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Capacity-Achieving Sequences for the Erasure
Channel

Peter Oswald

Abstract— This paper starts a systematic study of capacity-
achieving sequences of low-density parity-check codes for the era-
surechannel. Weintroducea class A of analytic functionsand de-
velop a procedureto obtain degree distributionsfor the codes. We
show various propertiesof thisclasswhich will help usto construct
new distributions from old ones. We then study certain types
of capacity-achieving sequences and introduce new measures for
their optimality. For instance, it turns out that the right-regular
sequenceis capacity-achieving in a much stronger sensethan, e.g.,
the Tornado sequence. Thisalso explainswhy numerical optimiza-
tion techniquestend to favor graphswith only one degree of check
nodes.

Index Terms—Erasure channel, low-density parity-check codes,
sparse graphs.

I. INTRODUCTION

L ow-density parity-check codes have attracted alot of atten-
tion lately. Very smple and efficient decoding algorithms and
the near capacity performance of the codes with respect to these
a gorithms have made them one of the most powerful classes of
codes known to date. Despite recent advancesin the asymptotic
analysis of these codes [1], [2], [3], for al nontrivial channels
except for the erasure channel it is still unknown whether there
exist sequences of these codes that meet the Shannon capacity.
The case of the erasure channel is the simplest to analyze, and
a thorough understanding of this case seems to be a prerequi-
site for understanding the more general situation. Moreover, [3]
showed that many conceptsthat werefirst developed for the era-
sure channel carry over to the case of other more complicated
channels. For this reason, we will start in this paper a system-
atic study of capacity achieving sequences of low-density codes
over the erasure channel.

In [4] the authors introduced a simple algorithm for correct-
ing erasures in a low-density parity-check code. To describe
the result, we need some piece of notation. We visualize low-
density parity-check codes as bipartite graphs between a set of
left nodes called variable nodes and a set of right nodes called
check nodes. An edge in this graph is said to have left-degree
i if it is connected to a variable node of degree i. Similarly,
it has right-degree 7 if it is connected to a check node of de-
greei. Let \; and p; denote the fraction of edges of |eft-degree
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and right-degree i, respectively. A degree distribution for the
graph is then the pair (), p), where A = A(z) = >, Azt
and p = p(z) = 3, piz’~'. Themain result of [4] states that
their smplerecovery algorithmis successful onarandom graph
with degree distribution (A, p) and initial erasure probability o
if

AN1l-p(l—-2)) <=z Q)
on the interval (0, §). On the other hand, (), p) determine the
rate of thecodeas R = 1 — fol p(z)dz/ f01 A(z)dz. We will
cal R therate of thepair (), p).

Thefirst design god isthusto produce pairs (), p) such that
the supremum &(\, p) of al § that satisfy (1) is very close to
1 — R. We call asequence (A", p™) of degree distributions of
rate R capacity-achieving (c.a. for short) if the corresponding
sequence 6™ = 0(A"™, p™) convergesto its upper bound 1 — R
asn tendsto infinity.

How can we produce c.a. distributions (A", p™)? A closer
study of two examples of c.a. distributions in the literature is
very helpful. For the first sequence, called the Tornado se-
quence, A\"(x) is theinitial segment of the series — In(1 — z)
properly normalized to give A" (1) = 1, and p™(z) istheinitial
segment of an exponential exp(u(1 —x)), where i1 iscomputed
from the rate-constraint [4]. For the second sequence, called
the right-regular sequence, we have p™(xz) = z™ and \"(x) is
related to the power series (1 — z)'/™ for somem [5].

Roughly speaking, in both cases we start with a function
f(x) represented by a Taylor series with non-negative coef-
ficients on [0, 1] and satisfying the normdizations f(0) = 0,
f(1) =1, for which

Tfa)=1-f"(1-2) 2

has again a converging Taylor series expansion with non-
negative coefficients. The existence of the inverse function f —!
needed in (2) is automatic from the conditions. We therefore
define the set

Pi={fx)=>_ frx*, 2 €[0,1] | fr 20,f(1) =1},
' &)

and the set 4 as the maximal subset of P invariant under the
action of T

A={feP|TfeP} 4

To further motivate these definitions, observe that (1) is es-
sentially equivalent to

z€0,1]. (5)
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Indeed, replacing z by 1 — p(1 — ) in (5) showsits equivalence
to 6A(1 — p(1 — 2)) < =, z € [0,1]. Thus, (1) implies (5)
while the validity of (5) for some §, implies (1) at least for all
0 < 0. Evidently, defining 6(), p) as the maximum value of
al 4 that satisfy (5) leads to the same value as before. For our
convenience, we will from now on base our considerations on
(5). In particular, we say that (A, p) affords § if (5) holds.

Thus, knowing some f € A we can find pairs (), p) and
¢ afforded by them by justifying two separate inequalities,
Mz) < 61T f(x) and f(x) < p(z). This can be consid-
ered an easy task because both f(x) and 7 f(x) are known
and belong to P, i.e, have already Taylor series with non-
negative coefficients. Later in Section 1l we will introduce
a general method for obtaining degree distributions from ele-
ments of 4 along these lines. Note that the nonlinear operator
T hastwo interesting properties: first, its square is the identity,
and second, it commutes with composition o in the sense that
T(fog) = TgoTf. Using these identities, we will be able
to construct infinitely many c.a. sequences starting from known
ones.

From a practical point of view achieving capacity is not suf-
ficient. Supposethat (A", p™) is a sequence of degree distribu-
tions of rate R. What we would like to know is how fast, if
at al, the maxima 6 = 6™ afforded by (A", p™) convergesto
1— Rasn — oo. This problem was studied in [5], where it
was shown that if a, is the average degree of the check nodes
(1/a, = [, p(z)dz) ande = 1-4/(1— R), where is afforded
by (A, p), thena, > log(e)/ log(R), or, equivalently,

€ > R,

In that paper a sequence of degreedistributionsis called asymp-
totically quasi-optimal if a,. stays bounded by 1 log(1/¢) where
1 is a constant depending on R. It was shown that the Tor-
nado sequence and the right-regular sequence are both asymp-
totically quasi-optimal.

A much more refined notion of optimality would be to di-
rectly compare R® and e. We call a sequence of degree dis-
tributions asymptotically optimal if ¢/R* stays bounded by
some constant depending on the rate. Obviously, asymptoti-
cal optimality impliesasymptotical quasi-optimality. Using this
notion, we will show that the right-regular sequence is asymp-
totically optimal while the Tornado sequence turns out to be
only asymptotically quasi-optimal. Using the composition op-
eration, we will also construct infinitely many sequences of
asymptotically quasi-optimal degree distributions.

This paper is organized as follows. In the next section, we
will derive the basic properties of the set A and describe how
to obtain degree distributions from it. In Section Il we will
address the problem of convergence speed of c.a. sequences of
degree distributions, based on suitable elements of A. In Sec-
tion IV we will provide numerical evidence supporting our the-
oretical findings. In the concluding section, we summarize our
results and pose some open problems. Issues regarding the fea-
sibility of the proposed algorithm, further properties of 7, as
well as some agebraic criteriafor f € A are summarized in
the appendices.

Il. DEGREE DISTRIBUTIONS FROM A

We start with more details on the properties of A defined
by (4). Note that by definition f € A implies absolute con-
vergence of the Taylor series of both f and 7 f. From this and
properties of power series and inverse functions, the following
lemmais straightforward.

Lemmal: (@ fe Aifandonlyif Tf € A.

(b) T isaninvolution,i.e., T2f = f.

(c) If f,g € A thenthe composition (f o g)(z) = f(g9(z))
also belongsto A, and

T(fog)=TgoTf.
(d) If f € Athen

flaz +b) - f(b)
fla+b)—f(b)

forany0<a<a+b<1.
(e) Forany f € P, wehave

Sapf(x) = €A

/01 T f(z)dz = /Olf(;r)da:.

Itis easy to check that each of the families of functions

flz) =2, n=12,..., (6)
f(x):%, a>0, (7
and 1)
—b)x
f(z) = T be 0<b<1, (8

belong to .A. The first two families correspond to the right-
regular and Tornado sequences, while (8) has the property
T f = f.r Many more examples can be constructed from these
families by using properties (c) and (d) of Lemma 1. For ex-
ample, applying S, to f(z) = 2 generates the family of
quadratic polynomialsin A:

f@)=cz®+ (1 -c)z, 0<e< 1. 9)
Below, we will systematically explore sequences of the form
f*(z) = ¢(z™), n = 1,2,..., generated by composition of
some ¢ € A with the sequence (6). More examples can be
foundin later sections.

To our knowledge, efficient criteria stated, e.g., in terms of
the Taylor coefficients of a function f € P to decide whether
or not it belongsto the class A are not known in general. Some
comments on this question are made in Appendix V.

What we outline next is how to produce for given f € 4 and
R € (0,1) asuitable pair of left- and right-degree distributions
(A, p) of rate R. Roughly speaking, p and A are defined by
scaled sections of the Taylor expansion of f and g =: T f,
respectively. A simplifying assumption for our procedure to
work is that f has an analytic extension to a neighborhood of

L Actually, the Tornado sequence introduced in [4] is slightly different, but
the asymptotic properties of that sequence and ours are identical.
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x = 1. Thisassumptionisnot severein practice, asit is satisfied
for al examples considered in this paper and in particular for
polynomia f. In particular, itimpliesthat the Taylor coefficient
g1 isaways strictly positive.

Throughout the paper, we use the notation |¢| for the integer
part of areal number ¢, and set {t} = t — |[¢t] € [0,1). If
f(@) = Y41 fra® € P, then we set

T:f(x Z fra® +{t}f[tJ+1$LtJ+1

k<[t

(10)

for the Taylor polynomia T;f of degreet of f € A, and
define its normalization 7} f (z) := T, f(z)/T:f(1) such that
T,f(1) = 1. Note that this extends the standard definition of
Taylor polynomialsfor integer degree to non-integer ¢ in acon-
tinuous way. We also set

Pf) = / T,/ (2)dz (11)

Observe that T} f(z) and I f(t) are well-defined only for ¢ >
ko — 1, where kq is defined by the index of the first non-zero
Taylor coefficient f, of f € P.
Let f = 3,5, frz®k and g = X, 5, gra® are defined by
absolutely converging Taylor serieson [0, 1]. Then we say that
g supercedes f and denoteitby f < g, if foral m > 1 wehave
k<m fr < 2 p<m 9 We have the following
Lemma?2: (1) Supposethat f < g. Then f(z) < g(z)
holdsfor al z € [0, 1].

@Iff e Padk —1 <t < s < oo, then
f( ) <Tsf(z ) < T f(z) pointwise for z € [0, 1], and
fo z)dz < If(s) <If(t).

Proof: (1) Set sy, == Y e, fr @ s), == > ., Gk
The inequality z* — z*+1 > 0, z € [0,1], and an Abel trans-
formation prove (1):

flx) = Z(sk - 5k71)33k = Zsk(xk — ;rk+1)
k=1 k=1
< D splak =2t =) (sh - sjo)at = g(@).
k=1 k=1

(2) Since 0 < T;f(1) < Tsf(1) < 1, an easy calculation
revealsthat f < T, f < T} f, and (2) follows from (1). |

Our agorithm for computing the pair (), p) is asfollows.

Algorithm1: Given f € A, R € (0,1), and an integer N,
this algorithm computes apair (A, p) of rate R and areal num-
ber § suchthat p(z) isof degree NV, the maximal valueof p(z)—

f(z) on (0,1) isbounded aboveby 3, n fr/ > ,<n fr,and
such that (A, p) affordsd. a
(1) Weset p(z) := T f(z), andleta, := 1/ [ p(z)da.
(2 Letg(z) = Tf(z) = > >, grzt. USing the coeffi-
cients g, compute ¢ such that T (t) = W where
I(t) := Ig(t) isdefined by (11).

(3) Setd:=Tyg(1) and \(z) := Tyg(z) = Thg(x) /6.

Proposition 1: Suppose that f(x) is analytic a 1, and that
the value of a, computed in Step (1) of the above algorithm
satisfies (1 — R)a, > 2. Then the algorithm correctly com-

putes its output, i.e., the output satisfies the specifications of
the algorithm.

Proof: (1) First we prove the upper bound for the non-
negative function p(z) — f(x) on (0, 1). Indeed, from Lemma
2(2) we havefor f € P

f(z)
Tnf(1)

from which the assertion follows immediately.

f(@) < pla) = Tnf(x) <

€[0,1], (12

(2) Next we prove that the computation of Step (2) is always
successful. To see this, recall that g; > 0. Thus, the function
I(t) is well-defined for ¢ > 0, continuous and monotonically
decreasing by Lemma 2. Note that

oy S /(1)

1(k) :
Z?:l g
for integer t = k, and we have f( ) = 1/2 and I(t) >
hm,g_>oo fo x)dr = fo z)dz > 1/a,. Hence,
if g 1/2, there isavalue of ¢ > 1 for which I(t)
equals 1) . More precisely, such avaluet = k + s can

befound by first searchi ng for the smallest integer k£ such that
I(k) > W > I(k + 1), and then determining the smallest

s € [0,1] such that

k

O g+ sgk41)-
=1

g
— [+1

Gre+1 _ 1
k+2 (1-R)a

Thus, al what is needed for Step (2) to succeed, is to compute
the Taylor coefficients g, aswegoaong. Since f(z) isanalytic
at 1, the coefficients of g(z) can be computed via the algorithm
outlined in Appendix I.

(3) Now we show that (), p) affordsd. Indeed, we have

(1= 1-2)

A(z) 0 Tg(x) <67 ' T f(z) =6~

0 (1= p (1 —2)),

whichisequivalentto (5). Thelast estimation step followsfrom
the definition of 7" and the lower inequality in (12). This com-
pletes the proof. |

In summary, our procedure outlined in Step (1)-(3) aboveis
applicableto any rate 0 < R < 1 and f € A sdtisfying the
additional analyticity condition at = 1, i.e, the validity of
(27) for all small x, and the compatibility condition

<

1
/ fl@)de < (1 - R)/2. (13)
0
Indeed, (13) makes sure that, by choosing IV large enough, we
can always satisfy the remaining condition (1 — R)a, > 2in
Proposition 1. It leads to a pair (), p) of left- and right-degree
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distributions of rate R, and to a ¢ afforded by it. Applying
the scheme to suitable sequences f™ from A, we can construct
c.a. sequences (A", p") for any rate R, in a systematic way,
and obtain quantitative estimates for the convergence speed in
0™ — 1 — R. Thiswill be demonstrated in the following sec-
tions. A straightforward numerical implementation of Algo-
rithm 1 was used to compute the examplesin Section IV. Its
running time depends heavily on how long it takes to compute
al the coefficients of g5, necessary (see Appendix I), aswe need

tosatisfy 1(t) = =gy, i€,
Jk gt|+1
R Usrn

k<[t]

1
= = R)a, Z gk +{t}gie)+1 | 5
" o\k<[t)

in Step (2) above. Thisdepends ultimately on the function f(z)
and, in particular, on its behavior near x = 1. For most of our
applications, however, we have analytic expressions for the gy,
which makesit rather trivial to estimate the right value of ¢.

I1l. CONVERGENCE SPEED OF C.A. SEQUENCES

This section is devoted to estimating how close the perfor-
mance of the decoding a gorithm for the code given by the pair
(X, p) isto the capacity of the erasure channel. In other words,
we want to study how close the maximal ¢ afforded by this pair
isto1 — R where R istherate of the pair. We introduce

3(A, p)
1-R’

As stated in the introduction, the following lower bound
holds[5]

e\, p):=1-

1 —1
oz a=([ o)
0
Thisshows, that in order to havee — 0 or, equivaently, 1—6 —
R, we must have a,, — oo for fixed R. Also, (14) suggests the
use of either

_ aylog(R)
M) = gt (9

> )
A p) = T (16)

to quantitatively measure the closeness of capacity and rate of
any particular pair (A, p), hence aso of c.a. sequences. Inre-
fining the definition introduced in [5], we will call a sequence
(A", p™) asymptotically quasi-optimal with constant ¢, > 1 if

lim sup p(A", p") = p.
n—oo
Clearly, the closer p isto 1 the faster 6™ convergesto 1 — R.
In addition, we call asequence (A", p™) asymptotically optimal
with constant A > 1 if

lim sup A(\", p") = A.

n—o0

Trivially, asymptotically optimal sequences with any A are
asymptotically quasi-optimal with constant 1. As it turns out
these definitions allow to better classify c.a. sequences, and
see distinctive differences between, e.g., the Tornado and right-
regular sequences.

Letp € Abeandyticatz = 1,and0 < R < 1 begiven. We
consider the sequence (A", p™) of fixed rate R generated from
the sequence

f(x) = ¢(z")

by Algorithm 1. For short, we say that this sequenceis gener-
ated by ¢. Let us comment on the feasibility of this definition.
Obvioudly, all f™ satisfy the additional analyticity condition at
x = 1. We assume that ng is chosen such that the compatibility
condition (13) holds. Thisis always possible since

! n _ 1@1/n
n/o¢(m)d;r—/0 tt d¢

/ UM
o ¢
(18)

which implies [} f"(x)dz — 0 asn — co. Findly, if ¢ is
a polynomia of degree K then we choose N = Kn and set
p™ = f™; otherwise N = N(n) is such that a sufficiently fast
convergencein Ty f*(1) — 1 can be guaranteed. More pre-
cisely,

n Z no , (17)

n/ol f(z)dz

— n — oo,

1

Tnf"(1) > T4 (R’

n Z no, (19)

is sufficient.

Theorem 1. If asequence (A", p™) of rate R € (0,1) isgen-
erated by ¢ € A as described above, then it is asymptotically
quasi-optimal with constant

oo ([ 220

Before elaborating on the proof of this theorem, we introduce
an auxiliary construction which will be used in it. Suppose that
feAandletg := Tf. Fora € (0,1] we define g,(z) :=
g(az)/g(a). By Lemmal, we have g, € A. Moreover, we
have

-1

Ja = b , 0<b<a<l. (20)

Indeed, set s, (z) := Y"1, grz” and 8 () := 3,0, grzh.
Then, we need to show that for al m > 1:

Sm (D)
Sm(b) + 5m (D) ’

sm(a)
sm(a) + 3m(a)

<

or, equivaently, s,,(a)8m,(b) < sm(b)dm(a). Now it is easily
seen that for any ¢ > m we have b’s,,(a) < a’s,,(b) (since
b=k < af* forany k < £). This proves (20).

Let I(a) := [, ga(z)da. Thefunctions g,(z) and I(a) pos-
sess properties similar to those of their counterparts 7} g(z) and
I(t) appearingin Algorithm 1.

Lemma 3: Fora € (0, 1] we have:
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(D) g(z) < galz) < g(z)/9(a).
(2) I(a) is continuous and monotonically decreasing.
(3) Suppose that t and a are such that I(a) = I(t). Then
g9(a) < Tyg(1).
Proof: (1) and (2) are obviousfrom (20) and Lemma2.

In light of the monotonicity of the functions I(¢) and I(a),
the statement in (3) is equivalent to proving that g(a) = Tg(1)
implies I(a) < I(t) or, what is the same by definition of these
functions, that

gla) = Trg(1) = Awmmsﬂzwwm

We use again Lemma 2(1) which reduces this statement to
showing g(axz) < T:g(x) provided that g(a) = Tig(1). Set
k = |t] and let us look at the partial sums s,,, and s/, of the
sequences of Taylor coefficientsof g(az) = Y7, (g:a')2" and
T:g(z), respectively. For m < k, we have

since0 < a < 1, whilefor m > k + 1 we obviously have
sm < g(a) = Tg(1) = s, by definition of £ and (10). This
gives the assertion of (3). |

Proof: (of Theorem 1). Let us first assume that ¢ isa

polynomial. Let f* = ¢(z") as above, and N = Kn, where
K is the degree of ¢. Further, let the rate R be fixed. We

apply Algorithm 1 on thetriple f™, N, R and obtain p™ = f",
and 5" Note that according to (18) the quantity a” :=

fo ! satisfies
Fr - u, n — o0o. (21)

For the most part of the proof we will suppress dependencieson
n to ease the notation. Thus, the above data will be abbreviated
by f,p, A, d,and a,..

The am of the proof is to show that
lim, o a, log(R)/log(1 — /(1 — R)) isat most u®. Sinceit
is somewhat difficult to get a handle on 4 directly, we will use
the auxiliary construction above. That is, we will construct a
number o < § and provethat a, log(R)/log(1 — a/(1 — R))
has alimit which is at most 1. Thiswill be sufficient to prove
our claim.

Let0 < b < 1 besuchthat I(b) m Such ab exists

for n > ng since according to Lemma 3(2) the function I(b) is
continuous and monotonous, with arange given by

/Gquzmnsuwszwmzlm,

which contains the right-hand side of the equation strictly inits
interior (the upper limit for therangeis1/2 since g, > 0 by the
analyticity assumption).

Since § = Tig(1) forat > 1 such that 7(t) = —fa-
(see Algorithm 1), Lemma 3(3) implies that a := g(b) < 4.

Moreover,

/Obg(x)dx = b-— 1

1-b

N (z)dz

1
1-— “z)dr — f(1 -
Au(wf ()dz — £(1 - a)
1

f(a)dz —af(1—a)

l-«a

1

Qp

/'“fqu—aﬂl—a»
0

where we have applied the identity 1 — [ fl

+ft da:vahdforallfePWltht_l—a and
usedthefactthail—b_f(l—a)

Now we can substitute into our equation for b

ﬁ:/olgb b/

find an expression for « = ¢(b) from it, and use the result to

estimatee :=1—4/(1 — R):
b “f@da
f—a) '

b
(22)

>y dezh € At € (0,1),andn > 1we

th"" <t”2¢k ="

_ f-a)
1-f1-a)

But for any ¢(z) =
have

0< f(t)

and

0</f dx—Zqﬁk

We use these inequalitieswith ¢ = 1 — « and (21) in (22) to

tkn+1

1 S (n+ 1) *tf(t).

obtain
0<e < G*SM<Q+1_O‘>
1—(1—a)" n+1 (23)
< Cpl(l—a)(na +1),

where C' > 1 is an absolute constant.

This inequality is sufficient for our purposes. Indeed, let us
first show that

na — 0o, n— oo . (24)

On the contrary, suppose that a < ¢/n for some subsequence
of integersn — oo and somefixed ¢ > 0. Sinceg(z) > g1z =
z/(¢'(1)n) we have
b
/ g(z)dx
0

b2
Z 2ng (1)
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Thus,

e b 1-¢(1-a))

bg(b)/og( e 2 e~ 2mé(Da
1

! 1 _ n 1 _ n—1
srm® (1 -9M0 -9
for some ¢ satisfying 0 < £ < a < ¢/n. Thus, this expres-
sion remains uniformly bounded away from 0, i.e., for some
absolute constant ¢’ > 0 we have

cd < L/bg(m)daj -
~ bg(b) Jo ar(l1-R)’
which contradicts the asymptotic behavior (21) of a, = a].

With (24) already established, we conclude from (23) that
both € and e* converge to 0, and hence the sequence (A", p™)
obtained from ¢(z™) by Algorithm 1 isc.a. Thisfollowsfrom

ma+1)(1-a)" < (na+1)e ™ — 0, n—oco.

Inturn, e — 0 impliesa — 1 — R > 0 which shows that
(24) holdsin a much stronger sense. Finally, from this we see
that the dominating term in the previous upper estimate for € is
(1 — «)™, so we obtain the assertion of Theorem 1:

uon ) = OB < (1o 1 o
- u?, n — 0o.

(25)

This completes the proof of Theorem 1 for polynomia ¢.
The general case goes through in the same way, by choosing
the maximal degree N = N (n) for defining p™ in Step (1) of
our algorithm large enough such that the asymptotic estimates
for theresulting o and e are preserved. From atheoretical point
of view, it is important to make sure that NV can be chosen a
priori, i.e., solely based on knowledge about theinput f™ and R
(in practice, thisis not avery pressing issue, aswe could take by
default N such that T f™(1) = 1 within machine precision).
Again, we neglect the dependence on n in the notation. Note
first that the choice of N enters Step (2)-(3) of Algorithm 1
only through the value of a, which is now dlightly different
froma? := (f01 f(x)dz)~t. Thus, t and § are determined from

R 1 1
10=0"Re TR’

wherel < ¢ < 1/Tnf(1) by (12). Using the same notation as
above, wefindb and o = g(b) < § from I(b) = gﬁ, and
repeating the calculation leading to (22) we get

fA-—a) <£—1—f(1—a)
§1-f1-a) fl—a)

S f@)da
+a, | o+ —=V—7F——7 .
(o 5
Now, in order to preserve the above asymptotic estimates lead-
ing to the statement of Theorem 1, it is sufficient to ensure that

6 = Ttg(1)7

0<e<e =

(26)

& - lissuchthat ¢ — 1 < f(1 — «). Indeed, the term
(€—-1-f(1—-a))/f(1 — a) is then negative, and can be
neglected in (26). Thus, after replacing a /¢ by a,., (23) again
holds. Since na — oo can be proved as before, we get the
desired result. Since the condition (19) implies

Tnf(1)

we have completed the proof.

£-1< —1<¢(R") < o((1-a)") = f(1 - a),

We remark that Theorem 1 provides only an upper bound for
the constant .. of quasi-optimality. However, the numerical ev-
idence presented in Section |V strongly suggests that the above
estimation techniques are rather sharp. They can also be ap-
plied to other families from .A. The following result will be
stated without proof. It addresses the sequence (7), and gives a
more gquantitative statement on the asymptotic quasi-optimality
of the Tornado sequence previously established in [4].

Theorem?2: Let (A%, p?) be the sequence of degree distri-
butions of rate R € (0, 1) obtained from the family f%(z) =
(e** —1)/(e* — 1), a — oo, by Algorithm 1. This sequenceis
asymptotically quasi-optimal with constant

__In(1/R)
,US,U/Torn(R) : 1-R "

In contrast to the bounds in Theorem 1, the bound of Theo-
rem 2 is rate-dependent. Note that piror, (R) = coc as R — 0
and prrorm (R) — 1 a R — 1. Numerical results for this family
aregivenin Section IV. Asafinal comment, let us mention that
the family (8) does not produce a quasi-optimal c.a. sequence;
thisis | eft as an exercise to the reader.

The only sequence (17) that is guaranteed by Theorem 1 to
lead to an asymptotically quasi-optimal c.a. sequence (A", p™)
with constant 1 is the right-regular sequence generated by
f™(z) = 2”. Indeed, for any ¢ € A we have ¢(z) < = and
thereforeby Lemma2 p¢ > 1, with equality only for ¢(z) = .
For the right-regular sequence, a stronger result holds:

Theorem 3: Let (A", p") betheright-regular sequenceof de-
gree distributions of rate R € (0,1) obtained from the family
(6) by Algorithm 1. This sequence is asymptotically optimal
with constant

A =¢" =1.78107241...,

where~y = 0.57721566... is the Euler constant.
The proof of this theorem can be found in Appendix I1.

Compared with the statements beforeit and in light of the nu-
merical evidence, Theorem 3 exhibits the excellent asymptotic
behavior of the right-regular sequence. We do not know of any
asymptotically optimal c.a. sequence with aconstant A < e”.

Appendix |11 givesamore general view of composing c.a. se-
guences with elementsin A.

IV. NUMERICAL EXAMPLES

Our god hereistoillustrate the quality of the asymptotic es-
timatesin Theorems 1-3. The numerical resultsshownintheta
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R=1/3
ar M a B € I A
4 6 | 3594 | 058239 | 012642 | 2125 | 10.24
5 14 | 4.801 | 0.62936 | 0.05596 | 1.905 | 13.60
6 29 | 5903 | 0.64823 | 0.02765 | 1.837 | 20.16
7 58 | 6.953 | 0.65717 | 0.01425 | 1.809 | 31.15
8 115 | 7978 | 0.66170 | 0.00746 | 1.794 | 48.92
9 227 | 8.990 | 0.66405 | 0.00392 | 1.784 | 77.18
10 444 | 9.995 | 0.66529 | 0.00206 | 1.776 | 121.62
11 865 | 10.998 | 0.66595 | 0.00108 | 1.769 | 191.21
12 | 1683 | 11.999 | 0.66629 | 0.00056 | 1.762 | 299.51
13 | 3277 | 13.000 | 0.66647 | 0.00029 | 1.756 | 467.97
R=1/2
ar & M a ) € I A
4 3| 3594 | 027067 | 0.45866 | 3.558 7.34
5 5] 4801 | 0.39509 | 0.20982 | 2.219 6.71
6 9 | 5.903 | 0.44546 | 0.10908 | 1.877 6.98
7 16 | 6.953 | 0.46950 | 0.06099 | 1.735 7.80
8 28 | 7.978 | 0.48235 | 0.03529 | 1.658 9.03
9 47 | 8.990 | 0.48960 | 0.02081 | 1.611 | 10.66
10 79 | 9.995 | 049380 | 0.01240 | 1579 | 1270
11 133 | 10.998 | 0.49628 | 0.00744 | 1556 | 15.23
12 222 | 11.999 | 0.49776 | 0.00448 | 1.538 | 18.34
13 368 | 13.000 | 0.49865 | 0.00270 | 1.524 | 22.14
14 610 | 14.000 | 0.49918 | 0.00163 | 1.512 | 26.77
15 | 1009 | 15.000 | 0.49951 | 0.00099 | 1.503 | 3241
16 | 1667 | 16.000 | 0.49970 | 0.00060 | 1.495| 39.26
17 | 2752 | 17.000 | 0.49982 | 0.00036 | 1.488 | 47.58
18 | 4542 | 18.000 | 0.49989 | 0.00022 | 1.481 | 57.68
19 | 7493 | 19.000 | 0.49993 | 0.00013 | 1.476 | 69.95
20 | 12358 | 20.000 | 0.49996 | 0.00008 | 1.471 | 84.83
R=2/3
ar & M a ) € I A
7 4 | 6.953 | 0.23462 | 0.29614 | 2.332 5.06
8 6 | 7978 | 0.27228 | 0.18315 | 1.911 4.69
9 9| 8990 | 029372 | 0.11883 | 1.713 457
10 13 | 9.995 | 0.30690 | 0.07931 | 1.600 457
11 19 | 10.998 | 0.31537 | 0.05389 | 1.527 4.66
12 27 | 11.999 | 0.32097 | 0.03709 | 1.477 4.81
13 39 | 13.000 | 0.32474 | 0.02578 | 1.441 5.02
14 56 | 14.000 | 0.32732 | 0.01805 | 1.414 5.27
15 79 | 15.000 | 0.32910 | 0.01270 | 1.393 5.56
16 112 | 16.000 | 0.33034 | 0.00898 | 1.377 5.90
17 158 | 17.000 | 0.33121 | 0.00637 | 1.363 6.27
18 221 | 18.000 | 0.33182 | 0.00453 | 1.352 6.69
19 311 | 19.000 | 0.33226 | 0.00322 | 1.343 7.15
20 435 | 20.000 | 0.33257 | 0.00230 | 1.335 7.64
TABLE

TESTSFOR THE TORNADO SEQUENCE, GENERATED BY (7).

bles below have been obtained following the algorithm of Sec-
tion 11, except that the Taylor coefficientsof g = 7 f in Step (2)
of Algorithm 1 have been computed by explicit formulas. These
are available since we have simple analytic expressions for the
inverse functions f~! and therefore for ¢ = 7 f in al three
cases considered. Table | and |1 concern the Tornado sequence
from Theorem 2 and the right-regular sequence from Theorem
3. To make the tables easier to compare, we have chosen the
values a in the family (7) such that the a,.-values are approx-
imately integer (note that the a,.-values for the family (6) are
exactly integer). We also show the maximal degree M of the
left nodes, i.e., the order of the polynomials A constructed by

Algorithm 1. The columnsfor u = p(A, p) and A = A(A, p)
demonstrate the tightness of the bounds established in Section
Il. Recall that according to Theorem 2, the limit value for
w should not exceed pirorn(1/3) = 1.648..., purorn(1/2)
1.386..., iTorn (2/3) = 1.216... for R=1/3,1/2,2/3, respectively.
Slight differences with the corresponding tables from [4], [5]
stem from the fact that our agorithm for actually producing
polynomial pairs (), p) is slightly different. Also note that
the faster convergence of the right-regular sequence comes at
aprice: the polynomials X for the right-regular sequence have
significantly higher degree M than their counterparts from Ta
blell.

To obtain the valuesin Table 111, we have experimented with
the family (9) to choose suitable ¢ for use in conjunction with
(17) and small n. Consequently, we had two parameters, ¢ and
n, which were used to achieve approximately integer a,., for
better comparison with the previous tables.

V. CONCLUSION

In this paper we have started a systematic study of capacity
achieving sequences for the erasure channel. We have intro-
duced a class A of analytic functions which give rise to vaid
degree distributions in an agorithmic way. We introduced an
operator 7 on this class and showed various properties of both
A and 7. A thorough and systematic study of these objectsis
likely to shed new light on a partia classification of capacity
achieving sequences.

We further introduced a method for constructing infinitely
many capacity achieving sequences. To date, the only known
sequenceswere the Tornado and the right-regular sequence. We
introduced two measures of optimality for capacity achieving
sequences and showed that the right regular sequence is capac-
ity achieving in a much stronger sense than the Tornado se-
guence. This result may explain why numerical optimization
techniques [6] tend to produce sequences that are close to be-
ing right regular. Given that this also holds for other types of
channels[3], we conjecturethat right regular sequencesarefun-
damentally superior on symmetric channels.

V1. OPEN PROBLEMS

Below is a list of open problems for the interested reader.
They are divided into two classes. The problems in the first
class are probably easy to solve.

1) Proveequality in Theorems1 and 2.

2) Prove (or disprove) that composition with ¢ € A pre-
serves the convergence type of a c.a. sequence, i.e,
c.a. sequences are transformed into c.a. sequences, and
asymptotical quasi-optimality is perserved (with adiffer-
ent constant). From Theorem 1 and Theorem 3 it follows
that asymptotical optimality is generally not preserved.
For which ¢ € A doesthe sequence f/* = ¢po...0¢
(n times) lead to a c.a. or asymptotically quasi-optimal
sequence? For ¢(x) = x? the answer is yes, for ¢ from
(8) the answer is no (for asymptotic quasi-optimality).

3
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4) Write a code that fully explores the design principles of
our paper, i.e., implements Algorithm 1 in a stable and
run-time efficient way, explores composition principles
to full power, adds postprocessing and optimization to
further reduce M, N, ¢, etc.

The problemsin the following second class are probably much
harder to solve.

1) Give aconstructive characterization of .A. Here we feel
that there are possibly related results in classical com-
plex function theory which need to be recovered.

Give an algorithm to check whether a polynomia ¢ be-
longsto A.

Prove that the right-regular sequence is in some
sense optimal. For example, prove that there is
no c.a sequence (A", p") of rate R for which
limy, o0 AN, p™) < €.

Prove that the approach via A is universal, e.g., prove
that if (A, p) has rate R and affords ¢ then there is an-
other pair generated by a f € A with the same rate, and
approximately the same (or better) §, and approximately
the same maximal and average degrees.

2)

3

4)
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APPENDIX |
COMPUTING T f

In this section, we will briefly explain how to compute the
Taylor expansion of 7 f for agiven f € A whichisanalytic at
z = 1.

Sincewe assumethat f € A, we know that

9(@) = Tf(a) = 3 gu*
k=1

has an absolutely converging Taylor series, where g5, > 0 and
> rey gk = 1. By (2), the g4, can be computed from the power
series expansion of f~! at = = 1 which, in turn, can be com-
puted from the coefficients f;, in

fl+2z) = 1+kaxk,

k>1

(27)

For example, g1 = f; *, go = f, *f2, and so on. The validity
of (27) in a neighborhood of z = 0 needs to be assumed, as
the example f(z) = 1 — (1 — z)'/? € A shows, it cannot be
concluded from f € A.

Alternatively, we can design an iterative scheme based on a
standard transformation of (2) into a fixpoint equation. Indeed,
sinceg = T f isequivalentto f(1 — g(z)) = 1 — x, we can

write
g :n + Z
k=

wherewe again have assumed (27). Thefinite-dimensional ana-
logue of this fixpoint equationis

—m+2

which can be shown to give the first M coefficients of g from
any initial guessin at most M steps, provided that no rounding
occurs.

)* frg(z

1 _
Tyg = fTTMg, ¥ feTarg(z)",
1

APPENDIX Il
PROOF OF THEOREM 3

Using the same notation as before, but dropping the super-
script n we have p(z) = p"(z) = f*(z) = 2", a, 1= a? =
n+ 1, and

g(@) = g"(@) = 1 - (1 —a)'/" =

Zglm )

where
-1
1 1 1
= —03 =— 1—-— [ >1
a nlﬁl nlE( nr) ’
Let us set
o k k p
S k 1
I, =% = = — k> 1.
k Sk ) Sk Zgl: Ok l-'-].’ =

and Iy = 1/2, so = oo = 0. Obviously, I, is anon-increasing
sequence with limit a, ! (this follows from the corresponding
properties of the function /() defined in Step (2) of Algo-
rithm 1) while {s;} and {ak} are non- decreasing sequences,
with limits g(1) = 1, and [ g(z)dz = [} z"dz = a, ', re-
spectively.

Let ¢ and & be the parameters determined in Step (2) and
Step (3) of Algorithm 1, respectively. Since I}, = I(k), it fol-
lowsfrom Step (2) of Algorithm 1 that theinteger k = || must
satisfy

A

I, > > T (28)

1
(n+1)(1 - R)
After we have estimated k& from this relation, we can further
estimate § and (), p) since Step (3) of Algorithm 1 implies

sk <0 < Sk (29)
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To implement this strategy, we need to access the Taylor coef-
ficients g; of g, and obtain sharp estimates for o, and s;. The
latter task is usually performed using

sp=1—35, o =

where

)
A:Zgly 610

I=k+1 =

For notational convenience, let §; denote a variable which
may vary from formulato formulabut everywhere satisfies the
bound |6;] < col ™! with some absolute constant 0 < ¢y <
oo. Anaogously, we will use the notation 6;, and #,,. Note
that these quantities also may have different signs in different
places. By definition of the Euler constant -y, we have

-1

1 1
Z—:lnl+7+0<—> :
r )

r=1
see[7,val. 1, p. 349], which leadsto

_lnﬂlzlnl-l-’)/-i-al-i-@n ,

n

where the 6,,-term can be chosen independently of [ and comes
from the summation of the higher order correction terms in
—In(1-1/(nr)) = 1/(nr) + O((nr)~2). Thus,

_ (146 /n)em/m
g = nllti/n )

I>1.

For convenience, we have set v, = v + 6,. From this, suf-
ficiently precise asymptotic formula for s, and &4, can be ob-
tained. For example,

Sy = (1+9k/ne ’Y"/n<

Z - 1+1/n)>

I=k+1
(14 60y /n)e " 1m/mg=1n,

Analogously,

oo

& -
A — —Yn/n | — -
ok = (L4 8/n)e <n 2 T

I=ht1
(1 +6)e="/n p—(141/n)
n+1

Consequently,
Sk —(n+ 16 = (1+0p)e” "k = (14 6;)3y
and

(4)" (1 + 6 /n)" e~ (1H1/m)m o= (141 /)

(30)

(1+6g)e "™ (n+1)6%

Let usfirst mention that for n — oo, theindex k correspond-
ing to the solution of (28) grows exponentially with n. Indeed,

from the lower bound in (29), (28), and the above estimates we
obtain

Sk+1
(n 4+ 1)og41

= (14 6x)3

6 > 1-6>R=1-(1-R)>1-

k1 — (n + 1)Gp41
1—(n+1)0k41

and, consequently, §; = (1 + 6;)R and

_ 14+60:\"
k Tn
>e < R >

Since k cannot stay bounded asn — oo, we definitely have (1+
6r)/R > q > 1 which implies exponentia growth k& > ¢g™. In
particular, k > n? for large enough n, and the expressions 6,
aremajorized by 6,,.

Now we are able to conclude the argument for Theorem 3.
From (28) and the above mentioned properties of 54, o1, we
have

1_ Sk - q1_ Sk+1 gk+1
1-R 1-R - R
gk+1
< +1
< —(n+ )Uk+1 + - R
Gk+1
= 1
(n + )O'k+1 + 1—_R

According of the asymptotic behavior of g, and 54, we have

gk+1/(1— R) = 0,,(n + 1)64+1, and we can continue by using
(30)
-5 < (0@t Do = (14 0)7 (310)"™)

(1+6,)(1 + 6;)"e™ R,

By definition of the quantity A(), p) and (29) we thus obtain

N
< Lo

< (Q460,)(1+6g)"e™ =€,

where we have used that (1 + 6;)™ — 1 since k > n? for large
enough n. This gives the upper bound for A. The lower bound
followsin exactly the same way, by starting from

1—Sk+1/(1—R)

A(A,p) Z Rn+1 ?
and estimating
1-si41/(1=R) = 1—s;/(L—R) — gi1/(1—R)
> (n+1)6n —grt1/(1 - R)

from below. Thisfinally provesthe statement of Theorem 3.

APPENDIX |11
COMPOSITION PRINCIPLES

et (), p) be a pair of degree distributions of rate R, and
0 <6 <1-—Rafordedby it, i.e, (5) is satisfied. Take any
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¢ € Aanddenotey) = T ¢. What we claim isthat the new pair

~

(A, p) defined by

p=dop, A=Nod,

satisfies again (5), with the same §. Indeed, by Lemma 1 we
have

SA(z) = OA(h(z)) < Tpo To(z) = T(pop)(z) = Tpla).

This gives the claim. Unfortunately, without further assump-
tions we cannot control the rate, i.e., we are not sure whether
the rate goes up or down. Recall that rate R implies

1 1 1
(I—R)/ )\(w)dx:/ p(:v)da::/ Tp(z)dz,
0 0 0
while the rate of the new pair is defined by the equation

gy = hTe@dr _f Tow@)de
Jo A(z)dz Jo A((x))dz
Jo ¢'(1 =) Tp(y)dy
Jo ¢'(1—y)A(y)dy
where we have used the transformation y
(@) =@ (y) = (1 -y).
It would be desirable to fix this problem, e.g., under the as-

sumption that (A, p) was produced from a (polynomial) f € A
by our algorithm:

(1-

¥(z) and

(Ar,pyp,65)
CYNTRY!

The tilde-notation refers to the theoretical construction used
in the proof of Theorem 1 which is easier accessible for fur-
ther estimation. One way to go would be to compare the pair

(A, 5) = (Aroth, dopy) toeither (\soy, poor) OF (Ao, foors)-
The final statement which we anticipate to be able to prove
isthat the mapping

(A p) (Ao, pop), Y="T¢,

transforms c.a sequences into c.a sequences and also preserves
asymptotic quasi-optimality. In light of our theorems, their is
no hope to preservethe constant of asymptotic quasi-optimality
and, in particular, the asymptotic optimality of a c.a. sequence.

FeAd - (£TH — {

— e A,

APPENDIX IV
CRITERIAFOR f € A

To decide on whether a given f € P belongsto A heavily
depends on verifying

gr >0, k>3, (31)

where g;, are the Taylor series coefficients of ¢ = 7 f (obvi-

oudy, g; and g» are non-negative for any f € P). Since g is

the inverse function of ¢ (z) = 1 — f(1 — z), the gx can be

10

expressed by finite formula containing the derivatives of f at
x = 1 (below we will aways assume that f is anaytic in a
neighborhood of this point). We will derive a recursion which
could be helpful to check (31) in particular cases. Lety = ()
and, thus, z = g(y), =,y € [0, 1]. Then

-1 -
P(x)  ffl—z) dy "
Thus, ¢'(y) has an explicit expression as a function of z, by
induction this holds for higher derivatives, too:
_dg"I(y)de _ dgTP(y) 1

B der dy dz  ¢'(z)’
Since g, = (n!)~'g(™(0), andy = 0 correspondsto z = 0,
we are in the game. For future use, define

9 =W =

9" (y)

o(p) e 0@ Y@y
( ) 1/)’(217)2 ) n( ) 1/},,(:1:)”_11[} ( )’ (32)
and
DT A6 BRS¢ e
T (0) f,(1)27 n - n(o) f,,(l)n_lf (]‘)
(33)
for al n > 3. Obvioudly,
o Y'(@) _ s(a)
T @
ey V@) 0@)? s@)? 1
7=y Py T w3
which lets us guess the following formulavalid for n. > 3:
970 = =9 (), sl ()

wheren > 3, and p,, isapolynomial satisfyingarecursionto be
derived next. Indeed, (34) holdsfor n = 3 withps(t) = 1—¢/3.
Let us compute g("*+1) (y), assuming that (34) holds for some
n > 3. We have (for smplicity, we drop the arguments of the
function p,, and its partia derivatives)

("4 (y) = (n - 3N s(z)" + (n — M
W = =0 {( ()" 4 (0 = D=5
S(x)n_l = 8pn '

But
Sl(l') _ 2(¢/I($))¢I_(;Z;Ig(w)¢’ll($) — 1/}’(.1’)8(.1’)2(2 . 83(1’))
and
sp(z) = V@) e .

k(@) 1/,1/(33)1@—11/’ (z)

"(g)k—3 V20" (o
o i s LA T

P (@)s(x)((k = Dss(x) = (k = 2))sk(2) = sp41(2)).
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Substitution gives

g (y) = (2n — 3)!!;2(96 (14 (n = 1)(2 = s3(x)))pn

n

3k — 1)ssa) — (k= 2)sx(e) — siep (@) 2221

k=3 s
and validates (34) for n replaced by n + 1, where
( )= (1 s )
Pn+1(83,.. -y 8n+1) = 2n—ls3pn 53y 55n
" ((k—1)s3 — (k —2))sk — Sp41 Opn
+kZ:3 om— 1 aSk(83,...,8n).
(35)
Thus, (31) holdsif and only if
pn(537"'75n)207 ”23; (36)

is satisfied for the sequence {s;, k > 3} defined by (33).
This does not sound particularly helpful, as we replaced one
sequence of inequalities by another one. However, one may try
to further analyze (36) and reduce it to more explicit criteria
E.g., if f € P isacubic polynomia then only sj is different
from 0, and (36) degeneratesinto a sequence of univariate poly-
nomia inequalities. Setting s, = 0 for al k£ > 4 in (35), we
arrive at asimplified recursion for p,, = p,,(s3):

(253 —1)s3

Prt1(s3) = (1= oo—s3)pn(ss) + — —=—Pn(s3)-
Thisformulaimplies
Pn(s3) >0, s3 €10,1/2]. (37

L et us sketch the argument for (37). For convenience, let

s3==—1t, qu(t)=(2n—3)"p,(s3).

2

Thisgives
n+1(t) = (Bn = 1)/2+ (n = D)t)gn(t) + t(1 = 2t)q, (1),

Tp1(t) = (n = 1)gn(t) +1(1 = 2t)q,, (t)
+((Bn +1)/2+ (n = 5)t)q,(t),

and in genera

gy (1) = r(n — 2r + 1)g V(1) + (1 — 2)g{ V) (2)
H(Bn+2r—1)/2+ (n—1—4r)t)g (t)

foraln > 3andr > 0, wherewe have set ¢, ) (¢) = 0. By
induction, one checks that the degree of ¢, (¢) equals |n/2]
(we leave this as an exercise), thus, only therange 0 < r <
[n/2| needsto be considered. Set ¢t = 0 in the above formulas:

+3n+27’—1 (r)

4} (0) = r(n —2r +1)¢77"(0) 5——a(0),

11

r=0,...,|n/2],and qﬁjﬁl(O) =0forr > |n/2]. Bothterms
in the right-hand side of this recursion have positive coefficients
for al r of interest. Since¢qs(t) =3 —(1/2—-t) =5/2+1t
satisfies i (0) > 0 for all » > 0, by induction we obtain

¢"0)>0, r>0 = q.(t)>0,

for al n > 3 (strict positivity follows from the observation that
¢n(0) > 0 for al n > 3). Thisproves (37).

Thus, what we have proved is the following sufficient condi-
tion: If acubic polynomia f belongsto P and

2f/(1)flll(1) S f”(].)Z,

then f € A. Numerical evidence indicates that the condition
(38) is also necessary. It seems that

t>0,

(38)

En={s3>0: pn(s3) >0,3<n <N}

coincides with the interval [0,1/2 + tn], wherety < 0 isthe
smallest positive zero of the polynomia ¢y (—t). Numerically,
we found ty3 = 5/2, ts = 1, t5 = 0.6193, t19 = 0.2243,
tao = 0.1088, t49 = 0.0582 and so on. A formal proof of the
necessity is open.

At present, we have no general idea on how to obtain effi-
cient characterizations of the condition (36), even in the case
of polynomials of degree m = 4. Nevertheless, (35) could be
used to reject (or get confident about) a particular f by comput-
ing the sequence { s} and substituting it in the recursion. E.g.,

S4
15+
10 E 50
5 —
S3
T T T
1 2 3

Fig. 1. Good approximation to the region of feasible (s, s4) form = 4

Figure 1 depictsthe two-dimensional region
En ={(s3,54) : Pn(33,54) >0,3<n <N, s3,50 >0}

for N = 50. Based on our experiments, we believe that it isa
very accurate approximation to the set of al (s3, s4) satisfying
(36) for polynomials of degree 4, except for a small neighbor-
hood of (s3,s4) = (1/2,0). Notethat E3 = [0,3] x [0, 0)
(thus, s3 < 3 isnecessary). Since

2

1
pa(ss,sa) =1— 353 + 55
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we have
Ey={(s3,81) : 0<s3<3, s4>max(0,10s3 — 15)}.

Inequalities become more involved for larger NV but the ten-
dency isthat En\E N1 represents an increasingly smaller re-
gion near the point (1/2,0) when N — oc.

APPENDIX V
FIXED POINTSOF T

In this section we will briefly discuss the fixed points of the
operator 7T, i.e, functions f such that 7f = f. We aready
have one family of fixed points, see (8). Note that by definition
of T, the graph of afixed point, restricted to the square [0, 1] in
the (z, y)-plane, is symmetric about thelinexz+y = 1. Thus, in
thenew coordinatesystemt = y +xz — 1, s = y — x fixed points
y = f(z) of T aredescribed by the simpleformulas = —h(t),
t € [-1,1], where h(t) satisfies

0<h(t) <1, h(t)=h(-t),
h(—1) = h(1) = 0.

t € [07 1]7 (39)
Thisleads to the following necessary condition:

Proposition2: If f = T f for some f € P then f(z) =
t(z) + 1 — z, where t(x) satisfies the identity

t(r) =2z — 1 — h(t(z)) , z € [0,1],

with afunction A (t) for which (39) holds.

Choosing appropriate functions h may lead to new family
of fixed points. For example, if we set h(t) = a(1 — t?) in
Proposition 2 then we obtain

fz)=(1+1/2a) —z—+/(1+1/(2a)? -2z/ac A,

where0 < « < 1/2. In particular, for a =
another remarkable f € A:

1/2 we obtain

f(@)=2—2-2V/1—2=(1-V1—-1)* =2 i M;ﬁ.

P (2k)!!
Obvioudly, this f isnot analyticat x = 1. Since7 f = f and
the Taylor coefficients of f are explicitly known, we could still
apply the strategy of Algorithm 1.
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R=1/3
ar M 0 € I A
3 2 | 0.500000 | 0.250000 | 2.377 | 6.75
4 10 | 0.641100 | 0.038350 | 1.348 | 3.11
5 34 | 0.659958 | 0.010063 | 1.194 | 2.45
6 111 | 0.664649 | 0.003026 | 1.136 | 2.21
7 349 | 0.666029 | 0.000957 | 1.106 | 2.09
8 | 1078 | 0.666460 | 0.000309 | 1.088 | 2.03
9| 3297 | 0.666599 | 0.000101 | 1.075 | 1.99
10 | 10027 | 0.666645 | 0.000033 | 1.065 | 1.96
R=1/2
ar M 0 € I A
4 2 | 0.333333 | 0.333333 | 2524 | 5.33
5 6 | 0.449009 | 0.101981 | 1.518 | 3.26 ar & c n M 1) € " A
6 13 | 0.479776 | 0.040448 | 1.297 | 2.59 60375 | 4 10 | 0.466270 | 0.067459 | 1.542 | 4.32
7 29 | 0.491035 | 0.017929 | 1.207 | 2.29 710314 | 5 20 | 0.484492 | 0.031017 | 1.397 | 3.97
8 61 | 0.495820 | 0.008360 | 1.159 | 2.14 80271 | 6 40 | 0.492662 | 0.014675 | 1.314 | 3.76
9 126 | 0.497997 | 0.004006 | 1.130 | 2.05 910481 | 6 57 | 0.494237 | 0.011526 | 1.397 | 5.89
10 257 | 0.499025 | 0.001949 | 1.111 | 2.00 10| 0429 | 7 108 | 0.497065 | 0.005870 | 1.349 | 6.02
11 523 | 0.499521 | 0.000957 | 1.097 | 1.96 11 1 0386 | 8 | 206 | 0.498509 | 0.002982 | 1.311 | 6.10
12 | 1059 | 0.499764 | 0.000473 | 1.086 | 1.94 121 0.352 | 9| 398 | 0.499245 | 0.001510 | 1.281 | 6.19
13| 2136 | 0.499883 | 0.000234 | 1.078 | 1.92 1310487 | 9| 504 | 0499354 | 0.001293 | 1.355 | 10.58
14 | 4301 | 0.499942 | 0.000116 | 1.071 | 1.91 14 |1 0450 | 10 | 953 | 0.499666 | 0.000668 | 1.327 | 10.95
15| 8650 | 0.499971 | 0.000058 | 1.065 | 1.89 15| 0418 | 11 | 1821 | 0.499828 | 0.000343 | 1.303 | 11.24
R=2/3 16 | 0.391 | 12 | 3509 | 0.499912 | 0.000175 | 1.283 | 11.53
ar M 5 e 7 A 17 1 0490 | 12 | 4192 | 0.499922 | 0.000156 | 1.344 | 20.42
6 2 17 0.200000 | 0.400000 | 2.655 | 4.56 18 | 0.462 | 13 | 7998 | 0.499960 | 0.000080 | 1.324 | 21.16
7 4 | 0.265741 | 0.202778 | 1.779 | 3.46 TABLE 111
8 7 | 0.296314 | 0.111057 | 1.476 | 2.85 TESTS FOR THE SEQUENCE GENERATED FROM {c2?™ + (1 — c)z™} AND
9 11 | 0.311497 | 0.065510 | 1.339 | 2.52 RATE R = 1/2.
10 17 | 0.319948 | 0.040156 | 1.261 | 2.32
11 27 | 0.324917 | 0.025250 | 1.212 | 2.18
12 42 | 0.327955 | 0.016136 | 1.179 | 2.09
13 65 | 0.329857 | 0.010429 | 1.155 | 2.03
14 99 | 0.331068 | 0.006795 | 1.137 | 1.98
15 151 | 0.331849 | 0.004453 | 1.123 | 1.95
16 228 | 0.332356 | 0.002931 | 1.112 | 1.93
17 345 | 0.332688 | 0.001935 | 1.103 | 1.91
18 522 | 0.332907 | 0.001280 | 1.096 | 1.89
19 787 | 0.333051 | 0.000848 | 1.089 | 1.88
20 | 1185 | 0.333146 | 0.000563 | 1.084 | 1.87

TABLEII
TESTS FOR THE RIGHT-REGULAR SEQUENCE, GENERATED BY (6)



