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Abstract

The paper extends upon previous work by Temlyakov, Konyagin,
and Wojtaszczyk on comparing the error of certain greedy algorithms
with that of best m-term approximation with respect to a general
biorthogonal system in a Banach space X. We consider both necessary
and sufficient conditions which cover most of the special cases previ-
ously considered. Some new results concerning the Haar system in L,
Ly, and BMO are also included.

1 Introduction

Throughout the paper, let X be a real separable Banach space, and & =
{ék, k € I} a minimal, normalized, dense system in X. We identify I with
the set of natural numbers N = {1,2,...} (although all considerations apply to
finite-dimensional spaces, too, we will assume dim X = oo). The normalization
condition reads ||¢x||x = 1, ¥ € IN, and the density requirement says that the
union of all linear subspaces V) = span{¢y, k € A} generated by finite index
sets A C [ is dense in X. Minimality is equivalent to the existence of a
biorthogonal system ¥ = {¢y, k € I} C X' such that

1, k=1
<1/)za¢>k>X'><X=5kz:{O Ry
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In order for the following discussion to make sense, we will assume that
My = / . 1
p 1= max [k |lxr < o0 (1)

As is well known, this condition is equivalent to requiring that the coefficient
sequence f := {fy := (¢, f)xrxx} is a null sequence (i.e., f, — 0 if k — 00)
for any f € X.

For later use, we introduce the following notation. In agreement with the
above notation, we set Vy := {f € X : f, =0, k & A} for arbitrary A C I,
and denote by gp the generic element of V. If the index set A is finite, i.e.,
#A\ < oo, then the g, are called polynomials, and we introduce the notation

1A2:=§:(ﬁkEEVA.
keA
The nonlinear set
Y = U Va
#A|<m

contains all m-term polynomials, i.e., polynomials with < m non-zero coef-
ficients. The following partial sum operators are well-defined for any finite
ACI: X
Saf = futr, Spaf=f—5af.
keA

For arbitrary null sequences ¢, we set |c| := {|ck|, £ € I}, ¢ > ¢ means
that |cx| > |c,|, k € I, and ¢* = {¢; = ¢qx), k € I} denotes the decreasing
rearrangement of ¢ which is defined by a one-to-one mapping [. : I — I such
that |¢*| is monotonically decreasing, i.e.,

.l = el =

Obviously, [. is only unique up to index permutations for ¢, with equal absolute
value. The reader is assured that the results of this paper do not depend on
the specific choice of the index mapping /..

Temlyakov [9, 10, 11] has written a series of papers on the error behav-
ior of greedy algorithms associated with various classical systems (uniformly
bounded orthonormal systems, wavelet systems, etc.) in various Banach spaces
(L,-spaces, JFq-spaces, etc.). Using the above notation, the simplest greedy al-
gorithm is given by

FEX—Guf =Y ade, Ani={(k), k=1,...,m}, (2

keAm



where the mapping lf~ : I — I was defined above. The name greedy is justified
since Gyf = Guo1f + Gi(f — G- f), m > 2, is the result of recursively
applying the greedy operator GG;. Theoretically, if N = dim X is finite, and
all fk are computed exactly, then a simple sort is sufficient to define [ i and,
thus, G,,f for all 1 < m < N. We will not discuss implementational issues
or other versions of greedy algorithms (see [11, 3, 4, 12, 13] and the references
cited therein; to some of them, the approach below carries over with minor
modifications). Rather we concentrate on the worst-case comparison of the
greedy approximation error ||f — G, f||x with its lower bound given by the
best m-term approzimation with respect to ®:

Om(Fx = inf f —gllx = _inf = inf [1f = gallx . (3)

More precisely, we are interested in estimates for the quantity

dx,e(m) := sup If = G fllx : m>1, (4)

fex om(f)x o

Although similar definitions can be considered for other varaints of greedy
algorithms, we solely deal with the investigation of this quantity which de-
scribes the worst case behavior of the greedy algorithm G, for each fixed m
with respect to arbitrary f € X.

When analyzing the approach taken in [9, 10, 11] in various partial situa-
tions, it is easy to see that it relies on a few basic ingredients, mostly estimates
for m-term polynomials. In the preprint version [8] of the present paper, we
presented a rather technical set of inequalities yielding upper and lower bounds
for x ¢(m) in the general case. We also considered some simplified conditions
based on monotone comparison functions, and applied them to various ex-
amples. When presenting our results from [8], V. N. Temlyakov brought to
our attention the papers [7] and [15] which contain closely related results. In
particular, [7] gives a characterization of all bases ® in X such that

dxae(m)=0(1), m— oo, (5)

in terms of unconditionality and inequalities for the polynomials 1, (the so-
called democracy condition). The connection of (5) with the weaker notion
of quasi-greedy bases, i.e., ® for which the greedy algorithm converges for any
f € X, and with various other related properties is also studied in [7]. Similar
results have been found in [15] for general biorthogonal systems.
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The aim of this paper is to present a unified approach to estimating dx ¢(m),
by introducing generalizations of the unconditionality and democracy condi-
tions, and to derive more practical criteria if

n(f) < fllx <wlf),  feX, (6)

where v;, 1 = 1,2, are monotone comparison functions. These results can be
found in Section 2.

We also give some new results for the univariate Haar system H. In Section
3 we prove the equality

5LP,H(m):3m+17 mzla pzl,OO, (7)
which implies that the trivial estimate
5X,q,(m)§3M\pm+1, le, (8)

cannot be improved. Finally, the asymptotic behavior of dguyo,n(m) and
dapmo,n(m) is determined.

Acknowledgement. The author thanks V. N. Temlyakov and P. Woj-
taszczyk for useful comments on the earlier version [8] of this paper, and for
making accessible their papers [7, 15].

2 Abstract Estimates

Fix a system ® C X satisfying the properties of Section 1. For arbitrary
f € X, define

/]

X,b2 := Sup ||9||X (9)

xan = inf lgllx, 1]
9> geX :g<f

9€X : 9>

In general, these quantities are not norms on X (|| -||x.¢;1 does not satisfy the

triangle inequality, while || - || x,¢,2 may take the value +o00). It is well-known
[5, Proof of Theorem 1.3.2] that
1/l x,@2 = sup || Zﬁkfk¢k||x : (10)
ee=%l  per
Obviously,
[fllxen < fllx < [[fllxee VFfeX. (11)
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Let us introduce the quantities

lgallx.@;2

Axe(m) := sup , m>1, (12)

aresm 192l x.0:1

and 1
Bya(m) i= sup S SR E)

ANAY=0, 1<H#A =#A"<m | Lar]|x 01

The quantities Ax ¢(m) indicate how close @ is to being an unconditional basis
(indeed, unconditionality is equivalent to

Axe(m)=0(1), m — oo, (14)

see [5, Theorem 1.3.2]). On the other hand, {Bx ¢(m)} is connected to the no-
tion of democracy resp. superdemocracy introduced in [7]. Roughly speaking,

Bxe(m)=0(1), m— oo, (15)

implies democracy and superdemocracy (and is equivalent to them if (14) is
satisfied). Examples showing that {Axe(m)} and {Bxe(m)} may behave
independently for m — oo can be found in [7]. Our first result generalizes
Theorem 1 of [7] as well as Theorem 4 of [15].

Theorem 1 For any system ® C X satisfying the assumptions of Section 1,
we have

(SX’Q(m) S 1 + 2AX,¢.(’ITL) + BX,q;.(m) 5 (16)

where m > 1. This upper estimate is asymptotically sharp as we have
dx,0(m) < max(Ax e(m), Bys(m)), m— 0o . (17)

We start the proof of Theorem 1 with a formula for Ay ¢(m) which exhibits
the relationship with unconditionality more explicitly. Set

S
Uxe(m) :=sup sup 15491l

, m>1. (18)
gex #a<m  |lgllx

Note that the second infimum could have been restricted to all A with #A = m,
without changing the value of Ux ¢(m) (since g, — 0 we can enlarge any A to
the necessary cardinality while essentially preserving the value of ||Sag||x)-



Lemma 2 We have

Uxao(m) < Axe(m) =sup sup 129 = Sargllx < 2Ux ¢(m)

gEX A'NA"=0, #A' +#A"<m ||g||X
(19)

for allm > 1.

Proof. By definition of Ax ¢(m) and by (9), (10) it follows that

||9A| X,®;2

Axe(m) = sup sup sup
geX 1<#A<m greVa:n<s  |19llx

| Xken €rgedrllx

= sup sup max

geX 1<#A<m €=*1 lgllx
_ 1Sarg — Sargllx
= sup sup

gEX A'NA"=0, #A+#A"<m ||9||X

The remaining inequalities in (19) are obvious.

Another preparation is the following, more technical observation. If we
define

11allx 8, = inf lga +gnallx
IAEVA, a\AEVI\A : 9A>T A, |91\ Alleoo <1
and L
Bl o(m) = sup R T TG
) A,ﬁA”:@, IS#A,:#ANS’H’L ||1A”||X’©;1
then
B;‘(@(m) S B)(’q)(m) S B}‘(@(m) + AX@ (m) s m Z 1. (21)

The lower estimate is obvious since [[1xv||xe1 < [|1a|[% 4,1 by definition. To
establish the upper bound, let ¢ > 0 be fixed. According to the definition (13),
we can find disjoint sets A’, A” of cardinality 1 < #A’ = #A” =m’ < m, and
functions

gy = > ey (er ==£1),

ke’

and g = gar + gnar satisfying gar > 1, such that

(1—6)BX,¢.(’ITL) < ||gA’||X ‘
gl x




Now, introduce a partitioning of A’ = A U A into the two disjoint subsets
A={keN :|g>1}, A=AN\A.

If A = 0 then we can find a real number A > 1 and a set A”, again disjoint
from A’ and of cardinality m' such that

Gkl > A, ke, gl <A, kEAT.
This shows that
AHlgallx < tallxez s A lgllx > 110 %0,
which by (20) implies (1 — €) Bx,o(m) < BX (m) in this case.
If 1 <m:=#A <m' < m then we simply write
lgarllx < ISagnllx | [1S3gnllx
gl x lgllx lgllx

The second term can again be bounded by BY 4(m) by repeating the above
argument with A’, m/, and g replaced by A, m = m’ —m, and S;gas, respec-
tively. For the first term, recall that by definition of A, the coefficient bound
for gpr, and Lemma 2 we have

1S39a7llx < IS3gllxe2 < Axe(m)|lgllx .

Thus, altogether we have
(1 —€)Bxe(m) < Axe(m) + By 4(m) ,

which gives the upper bound in (21) if ¢ — 0.

We can now prove the upper bound (16). For any given f € X, let the
index set A,, of cardinality #A,, = m be defined by G,,f = S\, f. For any
e > 0, we can find a polynomial gy € Vi such that g := f — ga satisfies
lgllx < (1 —¢&)7to,(f)x. Without loss of generality, we can assume that
#A = m, too. Now, set

N =A\An, A =A\A.

These sets are disjoint and have equal cardinality m' = #A' = #A”" < m.
Since Sp\(auan)f = Sn(aua,.)g, We can write

J = Gunf =Snmuamg+Snf =9—5rg— Sang+ Sarf .
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Applying the triangle inequality, we get

_Gm S S " S 7
(l—s)u < 1+|| A9||X+|| A9||X+|| v fllx
om(f)x gl x lgllx lgllx
1. .
< 1+ QUX,q) (m) —+ 7” A | X232
1 1ar||x.0:0

< 1+42Axe(m) + Bxo(m) .
In the estimation we have used that by definition of G, f, A’, and A”, we have
ol <lgwl=1ful  YheA, K eA.

Letting ¢ — 0 and taking the supremum with respect to all f € X, we have
(16).

To prove (17), we need to establish a matching lower bound. By definition
of Ux¢(m), for any € > 0, we can find a non-zero ¢ € X and an index set A
of cardinality #A = m such that

1Sagllx = (1 —&)Ux,a(m)]|g||x -

Set
f=Myllgllx +1)1r + g — Sag.

Since || < Myl|g]|x by (1), we have

If = Gmfllx = llg = Sagllx = (1 = £)Ux,a(m) = Dlgllx -

On the other hand, f and ¢ differ by a polynomial from V) which gives
om(f)x < |lgllx. Altogether, for ¢ — 0 we obtain

AX@(m) 1

dxa(m) > Uxe(m)—12> 5 ;

(22)
where we already have incorporated the result of Lemma 2.

Analogously, from definition (20), for any e > 0 we find disjoint sets A’; A"
with #A" = #A” < m, and functions grr € Vr, g € X, such that

. - . >1, ke,
gAlglAla |gk)| { 21 k_gAlI‘



and
lgnllx > (1 =€) By o(m)|lgllx -

Choose any A disjoint with A’ and A” such that the cardinality of A = A’ U A
equals m. Set

f=gn + Snarunyg + (1 +¢)(Sarg +15) .
Then

If = Gufllx = llga + Snarongllx
> ((1-¢)Bxe(m)—1-2Uxqs(m))llgllx

and (by subtracting a suitable polynomial from Vj)

om(f)x < gAiIEl{,A If = gallx < |lg +eSarg|lx < (1 +eUxa(m))]g]lx -

Together with Lemma 2, (21), and after letting & — 0, this gives
(5X,q>(m) 2 BX,q;.(m) - 3AX,¢(m) —1 s m 2 1. (23)

Combining (22) and (23), it is not hard to derive the lower bound in
1
S max(Ax e(m), Bx.o(m)) < dxe(m) < 4max(Axe(m), Bxs(m)) ,

while the upper bound is obvious from (16). This proves (17), and completes
the proof of Theorem 1. Note that the proof shows that Ax e(m) could be
replaced by Ux,e(m) in both relations (16) and (17). It is also possible to
replace By g(m) by B (m) in (17).

Although Theorem 1 gives the correct asymptotic behavior for the quanti-
ties 0y o(m) in the general case, its application to particular systems is tedious,
partly due to the complicated, implicit definitions of Ay ¢(m) and By ¢(m).
We will show next that the upper estimates can be simplified if it is possible
to introduce suitable comparison functions v; : X —— R, U {oc}, i = 1,2,
such that

vi(f) <|Ifllx, lgallx < ra(ga), (24)

holds for all f € X and all polynomials gy € V, and any A with #A < oo
(assumption (24) and the considerations below show that 5 only needs to be

defined for polynomials g,, not necessarily for general f € X).
We calla v : X — R, U {oc}



e monotone if v(f) < v(g) whenever f < g, and

e weakly rearrangement-invariant if v(1,) < Br(1xn) with some fixed 1 <
B < oo for all finite disjoint index sets A’, A” satisfying #A" = #A".

Clearly, these definitions depend on ®. If v(f) = ||f|| is given by a symmetric
sequence norm || - || such as (a multiple of) an ¢;-norm then it satisfies both
these conditions (with 3 = 1). Some other examples of practical use include
Littlewood-Paley type norms (see, e.g., [10]).

It is easy to see that the comparison functions

VX,@;l(f) = ||f]

are monotone, and satisfy (24). Moreover, this choice is optimal in the follow-
ing sense: If two monotone comparison functions vy, v, satisfy (24) then

X,®;1 5 vxo2(f) = [ fllxe02

vi(f) <vxoealf), vxe2(91) < va(ga) VieX, gr€Va. (25)
With this observation at hand, we have the following obvious

Lemma 3 Assume that there are two monotone comparison functions vy, vy

such that (24) holds. Then

Ux.o(m) < Ax.o(m) < A(m) = sup. ngi; , (26)
and
Bio(m) < Bxa(m) <Bm) = sip 208 o

AN =0, 4N = A <m V1 (Lar)
If either vy or vy is weakly rearrangement-invariant then B(m) < BA(m).

Proof. The inequalities (26), (27) immediately follow from the definitions
of the quantities and (25). The last statement is also trivial: If 15 is weakly
rearrangement-invariant then v, (157) < Bre(1a/) can be used, if vy is weakly
rearrangement-invariant then v;(1,/) > 37'vy(1,r) is appropriate. This con-
cludes the proof of Lemma 3.

A yet simpler criterion is formulated in
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Corollary 4 Let v = v; be a monotone and weakly rearrangement-invariant
comparison function such that the first inequality of (24) is satisfied. Then,

Axo(m) < A(m) == sup lgallx : Bx.s(m) < BA(m) . (28)
gAEXm V(g/\)

Consequently, we have
oxa(m) <1+ (24 08)A(m), m>1. (29)

This result suffices for most of the applications to the examples considered
in [9, 10, 11], as was demonstrated in Section 3 of [8].

Remark 1. Theorem 1 (in conjunction with Lemma 3) and Corollary 4
yield upper bounds for dx ¢(m) the optimality of which depends on the proper
choice of the comparison functions. Some simplified lower bounds for either
Ax ¢(m) or Bx ¢(m) in terms of comparison functions have been formulated in
[8]. In many situations, using examples based on the polynomials 1, will yield
matching lower bounds. E.g., the quantity BY 4(m) can often be estimated
from below by constructing disjoint A" and A” (#A" = #A” < m) such that
the ratio ||1a/||x/[|1a~||x is large (and comparable to the upper bounds). For
examples, we refer to Section 3 and [8].

Remark 2. We conclude with showing the crude estimate (8). Obviously,
by definition of f and My we have

v(f) = My | fle. < Ifllx VSEX,

and

lgallx < 32 1@a)el < mllgalle < mMyr(ga)
keA

for all gy € X,,. Thus, by Corollary 4 we have (8).

3 Applications to the Haar system

In this section, we present some applications of the material of the previous
section to the Haar system. In most cases, we use Corollary 4. Roughly speak-
ing, the art consists in detecting a suitable monotone and weakly symmetric
comparison function v for which the lower bound in (24) holds tightly, and
to find the appropriate A(m) Matching lower bounds are obtained by using
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Remark 1. As was mentioned before, all univariate examples considered in
[9, 10, 11] are covered by our approach, see [8] for some more details.

Here we only deal with the univariate Haar system H = {h;} which is the
prototype of wavelet systems. We use the following notation. Set A; := [0, 1],
and call

Agiciyy = [(I —1)279% 279+ l=1,..., 277",

are the dyadic intervals of level 7 > 1. xa denotes the characteristic function
of an interval A. With each of these intervals, we associate a Haar function
hi with support in Ay by setting hy := xa, and hoj-1,; 1= xa
for the remaining k = 271 4+ > 2.

We will first consider the Haar system in the Banach spaces L, := L,(0, 1),
1 < p < oo. More precisely, H denotes now the L,-normalized system
{|Ak|~Y/?hy}. Thus, if we talk about Haar coefficients of f € L,, we have
in mind the sequence fr = {|Ak|1/pfk}, where f = Y72, fehg. Obviously,
fe=1r

Let us start with the case 1 < p < oo [10]. For these p, H is an uncondi-
tional basis in L,, and the comparison function of our choice is the Littlewood-
Paley norm

2] 421—1 - XAW' 421

v(f) = G 1Al xa) e, -
k=1
For some choice of the positive constant C, we have
v(f) < \flle, < Cov(f) ¥ FELy(0,1),

compare [6, ITI, Theorem 9]. Due to this norm equivalence, A(m) < Cp < o0
for all m. Thus, to show the basic result of [10],

o, g(m)~1, m>1, 1<p<oo, (30)

i.e., the asymptotic optimality of the greedy algorithm (up to a constant fac-
tor), as a consequence of Corollary 4 , we only need to verify that v is weakly
rearrangement-invariant (the monotonicity i) is obvious). The proof of ii)
with some 3 = (3, < oo is essentially contained in [10, Lemma 2.1-2] (note
differences in notation), we do not repeat it here.

Next we come to the case p = oo which has been dealt with in [9, Section
6.2], see also [2] for earlier results. To be precise, the Ly,-space we are dealing
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with is the closed, separable subspace in L., generated by H. A suitable
comparison function is defined by the norm

v(f) =1 fllew < 1f]lw -

which satisfies i) and ii) (with 8 = 1). Inequality (28) is fulfilled with A(m) =
m since

lgallie < D 1gal < m-v(ga)
ke

for all Haar polynomials gy € ¥,,,. This gives
5LOO,H(m)§3m+1, le,

where we have used Corollary 4.
Since 2™ > m for all m > 1, the two m-term Haar polynomials

m—1 m
1y =h + Z hgi-141 1y = Zh2m+m )
j=1 =1

correspond to disjoint A and A" and satisfy
1all =m, alle =1
This gives the lower bound
Opo,m(m)>m, m>1,

if we consider f = (1 + €)1y + 14, and let € > 0 tend to zero.
The following result shows that we can do better. Moreover, it shows that
the estimation techniques of Section 2 are essentially sharp.

Theorem 5 We have the identity
dpom(m)=3m+1, m>1. (31)

Since My = 1 for the biorthogonal system ¥ = {|Az|7'hy} of H, this also
shows that (8) is best possible.
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Proof. Only an improved lower bound needs to be established. Let & > 3,
and define

1
B h2(7‘—1)k+1+1 5

1
gr = h27‘k71+1 + §h2rk—2+1 —|— e W

and
f :hZ(Tfl)k+1_b];Igr, 7”:1,...,2m,

where b, = YF2227° = 2 — 2=(*=2) > 1. Obviously,

bk y T € AQrk+1 y
gr(aj‘) = —2_(k_2) y T € AQ(T—I)k+1+1\A2rk+1 3
O y X G [0, 1]\A2(r—1)k+1+1 .
and
0 , X E A27‘k+1 U ([0, 1]\A2(r71)k+1) ;
fT‘ (.’I/') _= 1 + 2_(1{:_2)();1 3 X E AZ(Tfl)k+l+1\A2rk+1 y
_]_ ; T € AZ(T—I)k+1\A2(T—1)k+l+1 .
Note that
el < 142720 lhgemiigy = gollo = 14270720 (32)
Set
2m—1
f= Z fr+ 1 — 6 Z (f,« — 2h2(r—1)k+1) — (h2(2m—l)k+1 + 92m) ,
r=m+1

where 0 < € < 1 is arbitrary. It is easy to see that the m largest in absolute
value coefficients of f are 1, and associated with the Haar functions hAyu-1k .,
r=1,...,m. Thus,

1f = Gnfllee = |(f = X0 hoo-1e41)(04)]
= |-m+(1—-€e(=2(m—1)—1— b (33)
= 3m+1—(2m+1e— (1 —¢)2-¢-2
On the other hand, an upper estimate for o,,,(f)., can be obtained from (32)
as follows:

om(f) < IIf+2(1—¢) Z hoe—1k 411 Lo
r=m+1
< max {fillew, =100, 2m =1, [hyen vy — gomll}
< 142 k2
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Here, we have used that the supports of the f., r = 1,...,2m — 1, and
hoem-1k 41 — gom are pairwise disjoint by construction. Together with (33),
letting € — 0, and then & — oo, we arrive at the equality for 6, g(m) in
(31).

In the final case p = 1, we could not find a suitable v satisfying all the
assumptions of Corollary 4. We will therefore use Theorem 1 in conjunction
with Lemma 3. Set

2i—1

n(f) =sup{| 1], X0 ol 321}, () =11 e
=1

where both comparison functions are monotone and satisfy (24). Moreover, v

(but not v) is weakly rearrangement-invariant. Recall that f! = |Ay|fe.
Inequality (28) holds with A(m) = m, 8 = 1. Examples for the lower

bounds can be constructed as in the case p = oo from the polynomials

m m—1
1y =) 2"homyy Ly =hi+ Y 2 hgjmyy
=1 =1

which satisfy ||14||, = m, ||1a/]|z, = 1. This gives
m S (SLI’H(’ITL) S 3m—|— 1 y

which is the known result from [9, Section 6.1]. As should be expected, an
improvement as in Theorem 5 holds.

Theorem 6 We have the equality
5L1,H(m) =3m+1 s mz 1. (34)

Proof. The following example shows the equality in (34). For fixed large
k and small € > 0, set

m—1 m—1
f=g+e¢ Z 22lkh22lk+1 -2 Z 2(2l+1)kh2(21+1)k+1 ,
=0 =0

where
2km

g = hl + Z 2j71h2j—1+1 = 22ka[072—2km] .
j=1
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Obviously,
m—1
Tm(Fe < Ngllee +ell D0 2% hoan i fln, <1 +em . (35)
1=0
On the other hand, G,,,(f) = (1 4+ ¢€) 27" 22* hoax 1. Thus,
m—1 m—1
F=Gu(f)=9—3 2% hyon iy —2 3 20 DR Dy
1=0 1=0

From this formula, we see that

|(f = Gu(f)) ()]

22k — 9y 2k > 22k (1 — 4. 27F) , xe Ay,
> 92I+1k+1 _ 9 Z?lzo ik > 2(2l+1)k+1(1 —9. 2—k) , T € Al2l+1 ,
g2mk _ g yoamt 2dk > 92mk (1 — 4. 9k) , xeA,

where [ =0,1,...,m — 1, and the intervals A! are defined by
Al = Npre 1\ Aogorikyy, 7=0,...,2m—1, Al = ANosmk g
This implies
1f = Gl > Bm+1)(1 —27F)(1 —27¢2),

and together with (35) the lower bound in (34) if £ — oo and € — 0.

Remark 3. The examples for the lower bounds in Theorem 5 and 6 also
show that no algorithm based on nonlinear partial sum operators

[ San(f)

with respect to the Haar system or based on more general scaled versions

fr—=Syb (= Wl

keA(f)

where |[A(f)] < m and w(f)r > 0 for all & € A(f) can perform better than
within a factor of &~ m compared to the best m-term approximation in the L-
resp. Li-norm. This remark also applies to the tree optimization algorithms
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discussed in [2] and [1]. It seems to be an open question whether better
methods of low complexity can be found in these cases.

Let us investigate the changes if we replace L., by spaces of functions of
bounded mean oscillation. We consider two slightly different situations. The
space BMO is the subspace of L;(0,1) defined as the closure of H under the
norm

| fllBaro = | f

1
[0,1] +ASUP —If = flallziay (36)

SORAY

where f|a = |A|7! [y f(z) dz is the average value of f with respect to A, and
the supremum in (36) is taken with respect to all intervals A in [0, 1] (for some
details, see [6, Section V.3]). Analogously, dBMO (the dyadic BMO-space)
is defined with the weaker norm

1
| fllagaro = | flioa] +sup —=If = flayllzian (L fllBao ) (37)
k>1 | Akl

These spaces traditionally serve as replacements for L., resp. C' in questions
of Fourier analysis (together with versions of the Hardy space Hj, they form
‘better’ endpoints for the scale of L,-spaces, 1 < p < 00). Note that L is
continuously imbedded into BMO and dBMO, more precisely, we have

[ fllBao < |floal+ 1fllze <2 fllze V[ € Leo(0,1). (38)

Let us consider the behavior of greedy algorithms with respect to the Haar
system (note that the Haar functions hj have unit norm in both BMO and
dBMO). Obviously, the comparison function v(f) := ||f||.. is defined by a
symmetric sequence norm and satisfies

v(f) < Ifll;, = Ifil +sup fel <1 fllasrio( < 1 fllsao ) (39)

for all f € dBMO (resp. f € BMO). In order to use Corollary 4, we need
estimates for the BM O-norm of arbitrary m-term polynomials.

Lemma 7 For any m-term Haar polynomial gy € ¥, we have

lgallBrro < m|gallew (40)

and
lgallaBaro < C(1 4+ y/logy m)||galle., - (41)

Both estimates are asymptotically sharp (up to constant factors).
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Proof. The first inequality is trivial since

lgallzaro < D [(Ga)el - el Baro = D 1(Ga)k] < m|galle, -
keA keA

The function

=0 — sm/2l gy
gA(x) _ g(21‘—|—1) : g(x) — { g_(g()__x)zjl h2jfl+1 : i E F}ll,]()) s (42)

is a Haar polynomial for some index set A with #A = 2[m/2] < m. Thus,
gr € X, and, obviously, ||galle, = 1. Consider as A the interval of length
2-m/2] with midpoint at = 1/2. By construction, g, (z) = £[m/2], z € A,
depending on whether x < 1/2 or > 1/2. This gives ga|a = 0 and

lgallBrro = |A] HlgallL.a) = Im/2] .

Altogether, this gives the sharpness assertion for (40). Since A is not a dyadic
interval, this reasoning does not lead to a lower bound for the d BMO-norm.

The inequality (41) follows from a coefficient norm equivalence for the
Franklin system in BMO first established by Wojtszczyk [14] (see also [6, Sec-
tion VL5, Theorem 11]) and a well-known connection between the Franklin
series in BMO and Haar series in dBMO (which follows by duality from the
corresponding statements for Hardy spaces). We give an elementary alterna-
tive proof which is based on a neat extremal property of Haar polynomials in
the dBMO norm (see Lemma 8 below). Let any ga be given, where ||galls, <1
and #A < m. Let us observe the following. The function

9(7) = (ga—gala,) (@[ Ag|+zr) = ( A%: . (ga)ihe) (x| Agl+mg) . z €10,1],

where x; is the left endpoint of Ay, coincides with a certain g with A’ C
IN\{1} satisfying #A" < m, ||ga|le.. < 1, and

1Al llga = galallzaan = llgellz, = llgall, -
Thus,

Ngallaparo < 1+ lgallz, ,  (43)

~ max A max
gA 1galleco <1, #A<m gn 19 llese <1, ACN\{1}, #£A<m

i.e., estimates for the d BM O-norm reduce to estimates for the more convenient
Li-norm, and can be obtained easily.
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Indeed, take any A C IN\{1}, #A < m, and set A; = AN{27"+1,...,27},
j > 1. Let n = [log, m| and A, = U<, A;. Then for any g with [[gsllr. <1
we have

Ngalle, < I D2 (Ga)khelle, + Z 1> (9a)khellL, -

keA, Jj=n+1 k€A,
But

Z ||Z(§ Vihil|ln, < Z oI+l #N; <2 "m <1,

Jj=n+1 k€A, j=n+1
and, by Lemma 8 below,

1> (Gn)khulln, <A, <Cvn.

keAn

According to (43), this gives (41). The sharpness of this inequality also follows
from Lemma 8: The polynomial

27’L

1, := Z h, € X,
k=2

will do. This concludes the proof of Lemma 7.

We have postponed the proof of the following

Lemma 8 We have

2n 2n
1Y cehulln, <D enbnllasro < Anllellen, (44)
where
n 2m-22m<2;:>, n=2m o
An:Z|n—2k|<Z>: ) ~ =
k=0 (2m+1)-2_2m<$>, n=2m+1 m

FEquality in (44) is achieved for ¢y =1, k =2,...,2™.

Proof. According to our above considerations, the best constant A, in
(44) is given by
2n

A = Imax || chthLl .

ler|<1
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We will show that this maximum is attained for ¢, = 1, £ > 2. Let ¢ =
{ck, 2 < k < 2"} be a maximizer. Let [ be the largest coefficient such that
c; # 1 (consequently, —1 < ¢; < 1). Without loss of generality, let [ = 271 +r
for some 1 < j <nandr=1,...,27!. Changing the coefficient ¢; will only
influence the values of the polynomial on A;. We can write

2i—1

I Z ckhil|Lan = || Z cehi +cihy + Z hic ||y

k=27 +1
W—’ ———
=91 =g2

where we have used that ¢, = 1 for k£ > [. Observe that g; is constant on all
of A; while go(z + 27) = go(x) for all ¥ € A = Agjio,_1, the left half of A;.
Thus, by the elementary identity |a + b| + |a — b] = 2max(|al, |b]), we have

IS ehelliay = llgn+ 92+ allygar + o+ 92 = allyary

= 2l[max(Jg1 + g2|, lail)ll o, a) < 2l max((gr + g2|, Dl 1, a)

= g+ 92+ Uz, an +llgr + 92 = 1L, a0y = | > billniay
k

where ¢}, = ¢, for k # [, and ¢; = 1. Thus, ¢ is also a maximizer in the above
expression for A,. Repeating this reasoning, we arrive at the statement.
It remains to compute A,,. Obviously,

2n
A= 1S el =2 Y =2 e 2k|< )
k=2

6=(01,....0n)€{1,—1}" k=0

If n = 2m is even, then we continue
4 2m 2m , o 2m 4
i = A F () 2 (M) A
2m o 2m 8m "2 [ 2m —1
B N ;
k=0
o 2m o, 2m am o 2m -1\,  2m [ 2m
_22—7"(2 _<m>) 22’”(2 _2<m—1>)_22—m<m>'
The case n = 2m + 1 is treated analogously. Note that Ag, = (1 +
(2m)~") Agp,. From Stirling’s formula we find that

2m 2m.,,. m\/47r /4m
AZm 22m( e )2 ( ) 2
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Altogether, this establishes Lemma 8.

After these preparations, we can formulate

Theorem 9 We have

dpvo,m(m) < m, (45)
and
darmo.m(m) < \/logym (46)
as m — oo.

Proof. The upper bounds follow from Corollary 4, and the above Lemma 7.
The lower bounds can easily be derived from the examples already mentioned
(note that, as a happy coincidence, the asymptotic sharpness results for the
inequalities in Lemma 7 are of the type 1, as required in our scheme). E.g.,
to get the lower bound in (45), set

F=ga+1+6 hamy

=1

in the BMO-case, where g, is defined in (42), and set

2" m
f = th"‘ (1+€)Zh2m+l
k=2 =1

in the dBMO-case (n = [logy,m], ¢ > 0). In both cases, G, f = (1 +
€) 1%, hamy, thus, the error of the greedy approximation can be recovered
from the above estimates. On the other hand, the best m-term approxima-
tions for these two examples are certainly bounded from above by ||1x/||z,, <1
for some A’ C {2™ 4+ 1,...,2™ 4+ m}. This completes the proof.
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