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Abstract

The paper extends upon previous work by Temlyakov� Konyagin�

and Wojtaszczyk on comparing the error of certain greedy algorithms

with that of best m�term approximation with respect to a general

biorthogonal system in a Banach space X� We consider both necessary

and su�cient conditions which cover most of the special cases previ�

ously considered� Some new results concerning the Haar system in L��

L�� and BMO are also included�

� Introduction

Throughout the paper� let X be a real separable Banach space� and � �
f�k� k � Ig a minimal� normalized� dense system in X� We identify I with
the set of natural numbers IN � f�� �� � � �g �although all considerations apply to
�nite	dimensional spaces� too� we will assume dimX ��
� The normalization
condition reads k�kkX � �� k � IN� and the density requirement says that the
union of all linear subspaces V� � spanf�k� k � �g generated by �nite index
sets � � I is dense in X� Minimality is equivalent to the existence of a
biorthogonal system � � f�k� k � Ig � X � such that

h�l� �kiX��X � �kl �

�
� � k � l

 � k �� l

�

�



In order for the following discussion to make sense� we will assume that

M� �� max
k�I

k�kkX� �� � ��


As is well known� this condition is equivalent to requiring that the coe�cient
sequence �f �� f �fk �� h�l� fiX��Xg is a null sequence �i�e�� �fk � 
 if k � �

for any f � X�

For later use� we introduce the following notation� In agreement with the
above notation� we set V� �� ff � X � �fk � 
 � k �� �g for arbitrary � � I�
and denote by g� the generic element of V�� If the index set � is �nite� i�e��
�� ��� then the g� are called polynomials� and we introduce the notation

�� ��
X
k��

�k � V� �

The nonlinear set
�m ��

�
��j�m

V�

contains all m�term polynomials� i�e�� polynomials with � m non	zero coef	
�cients� The following partial sum operators are well	de�ned for any �nite
� � I�

S�f ��
X
k��

�fk�k � SIn�f � f � S�f �

For arbitrary null sequences c� we set jcj �� fjckj� k � Ig� c 	 c� means
that jckj 	 jc�kj� k � I� and c� � fc�k � cl�k�� k � Ig denotes the decreasing
rearrangement of c which is de�ned by a one	to	one mapping lc � I 
� I such
that jc�j is monotonically decreasing� i�e��

jclc���j 	 jclc���j 	 � � � �

Obviously� lc is only unique up to index permutations for ck with equal absolute
value� The reader is assured that the results of this paper do not depend on
the speci�c choice of the index mapping lc�

Temlyakov ��� �
� ��� has written a series of papers on the error behav	
ior of greedy algorithms associated with various classical systems �uniformly
bounded orthonormal systems� wavelet systems� etc�
 in various Banach spaces
�Lp	spaces� F r

q 	spaces� etc�
� Using the above notation� the simplest greedy al�
gorithm is given by

f � X 
�� Gmf ��
X
k��m

ck�k � �m �� fl �f�k
� k � �� � � � � mg � ��


�



where the mapping l �f � I � I was de�ned above� The name greedy is justi�ed
since Gmf � Gm��f � G��f � Gm��f
� m 	 �� is the result of recursively
applying the greedy operator G�� Theoretically� if N � dimX is �nite� and
all �fk are computed exactly� then a simple sort is su�cient to de�ne l �f and�
thus� Gmf for all � � m � N � We will not discuss implementational issues
or other versions of greedy algorithms �see ���� �� �� ��� ��� and the references
cited therein� to some of them� the approach below carries over with minor
modi�cations
� Rather we concentrate on the worst	case comparison of the
greedy approximation error kf � GmfkX with its lower bound given by the
best m�term approximation with respect to ��

�m�f
X �� inf
g�	m

kf � gkX � inf
��I 
 j�j�m

inf
g��V�

kf � g�kX � ��


More precisely� we are interested in estimates for the quantity

�X���m
 �� sup
f�X

kf �GmfkX
�m�f
X

� m 	 � � ��


Although similar de�nitions can be considered for other varaints of greedy
algorithms� we solely deal with the investigation of this quantity which de	
scribes the worst case behavior of the greedy algorithm Gm for each �xed m
with respect to arbitrary f � X�

When analyzing the approach taken in ��� �
� ��� in various partial situa	
tions� it is easy to see that it relies on a few basic ingredients� mostly estimates
for m	term polynomials� In the preprint version ��� of the present paper� we
presented a rather technical set of inequalities yielding upper and lower bounds
for �X���m
 in the general case� We also considered some simpli�ed conditions
based on monotone comparison functions� and applied them to various ex	
amples� When presenting our results from ���� V� N� Temlyakov brought to
our attention the papers ��� and ���� which contain closely related results� In
particular� ��� gives a characterization of all bases � in X such that

�X���m
 � O��
 � m�� � ��


in terms of unconditionality and inequalities for the polynomials �� �the so	
called democracy condition
� The connection of ��
 with the weaker notion
of quasi�greedy bases� i�e�� � for which the greedy algorithm converges for any
f � X� and with various other related properties is also studied in ���� Similar
results have been found in ���� for general biorthogonal systems�

�



The aim of this paper is to present a uni�ed approach to estimating �X���m
�
by introducing generalizations of the unconditionality and democracy condi	
tions� and to derive more practical criteria if

���f
 � kfkX � ���f
 � f � X � ��


where �i � i � �� �� are monotone comparison functions� These results can be
found in Section ��

We also give some new results for the univariate Haar system H� In Section
� we prove the equality

�Lp�H�m
 � �m� � � m 	 � � p � ��� � ��


which implies that the trivial estimate

�X���m
 � �M�m� � � m 	 � � ��


cannot be improved� Finally� the asymptotic behavior of �BMO�H�m
 and
�dBMO�H�m
 is determined�

Acknowledgement� The author thanks V� N� Temlyakov and P� Woj	
taszczyk for useful comments on the earlier version ��� of this paper� and for
making accessible their papers ��� ����

� Abstract Estimates

Fix a system � � X satisfying the properties of Section �� For arbitrary
f � X� de�ne

kfkX���� �� inf
g�X 
 �g	 �f

kgkX � kfkX���� �� sup
g�X 
 �g� �f

kgkX � ��


In general� these quantities are not norms on X �k � kX���� does not satisfy the
triangle inequality� while k � kX���� may take the value ��
� It is well	known
��� Proof of Theorem I����� that

kfkX���� � sup
�k

�

kX
k�I

	k �fk�kkX � ��



Obviously�
kfkX���� � kfkX � kfkX���� � f � X � ���


�



Let us introduce the quantities

AX���m
 �� sup
g��	m

kg�kX����

kg�kX����

� m 	 � � ���


and

BX���m
 �� sup
������
� � �����
�����m

k���kX����

k����kX����
� m 	 � � ���


The quantities AX���m
 indicate how close � is to being an unconditional basis
�indeed� unconditionality is equivalent to

AX���m
 � O��
 � m�� � ���


see ��� Theorem I�����
� On the other hand� fBX���m
g is connected to the no	
tion of democracy resp� superdemocracy introduced in ���� Roughly speaking�

BX���m
 � O��
 � m�� � ���


implies democracy and superdemocracy �and is equivalent to them if ���
 is
satis�ed
� Examples showing that fAX���m
g and fBX���m
g may behave
independently for m � � can be found in ���� Our �rst result generalizes
Theorem � of ��� as well as Theorem � of �����

Theorem � For any system � � X satisfying the assumptions of Section ��
we have

�X���m
 � � � �AX���m
 �BX���m
 � ���


where m 	 �� This upper estimate is asymptotically sharp as we have

�X���m
 
 max�AX���m
� BX���m

 � m�� � ���


We start the proof of Theorem � with a formula for AX���m
 which exhibits
the relationship with unconditionality more explicitly� Set

UX���m
 �� sup
g�X

sup
���m

kS�gkX
kgkX � m 	 � � ���


Note that the second in�mum could have been restricted to all � with �� � m�
without changing the value of UX���m
 �since �gk � 
 we can enlarge any � to
the necessary cardinality while essentially preserving the value of kS�gkX
�

�



Lemma � We have

UX���m
 � AX���m
 � sup
g�X

sup
������
�� ���������m

kS��g � S���gkX
kgkX � �UX���m


���

for all m 	 ��

Proof� By de�nition of AX���m
 and by ��
� ��

 it follows that

AX���m
 � sup
g�X

sup
�����m

sup
g��V� 
 �g���g

kg�kX����

kgkX

� sup
g�X

sup
�����m

max
�k

�

kPk�� 	k�gk�kkX
kgkX

� sup
g�X

sup
������
�� ���������m

kS��g � S���gkX
kgkX �

The remaining inequalities in ���
 are obvious�

Another preparation is the following� more technical observation� If we
de�ne

k��k�X���� �� inf
g��V�� gIn��VIn� 
 �g�	���� k�gIn�k����

kg� � gIn�kX �

and

B�
X���m
 �� sup

������
� � �����
�����m

k���kX����

k����k�X����

� m 	 � � ��



then
B�
X���m
 � BX���m
 � B�

X���m
 � AX���m
 � m 	 � � ���


The lower estimate is obvious since k����kX���� � k����k�X���� by de�nition� To
establish the upper bound� let 
 � 
 be �xed� According to the de�nition ���
�
we can �nd disjoint sets ��� ��� of cardinality � � ��� � ���� � m� � m� and
functions

g�� �
X
k���

	k�k � 	k � �� 
 �

and g � g��� � gIn��� satisfying �g��� 	 ������ such that

��� 

BX���m
 � kg��kX
kgkX �

�



Now� introduce a partitioning of �� � �� � �� into the two disjoint subsets

�� � fk � �� � j�gkj � �g � �� � ��n�� �

If �� � � then we can �nd a real number � 	 � and a set ����� again disjoint
from �� and of cardinality m� such that

j�gkj 	 �� � k � ���� � j�gkj � �� � k �� ���� �

This shows that

���kg��kX � k���kX���� � ���kgkX 	 k� ����k�X���� �

which by ��

 implies ��� 	
BX���m
 � B�
X���m
 in this case�

If � � �m �� ��� � m� � m then we simply write

kg��kX
kgkX � kS��g��kX

kgkX �
kS��g��kX
kgkX �

The second term can again be bounded by B�
X���m
 by repeating the above

argument with ��� m�� and g�� replaced by ��� �m � m�� �m� and S��g��� respec	
tively� For the �rst term� recall that by de�nition of ��� the coe�cient bound
for g��� and Lemma � we have

kS��g��kX � kS��gkX���� � AX���m
kgkX �

Thus� altogether we have

��� 	
BX���m
 � AX���m
 �B�
X���m
 �

which gives the upper bound in ���
 if 
� 
�
We can now prove the upper bound ���
� For any given f � X� let the

index set �m of cardinality ��m � m be de�ned by Gmf � S�mf � For any

 � 
� we can �nd a polynomial g� � V� such that g �� f � g� satis�es
kgkX � �� � 

���m�f
X � Without loss of generality� we can assume that
�� � m� too� Now� set

�� � �n�m � ��� � �mn� �

These sets are disjoint and have equal cardinality m� � ��� � ���� � m�
Since SIn��
�m�f � SIn��
�m�g� we can write

f �Gmf � SIn��
�m�g � S��f � g � S�g � S���g � S��f �

�



Applying the triangle inequality� we get

��� 


kf �GmfkX

�m�f
X
� � �

kS�gkX
kgkX �

kS���gkX
kgkX �

kS��fkX
kgkX

� � � �UX���m
 �
k���kX����

k����kX����

� � � �AX���m
 �BX���m
 �

In the estimation we have used that by de�nition of Gmf � �
�� and ���� we have

j �fkj � j�gk�j � j �fk�j � k � �� � k� � ��� �

Letting 
 � 
 and taking the supremum with respect to all f � X� we have
���
�

To prove ���
� we need to establish a matching lower bound� By de�nition
of UX���m
� for any 
 � 
� we can �nd a non	zero g � X and an index set �
of cardinality �� � m such that

kS�gkX 	 ��� 

UX���m
kgkX �

Set
f � �M�kgkX � �
�� � g � S�g�

Since j�gkj �M�kgkX by ��
� we have

kf �GmfkX � kg � S�gkX 	 ���� 

UX���m
� �
kgkX �

On the other hand� f and g di er by a polynomial from V� which gives
�m�f
X � kgkX� Altogether� for 
� 
 we obtain

�X���m
 	 UX���m
� � 	 AX���m


�
� � � ���


where we already have incorporated the result of Lemma ��
Analogously� from de�nition ��

� for any 
 � 
 we �nd disjoint sets ������

with ��� � ���� � m� and functions g�� � V��� g � X� such that

�g�� � ���� � j�gkj
� 	 � � k � ��� �
� � � k �� ��� �

�



and
kg��kX 	 ��� 

B�

X���m
kgkX �

Choose any �� disjoint with �� and ��� such that the cardinality of � � �� � ��
equals m� Set

f � g�� � SIn����
��g � �� � 

�S���g � ���
 �

Then

kf �GmfkX � kg�� � SIn����
��gkX
	 ���� 

B�

X���m
� �� �UX���m

kgkX �

and �by subtracting a suitable polynomial from V�


�m�f
X � inf
g��V�

kf � g�kX � kg � 
S���gkX � �� � 
UX���m

kgkX �

Together with Lemma �� ���
� and after letting 
� 
� this gives

�X���m
 	 BX���m
� �AX���m
� � � m 	 � � ���


Combining ���
 and ���
� it is not hard to derive the lower bound in

�

�
max�AX���m
� BX���m

 � �X���m
 � �max�AX���m
� BX���m

 �

while the upper bound is obvious from ���
� This proves ���
� and completes
the proof of Theorem �� Note that the proof shows that AX���m
 could be
replaced by UX���m
 in both relations ���
 and ���
� It is also possible to
replace BX���m
 by B�

X���m
 in ���
�

Although Theorem � gives the correct asymptotic behavior for the quanti	
ties �X���m
 in the general case� its application to particular systems is tedious�
partly due to the complicated� implicit de�nitions of AX���m
 and BX���m
�
We will show next that the upper estimates can be simpli�ed if it is possible
to introduce suitable comparison functions �i � X 
�� IR� � f�g� i � �� ��
such that

���f
 � kfkX � kg�kX � ���g�
 � ���


holds for all f � X and all polynomials g� � V� and any � with �� � �
�assumption ���
 and the considerations below show that �� only needs to be
de�ned for polynomials g�� not necessarily for general f � X
�

We call a � � X 
�� IR� � f�g

�



� monotone if ��f
 � ��g
 whenever �f � �g� and

� weakly rearrangement�invariant if �����
 � 
������
 with some �xed � �

 �� for all �nite disjoint index sets ��� ��� satisfying ��� � �����

Clearly� these de�nitions depend on �� If ��f
 � k �fk is given by a symmetric
sequence norm k � k such as �a multiple of
 an �� 	norm then it satis�es both
these conditions �with 
 � �
� Some other examples of practical use include
Littlewood	Paley type norms �see� e�g�� ��
�
�

It is easy to see that the comparison functions

�X�����f
 �� kfkX���� � �X�����f
 �� kfkX����

are monotone� and satisfy ���
� Moreover� this choice is optimal in the follow	
ing sense� If two monotone comparison functions ��� �� satisfy ���
 then

���f
 � �X�����f
 � �X�����g�
 � ���g�
 � f � X � g� � V� � ���


With this observation at hand� we have the following obvious

Lemma � Assume that there are two monotone comparison functions ��� ��
such that ���� holds� Then

UX���m
 � AX���m
 � A�m
 �� sup
g��	m

���g�


���g�

� ���


and

B�
X���m
 � BX���m
 � B�m
 �� sup

������
�����
�����m

������


�������

� ���


If either �� or �� is weakly rearrangement�invariant then B�m
 � 
A�m
�

Proof� The inequalities ���
� ���
 immediately follow from the de�nitions
of the quantities and ���
� The last statement is also trivial� If �� is weakly
rearrangement	invariant then �������
 � 
������
 can be used� if �� is weakly
rearrangement	invariant then ������
 	 
���������
 is appropriate� This con	
cludes the proof of Lemma ��

A yet simpler criterion is formulated in

�




Corollary � Let � � �� be a monotone and weakly rearrangement�invariant
comparison function such that the 	rst inequality of ���� is satis	ed� Then�

AX���m
 � �A�m
 �� sup
g��	m

kg�kX
��g�


� BX���m
 � 
 �A�m
 � ���


Consequently� we have

�X���m
 � � � �� � 

 �A�m
 � m 	 � � ���


This result su�ces for most of the applications to the examples considered
in ��� �
� ���� as was demonstrated in Section � of ����

Remark �� Theorem � �in conjunction with Lemma �
 and Corollary �
yield upper bounds for �X���m
 the optimality of which depends on the proper
choice of the comparison functions� Some simpli�ed lower bounds for either
AX���m
 or BX���m
 in terms of comparison functions have been formulated in
���� In many situations� using examples based on the polynomials �� will yield
matching lower bounds� E�g�� the quantity B�

X���m
 can often be estimated
from below by constructing disjoint �� and ��� ���� � ���� � m
 such that
the ratio k���kX�k����kX is large �and comparable to the upper bounds
� For
examples� we refer to Section � and ����

Remark �� We conclude with showing the crude estimate ��
� Obviously�
by de�nition of �f and M� we have

��f
 ��M��
� k �fk�� � kfkX � f � X �

and
kg�kX � X

k��

j��g�
kj � mk�g�k�� � mM���g�


for all g� � �m� Thus� by Corollary � we have ��
�

� Applications to the Haar system

In this section� we present some applications of the material of the previous
section to the Haar system� In most cases� we use Corollary �� Roughly speak	
ing� the art consists in detecting a suitable monotone and weakly symmetric
comparison function � for which the lower bound in ���
 holds tightly� and
to �nd the appropriate �A�m
� Matching lower bounds are obtained by using

��



Remark �� As was mentioned before� all univariate examples considered in
��� �
� ��� are covered by our approach� see ��� for some more details�

Here we only deal with the univariate Haar system H � fhkg which is the
prototype of wavelet systems� We use the following notation� Set !� �� �
� ���
and call

!�j���l �� ��l � �
��j��� l��j��� � l � �� � � � � �j�� �

are the dyadic intervals of level j 	 �� �� denotes the characteristic function
of an interval !� With each of these intervals� we associate a Haar function
hk with support in !k by setting h� �� ��� and h�j���l �� ��

�j��l��
� ��

�j��l

for the remaining k � �j�� � l 	 ��
We will �rst consider the Haar system in the Banach spaces Lp �� Lp�
� �
�

� � p � �� More precisely� H denotes now the Lp	normalized system
fj!kj���phkg� Thus� if we talk about Haar coe�cients of f � Lp� we have

in mind the sequence �f p � fj!kj��p �fkg� where f �
P�

k
�
�fkhk� Obviously�

�f� � �f �
Let us start with the case � � p � � ��
�� For these p� H is an uncondi	

tional basis in Lp� and the comparison function of our choice is the Littlewood	
Paley norm

��f
 � C��
p k�

�X
k
�

j �fkj���k

���kLp �

For some choice of the positive constant Cp we have

��f
 � kfkLp � C�
p��f
 � f � Lp�
� �
 �

compare ��� III� Theorem ��� Due to this norm equivalence� �A�m
 � C�
p ��

for all m� Thus� to show the basic result of ��
��

�Lp�H�m
 � � � m 	 � � � � p �� � ��



i�e�� the asymptotic optimality of the greedy algorithm �up to a constant fac	
tor
� as a consequence of Corollary � � we only need to verify that � is weakly
rearrangement	invariant �the monotonicity i
 is obvious
� The proof of ii

with some 
 � 
p � � is essentially contained in ��
� Lemma ���	�� �note
di erences in notation
� we do not repeat it here�

Next we come to the case p �� which has been dealt with in ��� Section
����� see also ��� for earlier results� To be precise� the L�	space we are dealing

��



with is the closed� separable subspace in L� generated by H� A suitable
comparison function is de�ned by the norm

��f
 �� k �fk�� � kfkL� �

which satis�es i
 and ii
 �with 
 � �
� Inequality ���
 is ful�lled with �A�m
 �
m since

kg�kL� � X
k��

j�g�j � m � ��g�


for all Haar polynomials g� � �m� This gives

�L��H�m
 � �m� � � m 	 � �

where we have used Corollary ��
Since �m � m for all m 	 �� the two m	term Haar polynomials

�� � h� �
m��X
j
�

h�j���� � ��� �
mX
l
�

h�m�m �

correspond to disjoint � and �� and satisfy

k��kL� � m � k���kL� � � �

This gives the lower bound

�L��H�m
 	 m � m 	 � �

if we consider f � �� � 	
��� � ��� and let 	 � 
 tend to zero�
The following result shows that we can do better� Moreover� it shows that

the estimation techniques of Section � are essentially sharp�

Theorem � We have the identity

�L��H�m
 � �m� � � m 	 � � ���


Since M� � � for the biorthogonal system � � fj!kj��hkg of H� this also
shows that �
� is best possible�

��



Proof� Only an improved lower bound needs to be established� Let k 	 ��
and de�ne

gr � h�rk���� �
�

�
h�rk���� � � � �

�

��k���
h��r���k���� �

and
fr � h��r���k�� � b��k gr � r � �� � � � � �m �

where bk � Pk��
s
� �

�s � �� ���k��� � �� Obviously�

gr�x
 �

���
��

bk � x � !�rk�� �
����k��� � x � !��r���k����n!�rk�� �

 � x � �
� ��n!��r���k���� �

and

fr�x
 �

���
��


 � x � !�rk�� � ��
� ��n!��r���k��
 �
� � ���k���b��k � x � !��r���k����n!�rk�� �
�� � x � !��r���k��n!��r���k���� �

Note that

kfrkL� � � � ���k��� � kh��r���k�� � grkL� � � � ���k��� � ���


Set

f �
mX
r
�

fr � ��� 	


�
� �m��X
r
m��

�fr � �h��r���k��
� �h���m���k�� � g�m


	
A �

where 
 � 	 � � is arbitrary� It is easy to see that the m largest in absolute
value coe�cients of f are �� and associated with the Haar functions h��r���k���
r � �� � � � � m� Thus�

kf �GmfkL� 	 j�f �Pm
r
� h��r���k��
�
�
j

� j �m� ��� 	
����m� �
� �� bk
j
� �m� �� ��m� �
	� ��� 	
���k��� �

���


On the other hand� an upper estimate for �m�f
L� can be obtained from ���

as follows�

�m�f
 � kf � ���� 	

�mX

r
m��

h��r���k��kL�
� max fkfrkL�� r � �� � � � � �m� �� kh���m���k�� � g�mkL�g
� � � ���k��� �

��



Here� we have used that the supports of the fr� r � �� � � � � �m � �� and
h���m���k�� � g�m are pairwise disjoint by construction� Together with ���
�
letting 	 � 
� and then k � �� we arrive at the equality for �L��H�m
 in
���
�

In the �nal case p � �� we could not �nd a suitable � satisfying all the
assumptions of Corollary �� We will therefore use Theorem � in conjunction
with Lemma �� Set

���f
 �� supfj �f �� j�
�j��X
l
�

j �f ��j���lj � j 	 �g � ���f
 �� k �f �k�� �

where both comparison functions are monotone and satisfy ���
� Moreover� ��
�but not ��
 is weakly rearrangement	invariant� Recall that �f �k � j!kj �fk�

Inequality ���
 holds with �A�m
 � m� 
 � �� Examples for the lower
bounds can be constructed as in the case p �� from the polynomials

�� �
mX
l
�

�mh�m�l � ��� � h� �
m��X
j
�

�j��h�j���� �

which satisfy k��kL� � m� k���kL� � �� This gives

m � �L��H�m
 � �m� � �

which is the known result from ��� Section ����� As should be expected� an
improvement as in Theorem � holds�

Theorem � We have the equality

�L��H�m
 � �m� � � m 	 � � ���


Proof� The following example shows the equality in ���
� For �xed large
k and small 	 � 
� set

f � g � 	
m��X
l
�

��lkh��lk�� � �
m��X
l
�

���l���kh���l���k�� �

where

g � h� �
�kmX
j
�

�j��h�j���� � ��km�������km� �

��



Obviously�

�m�f
L� � kgkL� � 	k
m��X
l
�

��lkh��lk��kL� � � � 	m � ���


On the other hand� Gm�f
 � �� � 	

Pm��

l
� ��lkh��lk��� Thus�

f �Gm�f
 � g �
m��X
l
�

��lkh��lk�� � �
m��X
l
�

���l���kh���l���k�� �

From this formula� we see that

j�f �Gm�f

�x
j

	

����
���

��lk � �
P�l��

j
� �
jk 	 ��lk��� � � ��k
 � x � !�

�l �

���l���k�� � �
P�l

j
� �
jk 	 ���l���k����� � � ��k
 � x � !�

�l�� �

��mk � �
P�m��

j
� �jk 	 ��mk��� � � ��k
 � x � !�
�m �

where l � 
� �� � � � � m� �� and the intervals !�
r are de�ned by

!�
r � !�rk��n!��r���k�� � r � 
� � � � � �m� � � !�

�m � !��mk�� �

This implies

kf �Gm�f
kL� 	 ��m� �
��� ��k
��� ���k��
 �

and together with ���
 the lower bound in ���
 if k �� and 	� 
�

Remark �� The examples for the lower bounds in Theorem � and � also
show that no algorithm based on nonlinear partial sum operators

f 
�� S��f��f


with respect to the Haar system or based on more general scaled versions

f 
�� S
��f�
��f��f
 �

X
k���f�

��f
k �fkhk �

where j��f
j � m and ��f
k 	 
 for all k � ��f
 can perform better than
within a factor of � m compared to the best m	term approximation in the L�	
resp� L�	norm� This remark also applies to the tree optimization algorithms

��



discussed in ��� and ���� It seems to be an open question whether better
methods of low complexity can be found in these cases�

Let us investigate the changes if we replace L� by spaces of functions of
bounded mean oscillation� We consider two slightly di erent situations� The
space BMO is the subspace of L��
� �
 de�ned as the closure of H under the
norm

kfkBMO � jf j�����j� sup
�������

�

j!jkf � f j�kL���� � ���


where f j� � j!j�� R� f�x
 dx is the average value of f with respect to !� and
the supremum in ���
 is taken with respect to all intervals ! in �
� �� �for some
details� see ��� Section V���
� Analogously� dBMO �the dyadic BMO	space

is de�ned with the weaker norm

kfkdBMO � jf j�����j� sup
k	�

�

j!kjkf � f j�k
kL���k� � � kfkBMO 
 � ���


These spaces traditionally serve as replacements for L� resp� C in questions
of Fourier analysis �together with versions of the Hardy space H�� they form
"better# endpoints for the scale of Lp	spaces� � � p � �
� Note that L� is
continuously imbedded into BMO and dBMO� more precisely� we have

kfkBMO � jf j�����j� kfkL� � �kfkL� � f � L��
� �
 � ���


Let us consider the behavior of greedy algorithms with respect to the Haar
system �note that the Haar functions hk have unit norm in both BMO and
dBMO
� Obviously� the comparison function ��f
 �� k �fk�� is de�ned by a
symmetric sequence norm and satis�es

��f
 � k �fk��� � j �f�j� sup
k	�

j �fkj � kfkdBMO� � kfkBMO 
 ���


for all f � dBMO �resp� f � BMO
� In order to use Corollary �� we need
estimates for the BMO	norm of arbitrary m	term polynomials�

Lemma � For any m�term Haar polynomial g� � �m we have

kg�kBMO � mk�g�k�� ��



and
kg�kdBMO � C�� �

q
log�m
k�g�k�� � ���


Both estimates are asymptotically sharp �up to constant factors��

��



Proof� The �rst inequality is trivial since

kg�kBMO �
X
k��

j��g�
kj � khkkBMO �
X
k��

j��g�
kj � mk�g�k�� �

The function

g��x
 � g��x��
 � g�x
 �

�
�g�x
 �

P�m���
j
� h�j���� � x � �
� ��

��g��x
 � x � ���� 

 � ���


is a Haar polynomial for some index set � with �� � ��m��� � m� Thus�
g� � �m and� obviously� k�g�k�� � �� Consider as ! the interval of length
���m��� with midpoint at x � ���� By construction� g��x
 � ��m���� x � !�
depending on whether x � ��� or x � ���� This gives g�j� � 
 and

kg�kBMO 	 j!j��kg�kL���� � �m��� �

Altogether� this gives the sharpness assertion for ��

� Since ! is not a dyadic
interval� this reasoning does not lead to a lower bound for the dBMO	norm�

The inequality ���
 follows from a coe�cient norm equivalence for the
Franklin system in BMO �rst established by Wojtszczyk ���� �see also ��� Sec	
tion VI��� Theorem ���
 and a well	known connection between the Franklin
series in BMO and Haar series in dBMO �which follows by duality from the
corresponding statements for Hardy spaces
� We give an elementary alterna	
tive proof which is based on a neat extremal property of Haar polynomials in
the dBMO norm �see Lemma � below
� Let any g� be given� where k�g�k�� � �
and �� � m� Let us observe the following� The function

gk�x
 � �g��g�j�k

�xj!kj�xk
 � �

X
l�� 
�l��k

��g�
lhl
�xj!kj�xk
 � x � �
� �� �

where xk is the left endpoint of !k� coincides with a certain g�� with �� �
INnf�g satisfying ��� � m� k�g��k�� � �� and

j!kj��kg� � g�j�k
kL���k� � kgkkL� � kg��kL� �

Thus�

max
g� 
 k�g�k��������m

kg�kdBMO � � � max
g� 
 k�g�k����� ��INnf�g����m

kg�kL� � ���


i�e�� estimates for the dBMO	norm reduce to estimates for the more convenient
L�	norm� and can be obtained easily�

��



Indeed� take any � � INnf�g� �� � m� and set �j � ��f�j����� � � � � �jg�
j 	 �� Let n � �log�m� and ��n � �j�n �j� Then for any g� with k�g�k�� � ��
we have

kg�kL� � k X
k���n

��g�
khkkL� �
�X

j
n��

k X
k��j

��g�
khkkL� �

But
�X

j
n��

k X
k��j

��g�
khkkL� �
�X

j
n��

��j�� ���j � ��nm � � �

and� by Lemma � below�

k X
k���n

��g�
khkkL� � An � C
p
n �

According to ���
� this gives ���
� The sharpness of this inequality also follows
from Lemma �� The polynomial

�� ��
�nX
k
�

hk � �m

will do� This concludes the proof of Lemma ��

We have postponed the proof of the following

Lemma 	 We have

k
�nX
k
�

ckhkkL� � k
�nX
k
�

ckhkkdBMO � Ankck�� � ���


where

An �
nX

k
�

jn��kj


n
k

�
�

������
�����

�m � ���m


�m
m

�
� n � �m

��m � �
 � ���m


�m
m

�
� n � �m� �

�����

�����
�
s
�n

�
�

Equality in ���� is achieved for ck � �� k � �� � � � � �n�

Proof� According to our above considerations� the best constant An in
���
 is given by

An � max
jckj��

k
�nX
k
�

ckhkkL� �

��



We will show that this maximum is attained for ck � �� k 	 �� Let c �
fck� � � k � �ng be a maximizer� Let l be the largest coe�cient such that
cl �� � �consequently� �� � cl � �
� Without loss of generality� let l � �j��� r
for some � � j � n and r � �� � � � � �j��� Changing the coe�cient cl will only
in$uence the values of the polynomial on !l� We can write

k
�nX
k
�

ckhkkL���l� � k
�j��X
k
�

ckhk� �z �

g�

�clhl �
�nX

k
�j��

hk

� �z �

g�

kL���l� �

where we have used that ck � � for k � l� Observe that g� is constant on all
of !l while g��x � �j
 � g��x
 for all x � !�

l � !�j��r��� the left half of !l�
Thus� by the elementary identity ja� bj� ja� bj � �max�jaj� jbj
� we have

k
�nX
k
�

ckhkkL���l� � kg� � g� � clkL����
l
� � kg� � g� � clkL����

l
�

� �kmax�jg� � g�j� jclj
kL����
l
� � �kmax�jg� � g�j� �
kL����

l
�

� kg� � g� � �kL����
l
� � kg� � g� � �kL����

l
� � k

�nX
k
�

c�khkkL���l� �

where c�k � ck for k �� l� and c�l � �� Thus� c� is also a maximizer in the above
expression for An� Repeating this reasoning� we arrive at the statement�

It remains to compute An� Obviously�

An � k
�nX
k
�

hkkL� � ��n
X

�
���������n��f����gn

j���� � ���nj � ��n
nX

k
�

jn��kj


n
k

�
�

If n � �m is even� then we continue

A�m �
�

��m

m��X
k
�

�m� k




�m
k

�
�

�m

��m
���m �



�m
m

�

� �

��m

m��X
k
�

k



�m
k

�

�
�m

��m
���m �



�m
m

�

� �m

��m

m��X
k
�



�m� �

k

�

�
�m

��m
���m �



�m
m

�

� �m

��m
���m�� � �



�m� �
m� �

�

 �

�m

��m



�m
m

�
�

The case n � �m � � is treated analogously� Note that A�m�� � �� �
��m
��
A�m� From Stirling#s formula we �nd that

A�m � �m

��m
�
�m

e

�m�

m

e

��m

p
��m

��m
�

s
�m

�
�

�




Altogether� this establishes Lemma ��

After these preparations� we can formulate

Theorem 
 We have
�BMO�H�m
 
 m � ���


and
�dBMO�H�m
 


q
log�m ���


as m���

Proof� The upper bounds follow from Corollary �� and the above Lemma ��
The lower bounds can easily be derived from the examples already mentioned
�note that� as a happy coincidence� the asymptotic sharpness results for the
inequalities in Lemma � are of the type �� as required in our scheme
� E�g��
to get the lower bound in ���
� set

f � g� � �� � 	

mX
l
�

h�m�l

in the BMO	case� where g� is de�ned in ���
� and set

f �
�nX
k
�

hk � �� � 	

mX
l
�

h�m�l

in the dBMO	case �n � �log�m�� 	 � 

� In both cases� Gmf � �� �
	

Pm

l
� h�m�l� thus� the error of the greedy approximation can be recovered
from the above estimates� On the other hand� the best m	term approxima	
tions for these two examples are certainly bounded from above by k���kL� � �
for some �� � f�m � �� � � � � �m �mg� This completes the proof�
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