transfer operators �Ij � i�e�� proved the validity of �
��
We will recover this result following the approach of section �� The entries of the associated
subdivision operator S which coincide with the values of �sl�m� multiplied by the scaling factor �s��

can be found from equations ���
�	�� of ���� We show them in the following Figure 	 for s � 	 �in
all examples� these values are given for the s associated with the order of the natural energy space�
and depicted in form of two�dimensional cells of two�dimensional coe"cient arrays �the so�called
masks� corresponding to the index box ��N�� N��
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Figure �� Rotated Q	 element �edge averages�� S for s � 	�

It is easy to check that for any

v� �
�X

m��

X
��ZZ�

cm� �
m
��� � V� �

we have by local estimates for the H��seminorm for functions from Qrot
�

kv�k
�
��H� � jv�j

�
��� �

X
��ZZ�

��c���e� � c���� � �c���e� � c���� � �c���e� � c�� � c���e� � c����� ����

while
kv�k

�
L�
� jv�j

�
��� �

X
��ZZ�

��c���� � �c����� ����

according to the Riesz basis property �	�� of N�� With these discrete norms of our choice� we
get explicit representations for the Toeplitz operators T and B�� For s � 	� the value N� � 	 is
suitable� and the result is depicted in Figure ��

	�



While in Section � the discussion is illustrated by considering the simple nonconforming rotated
Q	 element� the application of the methods to other popular low�order 
nite element constructions
is documented in Section ��

� Algorithmical details� The rotated Q� element

We come to the application of the above theory to some nonconforming elements for second�order
elliptic problems �Section � and Subsection ��	� ���� and fourth�order problems �Subsection ����
����� All examples are in two space dimensions �d � ���

In the present section� we deal with the rectangular rotated Q	 element� where we have M � ��
In Subsection ��	� the solution of the outlined eigenvalue problem by direct methods is discussed
while in Subsection ��� the iterative method is described in more detail� For all subsequent examples
collected in Section �� where the number M is larger� we will be relatively brief� The reader may
easily include other examples of interest by computing the matrix representations S� T of the
intergrid transfer operator and the norms under consideration�

The rotated Q	 element has been introduced in ���� for general quadrilateral partitions� for a
detailed investigation of multilevel and multigrid algorithms in the case of partitions into squares�
see ���� Let T� be the square partition of IR� of side�length 	� with the vertices at the integer
points in ZZ�� The edges of T� will be denoted by e���� e�� �
�� e���� e�� �
�� 
 � ZZd� where e��� e

�
�

denote the edges represented by the unit vectors e� � �	� ��� e� � ��� 	� � ZZ� placed at the origin�
Analogously� the square elements of the partition are denoted by E�� where E� is the unit square
with the edges e��� e

�
�� e

�
��e� � e

�
��e� �

The space V� under consideration is given by three requirements� First� the restrictions of v� �
V� to the squares E� belong to the ��dimensional space spanned by the polynomials f	� x�� x�� x���
x��g� the so�called rotated Q	 
nite element space which we will denote by Qrot

� � Note that �� �
Qrot
� � ��� where �k stands for the space of multivariate polynomials of total degree � k� Secondly�

the edge averages of the restrictions of v� to any two adjacent squares coincide along the common
edge� We will denote averages of a function f over a set G by

av�f�G� � jGj��
Z
G

f�x� dx �

the measure will be clear from the context� E�g�� the above continuity requirement can be written
as

av�v�jE� � e
�
�� � av�v�jE

��e�
� e��� � av�v�jE� � e

�
�� � av�v�jE

��e�
� e��� 

 � ZZ� �

The third requirement is V� � L��IR
��� Obviously� the ZZ��shifts of the two functions ��� �� de
ned

by

�mjE� � Qrot
� 

 � ZZ� � av��m� ek�� �

�
	 � m � k� 
 � �
� � otherwise

�

form the required Riesz basis N�� Thus� in this subsection we have M � �� The hierarchies Tj� Vj �
Nj are constructed by dyadic dilation as described in section ��

We are interested in studying the discrete H��IR�� norm of intergrid transfer operators which
we can split into the L��norm �s � �� and the discrete H��seminorm

jf j���H� �
X
��ZZ�

Z
E�

jr f j� dx �s � 	� �

The intergrid transfer operator of primary interest is de
ned by averaging nodal values with respect
to the next grid �which is the most common approach in the practice of multilevel�multigrid solvers
for nonconforming 
nite element discretizations�� More precisely� to de
ne v� � I�v� we prescribe
av�v�� e� with respect to the edges e of T� as follows� If e belongs to the interior of some E� then

		



Theorem � Let the sequences fVjg� fIjg� and the seminorms j � jj�s be introduced in the dilation�
shift�invariant fashion as described above� Let S resp� T denote the associated subdivision resp�
Toeplitz operators� Consider the matrix transfer operator LS given by �
��� Then the invariant
Krylov space V �LS � B�� generated from B���� � T ����T ��� is �nite�dimensional� Let � be the
spectral radius of the restricted operator LS�B� � and r the dimension of the largest Jordan block
associated with eigenvalues � of maximal absolute value �j�j � ��� Then

j�IJj vj jJ�s � �J � j � 	�r���J�j��sjkvjk
�
L��IRd�

����

holds for arbitrary vj � Vj� and � � j � J � The uniform estimate �
�� for cj�S� T � holds if and
only if either � � 	 or � � 	 and r � 	�

In the remainder of this section we brie�y discuss how to obtain � and r in practice� The
straightforward approach would be 
rst to solve the complete eigenvalue problem for LS restricted
to a suitable invariant subspace VS�B� containing B� �i�e�� its Jordan decomposition�� and to 
nd
the eigenmatrix decomposition of B����� From this decomposition� according to the argument used
in the proof of Lemma �� we can then detect the numbers of interest� This would circumvent the
di"cult task of explicitly characterizing the Krylov space V �LS � B��� Unfortunately� the compu�
tation of Jordan forms is not a numerically stable procedure� In the examples below� we show how
to 
nd a relatively small VS�B� which will be described by a matrix version of a �good index set 

IS�B� � �Il�mS�B�
� l�m � 	� � � � �M � �

I�e�� VS�B� will be de
ned as the set of all Hermitean matrix functions X��� where the Fourier

spectrum of the entries Xl�m��� belongs to the corresponding index set Il�mS�B�
� ZZd� After choosing

a standard basis in VS�B� � we found the matrix representation K of the matrix transfer operator
and solved the eigenvalue problem for both K and K�� We then checked for the largest eigenvalue
of K such that the corresponding eigenmatrix enters the eigenmatrix decomposition of B� �here�
the eigenvectors of K� are needed�� For multiple eigenvalues� we have also computed the rank of
the numerically obtained system of eigenvectors� It turned out that non�trivial Jordan blocks for
the multiple eigenvalues of interest did never occur� I�e�� we always had r � 	 but there is no proof
for this observation�

We have used standard MATLAB routines such as condeig and rank to check these facts nu�
merically� We just note that the new version MATLAB V is well�suited �due to the new array and
cell structures� for quickly setting up a program that solves the outlined problems and helps to
gain further inside into them� Since the dimension of suitable spaces VS containing V �LS � B�� was
in the range from about �� to several hundreds� and only a few eigenspaces with large eigenvalues
are of interest� all this is still a reasonable task� and serious numerical instabilities have not been
observed so far� More details will be given in Subsection ��	�

Alternatively� according to ���� one might consider iterative procedures of Krylov space type
�such as power or simultaneous iteration� or Arnoldi type methods� for the operator LS with
starting value B�� Here� the main di"culty is that due to rounding these iterations very soon
leave the subspace V �LS � B�� and yield the spectral radius of LS with respect to another invariant
subspace containing eigenmatrices with larger absolute value �which are not present in the basis
decomposition ofB��� It turns out that in the applications �in full analogy with the similar problems
arising in investigations on the regularity of multiwavelets ��� 	�� 	�� 	�� �	��� these spurious
eigenmatrices are connected with the invariance of certain spaces of multivariate polynomials under
the action of the intergrid transfer operators Ij� Thus� it seems to be possible to deal with the
�dangerous round�o� perturbations that are associated with these speci
c eigenmatrices� For
M � 	� this technique has been successfully used in �	�� for a similar application� There� rather
large eigenvalue problems of dimension up to 	�� occured for which direct eigenvalue solver would
have failed� See Subsection ��� for more information on the spectrum of LS � and for details on the
iterative method�

	�



then to ���N��N�� �N� �N��d� Thus� according to ����� the index box for B���� � �LSB����� is
safely contained in ��N� �N���� N� �N����d� Iterating this argument one sees that the union of
all index boxes of all Bj is� at least� contained in ��N�N �d �ZZd� where N � max��N�� N��� Thus�
the above Krylov space is 
nite�dimensional� and its dimension is bounded by M���N�	�� �which
can be reduced by roughly a factor of � if the Hermitean structure of all Bj is taken into account��
A more careful estimation of the Fourier spectra can further reduce this dimension� and is related
to the notion of �good index sets � compare �
�� We will return to this point in connection with the
examples discussed in Section ��

Since k�max�B����kL� is obviously a norm on the space of all Hermitean matrix functions
with polynomial entries� and in particular on the Krylov space V �LS � B��� we can estimate the
quantities cj�S� T � in ��
� by the spectral radius � � ��LS�B� � of the operator LS restricted to its

nite�dimensional invariant subspace V �LS � B�� which we will denote for short by LS�B� � Indeed�
we can immediately prove the following

Lemma 	 For any norm k � k on V �LS � B�� we have

c��j � 	�r���j � kBjk � c��j � 	�r���j � j 	 � � ����

with two positive constants c�� c�� where r is the size of the largest Jordan block corresponding to
an eigenvalue � of LS�B� satisfying j�j � ��

Note that despite the nice structure of the matrix functions� the operator LS is neither sym�
metric nor normal which means that Jordan blocks could possibly appear� For the proof of �����
let us denote by ��� � � � � �n the eigenvalues associated with di�erent Jordan blocks of LS�B� � and
by fXk������ � � � � Xk�rkg the eigenmatrices and associated eigenmatrices for each �k� i�e�� we have

LSXk�� � �kXk�� � Xk�� �

� � �

LSXk�rk�� � �kXk�rk�� �Xk�rk �

LSXk�rk � �kXk�rk �

for all k � 	� � � � � n� The union of all these eigenmatrices is a basis in the Krylov space V �LS� B���
If we consider the decomposition of an arbitrary B��� � V �LS � B�� with respect to this basis

B �
nX

k��

rkX
l��

ak�lXk�l �

then

kBk� �
nX

k��

rkX
l��

jak�lj � kBk

is an equivalent norm� Since V �LS � B�� is generated from B�� we necessarily have ak�� 
� ��
k � 	� � � � � n� for the coe"cients of B�� Thus�

Bj � LjSB� �
nX

k��

rkX
l��

�
�min�rk���j�X

i��

�
j
i



�j�ik ak�l�i

	
AXk�l

�for convenience� we have set ak�� � ak��� � � � � � ��� This gives asymptotically

kBjk � kBjk� �
nX

k��

jrk��j�kj
j � ����

To see ���� observe that the dominating coe"cient term in the above basis representation of Bj is
the one with l � rk� i � rk � 	� k � 	� � � � � n� Since ���� implies ����� Lemma � is established�

For the convenience of the reader� we subsume the results obtained so far �compare Lemma 	�
�� and �� in the following theorem which can be considered as the main theoretical result�






Though this is actually the inequality that is needed in the theory of �

�� one might ask for the
true analog of ��� where the expression ��sjkvjk�L��IRd� in the right�hand side of ���� is replaced by

jvjj�j�s� In other words� we are asking about the optimal constant c � �cj�S� T � in the inequality

kTSjck��	��ZZd��K � ckTck��	��ZZd��K ��	�

for arbitrary c � ����ZZd��M � According to the above considerations� this is equivalent to searching
for the best constant in

�Bj���c���� c����L� �TTd� � c�B����c���� c����L� �TTd�

for all c��� � �L��TT
d��M � and leads to an generalized eigenvalue problem Bj���x � �B����x to

be solved for the maximal eigenvalue for each � � TTd� With this replacement� the analog of ��
�
holds for �cj�S� T ��

Remark � An alternative approach to the above estimates would be to �nd out whether there exists
another subdivision operator U � ����ZZd��K � ����ZZd��K such that TS � UT holds identically
on ����ZZd��M � Then we have the identity TSjc � U jTc� and the relevant matrix functions to be
studied would have the expressions LTL

j��
U Id �for the statement of Lemma �� resp� Lj��U Id for

proving bounds such as in ��
� �in this latter case� one has to restrict the attention to the range
of T which makes the task not easier�� In both cases� Id denotes the identity matrix operator� with
diagonal entries � 	� and non�diagonal entries � �� We did not pursue these alternatives further�

Remark 
 Here is a more technical remark which will be useful below� We can write the norm
expression kTSjck��	��ZZd��K as a telescopic sum

kTSjck��	��ZZd��K � kTck��	��ZZd��K �

jX
k��

�kTSkck��	��ZZd��K � kTS
k��ck��	��ZZd��K �

� kTck��	��ZZd��K �

jX
k��

��S��k���S�T �TS � T �T �Sk��c� c��	��ZZd��M

� kTck��	��ZZd��K �

jX
k��

��Lk��S
�B�����c���� c����L� �TTd� �

where �B� � LSB� � B�� The essence of this modi�cation will be demonstrated below� just to
give it a name� the Krylov space for the operator LS generated by �B� is obviously contained in
that generated from B�� and smaller by a possible subspace associated with �eigenmatrices� for the
operator LS corresponding to the eigenvalue 	�

Still� our formulas are not very useful� computing the L��bounds of the matrix functions Bj���
seems not to be a simple task� The important observation is that �under the above assumptions
on S� T � the Krylov space

V �LS� B�� � spanfLkSB� � k 	 �g ����

is a 
nite�dimensional subspace of the space of all Hermitean matrix functions with L��TT
d��entries�

This fact is well�known in the literature� and follows directly from the 
nite support of the Fourier
coe"cient sequences of all entries in S���� B����� in conjunction with the de
nition �	�� of LS
and ����� Indeed� let ��N�� N��

d � ZZd be the smallest index box such that it contains the indices
of all non�vanishing Fourier coe"cients of all entries of S���� Automatically� the same box 
ts
S����� too� Let ��N�� N��d � ZZd be the index box suitable for B���� � T ����T ���� The indices
of non�vanishing Fourier coe"cients of the entries of the matrix product S����B����S���� belong

�



Throughout the paper� by a���� resp� A���� we denote the Hermitean transpose of a vector function
resp� of a �rectangular� matrix function� Since for any a��� � L��TTd� we have

��d
X

e�f���gd

a�
�

�
� �e� �

X
��ZZd

a��e
�i�� � ����

the matrix �A��� in the last expression is again ���periodic� and can easily be calculated from the
Fourier representation of the elements of A����

Let us apply this observation to the following expression�

kTSjck��	��ZZd��K � kT ���S��� � � � S��j����c��j��k��L��TTd��K

� �����d
Z
TTd

c���j��
�Y

k�j��

S���k��T ����T ���

j��Y
k��

S��k��c��j�� d�

� �B����

j��Y
k��

S��k��c��j���

j��Y
k��

S��k��c��j���L��TTd�� �z �
	�j

�

where B���� � T ����T ���� Denoting

a��� � b��� �

j��Y
k��

S��k��c��j�� � A��� � S����B����S��� �

we can apply the above identity and arrive at

!j � �B����

j��Y
k��

S���c��j�����

j��Y
k��

S��k��c��j�����L��TTd� � !j�� �

For the matrix B���� we observe that

B���� � �A��� � �LSB����� �

where the transfer operator was introduced in �	��� Now repeating this argument with !j�� and
so on� we arrive at

Lemma � For the operators S and T as introduced above� we have

kTSjck��	��ZZd��K � �Bj���c���� c����L� �TTd� 
 c � ����ZZd��M � j 	 � � ����

where Bj��� � �LjSB����� and B���� � T ����T ��� are Hermitean matrix functions on TTd� The
matrix transfer operator LS is de�ned in �
��� Consequently�

cj�S� T � � kTSjk��	��ZZd��M��	��ZZd��K � k�max�Bj����kL��TTd� � ��
�

compare with �
��� �

��

Remark � When combined with the Riesz basis property of Nj expressed by �
��� and with ��
��
Lemma 
 and � yield the estimate

j�IJj vjk
�
J�s � ccJ�j�S� T ���sjkvjk

�
L��IRd�

� ����

�



the elements it is necessary and su�cient to �test� inequalities such as ��� resp� �
� on the nodal
basis functions �j�i� Since the operators Ij of practical interest act locally �in the sense that the

support of �IJj �j�i is contained in a �nite neighborhood of the support of �j�i� i�e�� in a �nite union

of cells from Tj�� negative results for the IRd�case carry over immediately� Thus� though of limited
value for answering the general problem� the methods presented in this paper help to discard �bad�
intergrid transfer operators and to look for better ones� In a purely mathematical context� they are
connected to other areas of current research� e�g�� to the study of re�nable vector functions� and
might have some other applications�

We now turn to Fourier techniques to further transform the problem� For a given sequence
a � �a� � 
 � ZZd� � ���ZZd�� we denote by

a��� �
X
��ZZd

a�e
�i��

the associated periodic function in L��TTd�� Analogously� for c � ����ZZd��M � we introduce the
vector function c��� � �c����� � � � � cM����T � and with the operators T and S we associate matrix
functions

T ��� � �tk�m��� � k � 	� � � � �K� m � 	� � � � �M �

of size K �M and
S��� � �sl�m��� � l�m � 	� � � � �M �

of size M �M � respectively� From now on� the usual scalar products in the spaces ���ZZd� resp�
L��TTd� of complex�valued sequences resp� functions will be considered� The scalar product in
L��TT

d� includes the scaling factor �����d such that the above mapping gives an exact isometry
between the two Hilbert spaces�

�a� b�	��ZZd� � �a���� b����L��TTd� �

It is well�known �the interested reader is encouraged to carry out the elementary calculations� that

�Tc���� � T ���c��� � �Sc���� � S���c���� � ����

Thus� the natural counterparts of the operators S� T acting on ����ZZd��M are simple matrix mul�
tiplication operators de
ned on �L��TTd��M � Note that due to the 
nite support property of their
de
ning sequences� all entries of the operator functions are Laurent polynomials �multivariate
trigonometric polynomials in complex form�� Therefore� the operators T� S can formally be ex�
tended beyond ����ZZd��M resp� �L��TT

d��M to generalized vector functions� This fact will be
utilized later�

Let us 
rst check the following identity involving a matrix function A��� and two vector func�
tions a���� b��� of size M �

�A���a����� b�����L� �TTd� � �����d
Z
TTd

b�����A���a���� d�

� �����d
X

e�f���gd

Z
�
�TT

d

b�����A�� � �e�a���� d�

� �����d
Z
TTd

b����

�
���d

X
e�f���gd

A�
�

�
� �e�

	
A

� �z �

A���

a��� d�

� � �A���a���� b����L� �TTd� �

�



norms can be covered by taking linear combinations of j � jj�s�seminorms with di�erent s� Note that
the factor in ��	� is such that for s � � the choice j � j��j � k � kL��IRd� is included�

What remains is to introduce the intergrid transfer operators Ij � Again� we will describe
I� � V� � V� in detail� the general case will be de
ned by dilation�

Ijvj�� � I�v���
j���� � v� � vj����

��j����� ����

for all vj�� � Vj�� and j � 	� For I�� we naturally assume invariance with respect to ZZd�shifts�
locality� and linearity� I�e�� let the action of the operator I� on the basis functions �m � �m��� be
given by

I��
m �

MX
l��

X
��ZZd

�sl�m� �l��� � m � 	� � � � �M � ����

where all sequences �sl�m are 
nitely supported �this corresponds to the locality requirement�� Then�
using linearity and shift�invariance� we obtain

I�v� �
MX
m��

X
�

cm� I��
m
���

�
MX
m��

X
�

MX
l��

X
�

cm� �sl�m� �l������

�
MX
l��

X
�

�
MX
m��

X
�

�sl�m����c
m
�

�
�l���

�recall for the understanding that a shift by 
 � ZZd in the argument of �l��� corresponds to an index
shift by �
�� This gives the formula for the coe"cients of I�v� in the basis N� as a speci
c linear
transformation of the coe"cients of v� in the basis N�� For convenience� we include a factor �s�d��

in the de
nition of the resulting matrix operator S in ����ZZd��M � that is� we set sl�m� � �s�d���sl�m� �
and de
ne

�Sc�l� �
MX
m��

X
��ZZd

sl�m����c
m
� � � � ZZd� l � 	� � � � �M � ����

In the literature� such operators are studied under the name subdivision operators� we refer� e�g��
to ����

The following lemma is now straightforward �just put the de
nitions together� the additional
factor included into the de
nition of S takes care of the factor in ��	���

Lemma � Under the above assumptions� the following identity holds for the iterated integrid trans�
fer operator �IJj � IJ � � �Ij�� and all vj � Vj � � � j � J �

k�IJj vjkJ�s � kTSJ�jck�	��ZZd��K � ����

where c is the coe�cient vector of vj de�ned by �
���

Remark � Examples of operators T and S will be given in the next section� for d � �� and with
emphasis of nonconforming �nite elements� Lemma 
 is the key to using properties of subdivision
and Toeplitz operators for estimating the quantities mentioned in the introduction� As a rule�
estimates for the shift�invariant IRd�case can be carried over to nice domains by special extension
procedures �see� e�g�� ��� for the nonconforming rotated Q
 element on uniform square partitions of
a square�� In rare cases� the whole hierarchy of underlying triangulations can be mapped to part of
a shift�invariant partition �and imbedded into IRd� such that results can be carried over to a more
general setting �see �
�� for the nonconforming P
�element�� As was outlined in �

�� for most of

�



be the set of their ZZd�shifts� The closed span ofN� in L��IR
d� is denoted by V�� A basic assumption

is that N� is a Riesz basis for V�� i�e�� each v� � V� possesses a unique representation

v� �
MX
m��

X
��ZZd

cm� �
m
��� �	��

with a vector of coe"cient sequences

c � �cm � m � 	� � � � �M � � ����ZZd��M � cm � �cm� � 
 � ZZd� � ���ZZd� �

such that
kck�	��ZZd��M � kv�kL��IRd� 
 v� � V� � �	��

We will use A � B if a two�sided inequality holds between A and B with positive constants that
are independent of all quantities in the expressions for A and B� Criteria for �	�� to hold are
well�known� see� e�g�� �		�� In all examples below where the �m represent 
nite element nodal basis
functions with respect to a uniform� shift�invariant partition T� of IRd� the Riesz basis property
of N� can be checked directly� using the available explicit formulae for cm� in terms of simple
interpolation functionals applied to v� �point values or averages of v� and its derivatives��

Given V� as described� we generate Vj� j 	 	� and Nj by dyadic dilation�

Vj � fvj � v���
j�� � v� � V�g �	��

and
Nj � f�mj�� � �m��j � �
� � m � 	� � � � �M� 
 � ZZdg � �	��

Obviously� Nj is a Riesz basis in Vj� where �	��� �	�� take now the form

vj �
MX
m��

X
��ZZd

cm� �
m
j�� �	��

and
��jd��kck�	��ZZd��M � kvjkL��IRd� 
 vj � Vj � �	��

Since we do not assume that the functions �m are re
nable �i�e�� belong to V��� the nestedness ���
is not assumed� either�

We will introduce an abstract semi�norm j � jj�s of order s � �� 	� � � �� satisfying the following
properties� On V�� it is given via the formula

jv�j
�
��s � kTck��	��ZZd��K � �	
�

where c is de
ned by �	��� and the Toeplitz operator T � ����ZZd��M � ����ZZd��K is given by

nitely supported sequences tk�m � �tk�m� � 
 � ZZd� such that

�Tc�k� �
MX
m��

X
��ZZd

tk�m���c
m
� � 
 � ZZd � k � 	� � � � �K � ����

Finally� on Vj we de
ne j � jj�s by dilation� By de
nition of Vj � for each vj � Vj there is a unique
v� � V� such that vj � v���

j ��� and we set

jvjj
�
j�s � ���s�d�jjv�j

�
��s � ��	�

From �	
��	� we can easily obtain a discrete representation of j � jj�s as in �	
� for all j 	 �� These

de
nitions are modeled after homogeneous energy norms of integer order s on IRd� inhomogeneous

�



of the �multilevel assertions ��� resp� �
� than in the case of the �two�level inequality ���� See
�	�� �� for partial results for two particular low�order nonconforming elements�

In this paper we propose to study an idealized version of ��� resp� �
�� We will assume that
the spaces Vj form a dyadic hierarchy of shift�invariant subspaces of L��IR

d� generated by a 
nite
number of locally supported basis functions f��� � � � � �Mg in an L��stable way �in contrast to true
multiresolution analyses as typical for multiwavelet constructions� we do not assume nestedness
����� In the 
nite element context� this corresponds to the domain & � IRd� equipped with a
uniform partition structure� Thus� boundary e�ects and more general partitions are neglected� We
also assume that the intergrid transfer operators Ij act in a shift� and dilation�invariant fashion�

Furthermore� the true energy norm kujkE�j �
p
aj�uj � uj� is assumed to be equivalent to some

homogeneous� shift�invariant discrete Sobolev semi�norm jujjj�s of integer order s � �� 	� � � �� How
�realistic these simpli
cations are� is discussed in Remark � of Section ��

When switching to the coe"cient representations of functions from Vj with respect to the
natural bases �generated by the dyadic shifts and dilations of �m� m � 	� � � � �M �� all the above
operations can be interpretated as linear operators acting on vectors of ���ZZd� sequences� Due
to the assumed invariances with respect to dyadic dilations and shifts� these operators are similar
to Toeplitz resp� subdivision operators occuring in wavelet analysis� E�g�� the inequality �
� can
essentially be replaced by

cj�S� T � � k�S��jT �TSjk�	��ZZd��M � c �� � �	��

where S is a subdivision operator describing the action of Ij� and T is a Toeplitz operator associated
with the discrete Sobolev semi�norm� As will be detailed in Section �� such operators can be
represented via standard Fourier techniques by periodic M �M matrix functions on TTd� Provided
that both S and T act locally �as is the case in all relevant applications�� these matrices consist of
Laurent polynomials� We will prove that

cj�S� T � � k�max��L
j
SB�����kL��TTd� � �		�

where B���� � T ����T ��� and

�LSB���� � ��d
X

e�f���gd

S��
�

�
� �e�B�

�

�
� �e�S�

�

�
� �e� � � � TTd � �	��

is an operator acting on Hermitean periodic matrix functions� Exactly the same operator appears
in recent studies on the regularity of multiwavelets ��� 	�� 	�� 	�� �	��

After introducing in detail to the terminology and proving the above mentioned results� we give
in Section � the exact asymptotics for norms of iterated intergrid transfer operators� In particular�
necessary and su"cient conditions for �
� resp� �	�� to hold are stated� Our criteria are based on
solving a particular 
nite�dimensional eigenvalue problem associated with LS � For the latter� both
direct and iterative solution strategies have been tried� Algorithmical details are explained and
justi
ed in Section � where the discussion is illustrated by the example of the so�called rotated Q	
element� Though this element is simple� it is a good test case since it has a number of features
which are typical for the present application�

Section � is devoted to the study of intergrid transfer operators for a number of low�order
nonconforming 
nite elements used in the discretization of standard second� and fourth�order
elliptic boundary value problems� We apply the theory developed in Section � and �� and con
rm
the numerical results previously obtained in �	
��

� Theory

We 
rst introduce the hierarchy of subspaces Vj of L��IR
d�� Let ��� � � � � �M � L��IR

d� be compactly
supported functions� and let

N� � f�m��� � �m�� � 
� � 
 � ZZd� m � 	� � � � �Mg

�



this naturally results in a subspace splitting

VJ �
JX
j��

Vj �
JX
j��

X
i

Vj�i

as required by the abstract theory of additive Schwarz preconditioners� see ���� ��� 	��� The
preconditioner CJ associated with such a subspace splitting can be de
ned by the recursion

C� � S� � Cj � IjCj��I
T
j � Sj � j � 	� � � � � J � ���

where the Sj represent simple spd approximations to A��j �usually diagonal matrices such as

�diag�Aj��
�� will do�� and the rectangular matrices Ij describe the natural embedding Vj�� � Vj �

The recursion ��� exhibits the typical structure of a multigrid V�cycle �for the connection of
multilevel preconditioning and multigrid theory� consult �	� 	�� or the previously cited sources��

If the nestedness condition ��� is violated which is often the case for complicated conforming
and all nonconforming 
nite element constructions� one can still proceed in the same way as before
but now special attention has to be paid to the design of the intergrid transfer operator

Ij � Vj�� � Vj � j 	 	 ���

�we will use the same notation for operators acting on Vj spaces and their matrix representations
in the standard bases Nj�� Typically� assumptions on the size of the constants c�j in inequalities
for the energy norm of Ij such as

aj�Ijuj��� Ijuj��� � c�jaj���uj��� uj��� 
 uj�� � Vj�� � ���

are of importance �compare ���� ���� �	� Section ��� and the references cited therein�� On the basis
of ��� a general theory of optimal W�cycle multigrid convergence resp� variable V�cycle multigrid
preconditioners has been developed� However� in almost all situations of practical interest� the ob�
served size of the constants c�j is too large to yield realistic results for V�cycle multigrid convergence
resp� multilevel preconditioning as discussed in the present paper�

Recently� it was observed �	�� 	
� �� �� that ��� would be better replaced by analogous inequal�
ities for the iterated intergrid operators

�IJj � IJ � � �Ij�� � Vj � VJ � � � j � J � ���

such as
aJ ��IJj uj� �IJj uj� � �cj�Jaj�uj � uj� 
 uj � Vj � ���

On the one hand� the additive Schwarz theory indicates that these are the operators which need
to be controlled since

VJ �
JX
j��

�IJj Vj �
JX
j��

X
i

�IJj Vj�i

are the subspace splittings associated with the preconditioner ���� On the other hand� numerical
evidence �	
� �� shows that for many standard examples of intergrid transfer operators Ij for
nonconforming elements� the constants in ��� remain uniformly bounded�

�cj�J � �c �� 
 j� J � � � j � J � �
�

This indicates that the trivial estimate

�cj�J � c�j�� � � � c
�
J �

which comes from a straightforward repeated application of ��� and suggests an exponential growth
of the bound� is too pessimistic� Unfortunately� to give rigorous proofs is much harder in the case
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Abstract

In the theory of multilevel methods for nonconforming �nite element methods	 exact
bounds for iterated intergrid transfer operators in the discrete energy norm are desirable

In the case of uniform re�nement	 the problem can be modeled in a multiresolution analysis of
non�nested subspaces of L��IR

d
 which is obtained by dyadic dilation from a �nitely generated
shift�invariant �nite element space with respect to the coarsest partition
 The desired operator
norms can then be expressed by spectral properties of certain transfer operators acting on ma�
trix functions	 similarily to recent approaches to estimating the regularity of multiwavelets
 It
is shown that the desired norm estimates can be reduced to solving speci�c �nite�dimensional
eigenvalue problems
 For the latter	 both direct and iterative methods have been developed

The theory is tested on some of the popular low order nonconforming �nite elements


� Introduction

We will deal with a hierarchy of variational problems

Find uj � Vj � aj�uj � vj� � 'j�vj� 
 vj � Vj � �	�

where aj��� �� is a symmetric positive de
nite �spd� bilinear form� and 'j a linear functional on
Vj � j 	 �� Throughout the paper� the problems �	� are to be considered as the �restrictions to Vj
of the variational formulation of a certain symmetric elliptic boundary value problem of a partial
di�erential equation in a domain & � IRd� The spaces Vj denote 
nite element spaces of a certain
type associated with a sequence of uniform partitions Tj of & generated by a standard dyadic
re
nement process� Under these circumstances� the linear systems

Ajxj � fj ���

obtained from discretizing �	� with respect to the standard nodal bases Nj � f�j�ig of the 
nite
element spaces Vj � j 	 �� are spd and sparse� Since� as a rule� their condition numbers grow
exponentially with j� the e"cient iterative solution of ��� requires additional e�orts� at least� for
larger j�

We consider symmetric multilevel preconditioners for preconditioning ��� for some j � J �by J
we will denote the index of the temporarily 
xed �computational subspace �� These are based on
an additive splitting of VJ obtained from the spaces Vj with j � J resp� from all one�dimensional
spaces Vj�i spanned by the individual basis functions �j�i with j � J � In a nested situation� where

V� � V� � � � � � Vj � � � � � ���

	


