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Abstract

This paper starts a systematic study of capacity�achieving sequences of low�density parity�

check codes for the erasure channel� We introduce a class A of analytic functions and develop a

procedure to obtain degree distributions for the codes� We show various properties of this class

which will help us to construct new distributions from old ones� We then study certain types of

capacity�achieving sequences and introduce new measures for their optimality� For instance� it

turns out that the right�regular sequence is capacity�achieving in a much stronger sense than�

e�g�� the Tornado sequence� This also explains why numerical optimization techniques tend to

favor graphs with only one degree of check nodes� Using our methods� we attack the problem

of reducing the fraction of degree � variable nodes� which has important practical implications�

It turns out that one can produce capacity achieving sequences for which this fraction remains

below any constant� albeit at the price of slower convergence to capacity�

� Introduction

Low�density parity�check codes have attracted a lot of attention lately� Very simple and e�cient

decoding algorithms and the near capacity performance of the codes with respect to these algorithms

have made them one of the most powerful classes of codes known to date� Despite recent advances

in the asymptotic analysis of these codes ��� �� �	� for all nontrivial channels except for the erasure

channel it is still unknown whether there exist sequences of these codes that meet the Shannon

capacity� The case of the erasure channel is the simplest to analyze� and a thorough understanding

of this case seems to be a prerequisite for understanding the more general situation� Moreover� ��	

showed that many concepts that were 
rst developed for the erasure channel carry over to the case

of other more complicated channels� For this reason� we will start in this paper a systematic study

of capacity achieving sequences of low�density codes over the erasure channel�

In ��	 the authors introduced a simple algorithm for correcting erasures in a low�density parity�

check code� To describe the result� we need some piece of notation� We visualize low�density
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parity�check codes as bipartite graphs between a set of left nodes called variable nodes and a

set of right nodes called check nodes� An edge in this graph is said to have left�degree i if it is

connected to a variable node of degree i� Similarly� it has right�degree i if it is connected to a

check node of degree i� Let �i and �i denote the fraction of edges of left�degree and right�degree i�

respectively� A degree distribution for the graph is then the pair ��� �
� where � � ��x
 �
P

i �ix
i��

and � � ��x
 �
P

i �ix
i��� The main result of ��	 states that their simple recovery algorithm is

successful on a random graph with degree distribution ��� �
 and initial erasure probability � if

���� � ���� x

 � x ��


on the interval ��� �
� The capacity of the erasure channel with probability � is �� ��

On the other hand� ��� �
 determine the rate of the code as R � �� R �� ��x
dx�
R �
� ��x
dx� We will

call R the rate of the pair ��� �
�

The 
rst design goal is thus to produce pairs ��� �
 such that the supremum ���� �
 of all � that

satisfy ��
 is very close to � � R� We call a sequence ��n� �n
 of degree distributions of rate R

capacity�achieving �c�a� for short
 if the corresponding sequence �n � ���n� �n
 converges to its

upper bound ��R as n tends to in
nity�

How can we produce c�a� distributions ��n� �n
� A closer study of two examples of c�a� distributions

in the literature is very helpful� For the 
rst sequence� called the Tornado sequence� �n�x
 is the

initial segment of the series � ln�� � x
 properly normalized to give �n��
 � �� and �n�x
 is the

initial segment of an exponential exp���� � x

� where � is computed from the rate�constraint ��	�

For the second sequence� called the right�regular sequence� we have �n�x
 � xn and �n�x
 is related

to the power series ��� x
��m for some m ��	�

Roughly speaking� in both cases we start with a f�x
 represented by a Taylor series with non�

negative coe�cients on ��� �	 and satisfying the normalizations f��
 � �� f��
 � �� for which

T f�x
 �� �� f����� x
 ��


has again a converging Taylor series expansion with non�negative coe�cients� The existence of the

inverse function f�� needed in ��
 is automatic from the conditions� We therefore de
ne the set

P �� ff�x
 �
�X
�

fkx
k � x � ��� �	 j fk � �� f��
 � �g� ��


and the set A as the maximal subset of P invariant under the action of T �

A �� ff � P j T f � Pg� ��
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To further motivate these de
nitions� observe that ��
 is essentially equivalent to

��x
 � �

�
T ��x
 � x � ��� �	� ��


Indeed� replacing x by �� ���� x
 in ��
 shows its equivalence to ����� ���� x

 � x� x � ��� �	�

Thus� ��
 implies ��
 while the validity of ��
 for some �� implies ��
 at least for all � � ���

Evidently� de
ning ���� �
 as the maximum value of all � that satisfy ��
 leads to the same value

as before� For our convenience� we will from now on base our considerations on ��
� In particular�

we say that ��� �
 a�ords � if ��
 holds�

Thus� knowing some f � A we can 
nd pairs ��� �
 and � a�orded by them by justifying two

separate inequalities� ��x
 � ���T f�x
 and f�x
 � ��x
� This can be considered an easy task

because the right�hand sides of these inequalities are known and belong to P� i�e�� have already

Taylor series with non�negative coe�cients� Later in Section � we will introduce a general method

for obtaining degree distributions from elements of A along these lines� Note that the nonlinear

operator T has two interesting properties� 
rst� its square is the identity� and second� it commutes

with composition � in the sense that T �f � g
 � T g � T f � Using these identities� we will be able to

construct in
nitely many c�a� sequences starting from known ones�

From a practical point of view achieving capacity is not su�cient� Suppose that ��n� �n
 is a

sequence of degree distributions of rate R� What we would like to know is how fast� if at all� the

maximal � � �n a�orded by ��n� �n
 converges to � � R as n � �� This problem was studied

in ��	� where it was shown that if ar is the average degree of the check nodes ���ar �
R �
� ��x
dx


and 	 � �� ���� �R
� where � is a�orded by ��� �
� then ar � log�	
� log�R
� or� equivalently�

	 � Rar �

In that paper a sequence of degree distributions is called asymptotically quasi�optimal if ar stays

bounded by � log���	
 where � is a constant depending on R� It was shown that the Tornado

sequence and the right�regular sequence are both asymptotically quasi�optimal�

A much more re
ned notion of optimality would be to directly compare Rar and 	� We call a

sequence of degree distributions asymptotically optimal if 	�Rar stays bounded by some constant

depending on the rate� Obviously� asymptotical optimality implies asymptotical quasi�optimality�

Using this notion� we will show later in Section � that the right�regular sequence is asymptotically

optimal while the Tornado sequence turns out to be only asymptotically quasi�optimal� Using the
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composition operation� we will also construct in
nitely many sequences of asymptotically quasi�

optimal degree distributions�

It is proved in ��	 that for a c�a� sequence ��n� �n
 the sequence �n�n�� � �n�� � x

 � x and all

its derivatives up to any 
xed order k converge uniformly to zero in ��� �
 as n goes to in
nity�

Examining the 
rst derivative� this shows that the product �n�n� ��
n
���
 converges to � as n goes

to in
nity� As a result� no c�a� sequence has the property that for all su�ciently large n we have

�n� � ��

On the other hand� from a practical point of view it is advantageous to have as little degree �

variable nodes as possible� since these are the nodes that get corrected last� In particular� if the

fraction of degree � nodes is at most � � R� then one can construct the graph in such a way that

all the redundant symbols fall within the set of degree � variable nodes� and one does not need to

correct these nodes at all� This greatly accelerates the decoding procedure� Using our techniques�

we will construct in Section � asymptotically quasi�optimal sequences of degree distributions whose

fraction of degree � variable nodes is strictly less than ��R�

This paper is organized as follows�

In the next section� we will derive the basic properties of the set A and describe how to obtain

degree distributions from it� In Section � we will adress the problem of convergence speed of

c�a� sequences of degree distributions� based on suitable elements of A� Section � discusses the

problem of reducing the fraction of degree � variable nodes� In Section � we will provide numerical

evidence supporting our theoretical 
ndings� In conclusion� we summarize our results and pose

some open problems� Issues regarding the feasibility of the proposed algorithm� further properties

of T � as well as some algebraic criteria for f � A are summarized in the appendices�

� Degree distributions from A

We start with more details on the properties of A de
ned by ��
� Note that by de
nition f � A
implies absolute convergence of the Taylor series of both f and T f � From this and properties of

power series and inverse functions� the following lemma is straightforward�

Lemma �� �a
 f � A if and only if T f � A�

�b
 T is an involution� i�e�� T �f � f �

�



�c
 If f� g � A then the composition �f � g
�x
 � f�g�x

 also belongs to A� and

T �f � g
 � T g � T f�

�d
 If f � A then

Sa�bf�x
 �
f�ax� b
� f�b


f�a� b
� f�b

� A

for any � � a � a� b � ��

�e
 For any f � P� we have Z �

�
T f�x
 dx �

Z �

�
f�x
 dx�

It is easy to check that each of the families of functions

f�x
 � xn � n � �� �� � � � � ��


f�x
 �
eax � �

ea � �
� a 
 �� ��


and

f�x
 �
��� b
x

�� bx
� � � b � �� ��


belong to A� The 
rst two families correspond to the right�regular and Tornado sequences� while

��
 has the property T f � f �� Many more examples can be constructed from these families by

using properties �c
 and �d
 of Lemma �� For example� applying Sa�b to f�x
 � x� generates the

family of quadratic polynomials in A�

f�x
 � cx� � ��� c
x � � � c � �� ��


Below� we will systematically explore sequences of the form f�x
 � ��xn
� n � �� �� � � � � generated

by composition of some � � A with the sequence ��
� More examples can be found in later sections�

To our knowledge� e�cient criteria stated� e�g�� in terms of the Taylor coe�cients of a function

f � P to decide whether or not it belongs to the class A are not known in general� Some comments

on this question are made in Appendix D�

What we outline next is how to produce for given f � A and R � ��� �
 a suitable pair of left�

and right�degree distributions ��� �
 of rate R� Roughly speaking� � and � are de
ned by scaled

�Actually� the Tornado sequence introduced in ��� is slightly di	erent� but the asymptotic properties of that
sequence and ours are identical
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sections of the Taylor expansion of f and g �� T f � respectively� A simplifying assumption for our

procedure to work is that f has an analytic extension to a neighborhood of x � �� This assumption

is not severe in practice� as it is satis
ed for all examples considered in this paper and in particular

for polynomial f � In particular� it implies that the Taylor coe�cient g� is always strictly positive�

Throughout the paper� we use the notation btc for the integer part of a real number t� and set

ftg � t� btc � ��� �
� If f�x
 �
P

k�� fkx
k � P� then we set

Ttf�x
 ��
X
k�btc

fkx
k � ftgfbtc��xbtc � �Ttf�x
 �

Ttf�x


Ttf��

���


for the Taylor polynomial Ttf of degree t of f � A and its normalization de
ned by �Ttf��
 � ��

respectively� Note that this extends the standard de
nition of Taylor polynomials for integer degree

to non�integer t in a continuous way� We also set

�If�t
 �

Z �

�

�Ttf�x
 dx� ���


Observe that �Ttf�x
 and �If�t
 are well�de
ned only for t 
 k���� where k� is de
ned by the index

of the 
rst non�zero Taylor coe�cient fk of f � P�

Let f �
P

k�� fkx
k and g �

P
k�� gkx

k are de
ned by absolutely converging Taylor series on ��� �	�

Then we say that g supercedes f and denote it by f � g� if for all m � � we have
P

k�m fk �P
k�m gk� We have the following

Lemma �� ��
 Suppose that f � g� Then f�x
 � g�x
 on ��� �	�

��
 If f � P and k� � � � t � s ��� then f�x
 � �Tsf�x
 � �Ttf�x
 pointwise for x � ��� �	� andR �
� f�x
 dx � �If�s
 � �If�t
�

Proof� ��
 Set sm ��
P

k�m fk and s�m ��
P

k�m gk� The inequality xk � xk�� � �� x � ��� �	� and

an Abel transformation prove ��
�

f�x
 �
�X
k��

�sk � sk��
x
k �

�X
k��

sk�x
k � xk��
 �

�X
k��

s�k�x
k � xk��
 �

�X
k��

�s�k � s�k��
x
k � g�x
�

��
 Since � � Ttf��
 � Tsf��
 � �� an easy calculation reveals that f � �Tsf � �Ttf � and ��
 follows

from ��
�

Our algorithm for computing the pair ��� �
 is as follows�
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Algorithm �� Given f � A� R � ��� �
� and an integer N � this algorithm computes a pair ��� �


of rate R and a real number � such that ��x
 is of degree N � the maximal value of ��x
 � f�x
 on

��� �
 is bounded above by
P

k�N fk�
P

k�N fk� and such that ��� �
 a�ords ��

��
 If f�x
 is a polyomial� then set ��x
 �� f�x
� otherwise set ��x
 �� �TNf�x
� Let ar ��

��
R �
� ��x
dx�

��
 Let g�x
 � T f�x
 �Pk�� gkx
k� Using the coe�cients gk� compute t such that �I�t
 � �

���R�ar

where �I�t
 �� �Ig�t
 is de�ned by ���	�

��
 Set � �� Ttg��
 and ��x
 �� �Ttg�x
 � Ttg�x
���

Proposition �� Suppose that f�x
 is analytic at �� and that ar computed in Step ��	 of the above

algorithm satis�es ���R
ar � �� Then the algorithm correctly computes its output� i�e�� the output

satis�es the speci�cations of the algorithm�

Proof� ��
 First we prove the upper bound for the non�negative function ��x
 � f�x
 on ��� �
�

Indeed� from Lemma ���
 we have for f � P

f�x
 � ��x
 � �TNf�x
 � f�x


TNf��

� x � ��� �	� ���


from which the assertion follows immediately�

��
 Next we prove that the computation of Step ��
 is always successful� To see this� recall that

g� 
 �� Thus� the function �I�t
 is well�de
ned for t 
 �� continuous and monotonically decreasing

by Lemma �� Note that

�I�k
 �

Pk
l�� gl��l � �
Pk

l�� gl

for integer t � k� and we have �I��
 � ��� and �I�t
 � limt��
�I�t
 �

R �
� g�x
dx �

R �
� f�x
dx � ��ar�

Hence� if �
���R�ar

� ���� there is a value of t � � for which �I�t
 equals �
���R�ar

� More precisely�

such a value t � k � s can be found by 
rst searching for the smallest integer k such that �I�k
 �
�

���R�ar
� �I�k � �
� and then determining s � ��� �	 such that

kX
l��

gl
l � �

� s
gk��
k � �

�
�

���R
ar
�

kX
l��

gl � sgk��
�

Thus� all what is needed for Step ��
 to succeed� is to compute the Taylor coe�cients gk as we

go along� Since f�x
 is analytic at �� the coe�cients of g�x
 can be computed via the algorithm

outlined in Appendix A�
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��
 Now we show that ��� �
 a�ords �� Indeed� we have

��x
 � ���Ttg�x
 � ���T f�x
 � ������ f����� x

 � ������ ������ x

�

which is equivalent to ��
� The last estimation step follows from the de
nition of T and the lower

inequality in ���
� This completes the proof�

In summary� our procedure outlined in Step ��
���
 above is applicable to any rate � � R � � and

f � A satisfying the additional analyticity condition at x � �� i�e�� the validity of ���
 for all small

x� and the compatibility condition Z �

�
f�x
 dx � ���R
��� ���


Indeed� ���
 makes sure that� by choosing N large enough� we can always satisfy the remaining

condition ���R
ar � � in Proposition �� It leads to a pair ��� �
 of left� and right�degree distribu�

tions of rate R� and to a � a�orded by it� Applying the scheme to suitable sequences fn from A� we

can construct c�a� sequences ��n� �n
 for any rate R� in a systematic way� and obtain quantitative

estimates for the convergence speed in �n � � � R� This will be demonstrated in the following

sections� A straightforward numerical implementation of Algorithm � was used to compute the

examples in Section �� Its running time depends heavily on how long it takes to compute all the

coe�cients of gk necessary �see Appendix A
� as we need to satisfy �I�t
 � �
ar���R�

� i�e��

X
k�btc

gk
k � �

� ftg gbtc��

btc � �
�

�

���R
ar

�
�X

k�btc

gk � ftggbtc��

�
A �

in Step ��
 above� This depends ultimately on the function f�x
 and� in particular� on its behavior

near x � �� For most of our applications� however� we have analytic expressions for the gk which

makes it rather trivial to estimate the right value of t�

� Convergence speed of c�a� sequences

This section is devoted to estimating how close the performance of the decoding algorithm for the

code given by the pair ��� �
 is to the capacity of the erasure channel� In other words� we want to

study how close the maximal � a�orded by this pair is to ��R where R is the rate of the pair� We

introduce

	��� �
 �� �� ���� �


��R
�

�



As stated in the introduction� the following lower bound holds ��	

	��� �
 � Rar � ar �

�Z �

�
��x
 dx

���
� ���


This shows� that in order to have 	 � � or� equivalently� � � � � R� we must have ar � � for


xed R� Also� ���
 suggests the use of either

���� �
 �
ar log�R


log�	��� �


���


or

���� �
 �
	��� �


Rar
���


to quantitatively measure the closeness of capacity and rate of any particular pair ��� �
� hence

also of c�a� sequences� In re
ning the de
nition introduced in ��	� we will call a sequence ��n� �n


asymptotically quasi�optimal with constant � � � if

lim sup
n��

���n� �n
 � ��

Clearly� the closer � is to � the faster �n converges to ��R� In addition� we call a sequence ��n� �n


asymptotically optimal with constant � � � if

lim sup
n��

���n� �n
 � ��

Trivially� asymptotically optimal sequences with any � are asymptotically quasi�optimal with con�

stant �� As it turns out these de
nitions allow to better classify c�a� sequences� and see distinctive

di�erences between� e�g�� the Tornado and right�regular sequences�

Let � � A be analytic at x � �� and � � R � � be given� We consider the sequence ��n� �n
 of


xed rate R generated from the sequence

fn�x
 �� ��xn
 � n � n� � ���


by Algorithm �� For short� we say that this sequence is generated by �� Let us comment on the

feasibility of this de
nition� Obviously� all fn satisfy the additional analyticity condition at x � ��

We assume that n� is chosen such that the compatibility condition ���
 holds� This is always

possible since

n

Z �

�
�n�x
dx � n

Z �

�
��xn
dx �

Z �

�

��t


t
t��ndt �

Z �

�

��t


t
dt � n��� ���


�



which implies
R �
� fn�x
 dx� � as n��� Finally� if � is a polynomial of degree K then we choose

N � Kn and set �n � fn� otherwise N � N�n
 is such that a su�ciently fast convergence in

TNf
n��
� � can be guaranteed� More precisely�

TNf
n��
 � �

� � ��Rn

� n � n�� ���


is su�cient�

Theorem �� If a sequence ��n� �n
 of rate R � ��� �
 is generated by � � A as described above�

then it is asymptotically quasi�optimal with constant

� � �� ��
�Z �

�

��x


x
dx

�

Before elaborating on the proof of this theorem� we introduce an auxiliary construction which will

be used in it� Suppose that f � A and let g �� T f � For a � ��� �	 we de
ne ga�x
 �� g�ax
�g�a
�

By Lemma �� we have ga � A� Let I�a
 ��
R �
� ga�x
dx� The functions ga�x
 and I�a
 possess

properties similar to those of their counterparts �Ttg�x
 and �I�t
 appearing in Algorithm ��

Lemma �� For a � ��� �	 we have


��
 g�x
 � ga�x
 � g�x�
g�a� �

��
 I�a
 is continuous and monotonically decreasing�

��
 Suppose that t and a are such that I�a
 � �I�t
� Then g�a
 � Ttg��
�

Proof� ��
 Obvious by Lemma ���
�

��
 By Lemma � it su�ces to show that for � � b � a � � we have ga � gb� Let sm�x
 ��
P

k�m gkx
k

and �sm�x
 ��
P

k�m gkx
k� Then� we need to show that for all m � ��

sm�a


sm�a
 � �sm�a

� sm�b


sm�b
 � �sm�b

�

or� equivalently� sm�a
�sm�b
 � sm�b
�sm�a
� Now it is easily seen that for any � 
 m we have

b�sm�a
 � a�sm�b
 �since b��k � a��k for any k � �
� This proves the result�

��
 In light of the monotonicity of the functions �I�t
 and I�a
� the statement is equivalent to proving

that g�a
 � Ttg��
 implies I�a
 � �I�t
 or� what is the same by de
nition of these functions� that

g�a
 � Ttg��
 �	
Z �

�
g�ax
dx �

Z �

�
Ttg�x
dx�

��



We use again Lemma ���
 which reduces this statement to showing g�ax
 � Ttg�x
 provided that

g�a
 � Ttg��
� Set k � btc and let us look at the partial sums sm and s�m of the sequences of Taylor

coe�cients of g�ax
 �
P�

l���gla
l
xl and Ttg�x
� respectively� For m � k� we have

sm �

mX
l��

gla
l �

mX
l��

gl � s�m

since � � a � �� while for m � k�� we obviously have sm � g�a
 � Ttg��
 � s�m by de
nition of k

and ���
� This gives the assertion of ��
�

Proof� �of Theorem �	� Let us 
rst assume that � is a polynomial� Let fn � ��xn
 as above� and

N � Kn� where K is the degree of �� Further� let the rate R be 
xed� We apply Algorithm �

on the triple fn� N�R and obtain �n � fn� �n� and �n� Note that according to ���
 the quantity

anr �� �
R �
� �n�x
dx
�� satis
es

anr
n

� �� � n��� ���


For the most part of the proof we will suppress dependencies on n to ease the notation� Thus� the

above data will be abbreviated by f� �� �� �� and ar�

The aim of the proof is to show that limn�� ar log�R
� log�� � ���� � R

 is at most ��� Since

it is somewhat di�cult to get a handle on � directly� we will use the auxiliary construction above�

That is� we will construct a number 
 � � and prove that ar log�R
� log���
����R

 has a limit

which is at most ��� This will be su�cient to prove our claim�

Let � � b � � be such that I�b
 � �
���R�ar

� Such a b exists for n � n� since according to Lemma

���
 the function I�b
 is continuous and monotonous� with a range given byZ �

�
g�x
dx � I��
 � I�b
 � I���
 � ����

which contains the right�hand side of the equation strictly in its interior �the upper limit for the

range is ��� since g� 
 � by the analyticity assumption
�

Since � � Ttg��
 for a t � � such that �I�t
 � �
���R�ar

�see Algorithm �
� Lemma ���
 implies that


 �� g�b
 � �� Moreover�Z b

�
g�x
dx � b�

Z �

��b
f���x
dx � ��

Z �

f�����
f�x
dx� f��� 



�

Z �

���
f�x
dx� ��� 

f��� 

� f��� 

 �

�

ar
�
Z ���

�
f�x
dx� 
f��� 

�

��



where we have applied the identity �� R �f�t� f���x
dx � tf�t
 �
R �
t f�x
dx valid for all f � P with

t � �� 
� and used the fact that �� b � f��� 

�

Now we can substitute into our equation for b

�

���R
ar
�

Z �

�
gb�x
dx �

�

g�b
b

Z b

�
g�x
dx�


nd an expression for 
 � g�b
 from it� and use the result to estimate 	 �� �� ���� �R
�

	 � �� 


��R
� �� ar

b

Z b

�
g�x
dx �

f��� 



�� f��� 



�
ar

�

�

R ���
� f�x
dx

f��� 



�
� �

�
� ���


But for any ��x
 �
P�

k�� �kx
k � A� t � ��� �
� and n � � we have

� � f�t
 �

�X
k��

�kt
kn � tn

�X
k��

�k � tn�

and

� �

Z t

�
f�x
 dx �

�X
k��

�k
tkn��

kn� �
� �n� �
��tf�t
�

We use these inequalities with t � �� 
 and ���
 in ���
 to obtain

	 � ��� 

nar
�� ��� 

n

�

�

�� 


n� �

�
� C����� 

n�n
� �
� n��� ���


where C � � is an absolute constant�

This inequality is su�cient for our purposes� Indeed� if we temporarily assume that

n
�� � n��� ���


is already established� we conclude from ���
 that 	 converges to �� and hence the sequence ��n� �n


obtained from f�xn
 by Algorithm � is c�a� This follows from

�n
� �
�� � 

n � �n
� �
��� n


n

n � �n
� �
e�cn� � � � n���

which holds for some c � �� In turn� 	� � implies 
� ��R 
 � which shows that ���
 holds in

a much stronger sense� Finally� from this we see that the dominating term in the previous upper

estimate for 	 is ��� 

n� so we obtain the assertion of Theorem ��

���n� �n
 �
ar log�R


log�	

� �� � o ��



ar
n

log�R


log��� 


� ��� n��� ���


��



We still need to establish ���
� On the contrary� assume that 
 � O���n
 for n � �� From our

above transformations we have

n� �

ar���R

�

n� �

bg�b


Z b

�
g�x
dx �

n� �


�� � f��� 




�Z �

���
f�x
dx� 
f��� 



�
�

Now recall that f�x
 � ��xn
� where � � A is analytic at x � �� Thus� �� c�x � ����x
 � �� �c�x

for � � x � 
� where c� � ����
 is independent of n� and c� � c
 � �c� � c� holds for all su�ciently

small 
 and some absolute constant c 
 �� Without loss of generality� we can assume that c� 
 �

since c� � � implies ��x
 � x �this case is covered by the stronger Theorem � below for which an

independent proof is given in Appendix B
� This gives

f��� 

 � ��� c�


n �

Z �

���
f�x
dx �

�� ��� c�


n��

n� �
�

where c�� c� � c� �O�

 are new constants depending on 
� and tending to c� 
 � as n tends to

in
nity� Substitution yields

n� �

ar���R

�

�� ��� c�


n�� � �n� �

�� � c�



n


�� � ��� c�

n


�

Pn
k���c���� c�



k � ��� c�


n


c�

Pn��

k����� c�

n
�

where we have used the identity � � yk � �� � y

Pk��

l�� y
l twice� Due to the assumptions on

the asymptotic behavior of 
� c�� and c� �e�g�� we have �c� � c�

 � O�
�
 � O�n��

� we see

that � � �� � c�


n � �� � o��

�� � c�



n � c 
 � for some constant c independent of n�

Thus� the numerator in the right�hand side of last displayed equation is bounded from below by

cn�c�����o��

 � c�n� where we have used that c� � c� 
 �� On the other hand� the denominator

is majorized by c�
n � C �� Since the constants c�� C � are independent of n� we see that the whole

expression in the right�hand side tends to in
nity which contradicts the fact that the left�hand side

tends to the 
nite limit ������R
� see ���
�

This completes the proof of Theorem � for polynomial �� The general case goes through in the

same way� by choosing the maximal degree N � N�n
 for de
ning �n in Step ��
 of our algorithm

large enough such that the asymptotic estimates for the resulting 
 and 	 are preserved� From a

theoretical point of view� it is important to make sure that N can be chosen a priori� i�e�� solely

based on knowledge about the input fn and R �in practice� this is not a very pressing issue�

as we could take by default N such that TNf
n��
 � � within machine precision
� Again� we

neglect the dependence on n in the notation� Note 
rst that the choice of N enters Step ��
���
 of

��



Algorithm � only through the value of ar� More precisely� instead of solving �I�t
 � �
���R�ar

for t�

where ar � �
R �
� f�x
 dx
��� and then setting � � Ttg��
� we use

�I��t
 � �
�

���R
ar
� �� � T�tg��
�

where � � � � ��TNf��
 by ���
� Following our above strategy� we now de
ne �b and �
 �� g��b
 by

I��b
 � � �
���R�ar

� Then we have �
 � ��� and repeating the estimation leading to ���
 we get

�	 �� ��
��

��R
� �� �


��R
�

f��� �



���� f��� �




�
� � �

f��� �


� ar

�
�
�

R ����
� f�x
dx

f��� �



�
� �

�
� ���


Now� in order to preserve the above asymptotic estimates leading to the statement of Theorem �� it is

su�cient to ensure that � � � is such that ��� � f����

� Indeed� the expression ����
�f����

��
is then negative� and can be neglected in ���
� Thus� the analog of ���
 holds �with an additional

factor ��� � � � o��
 in the right�hand side
� Since n�
 � � can be proved as before� we get the

desired result� Since ���
 implies

� � � � �

TNf��

� � � ��Rn
 � ���� � �

n
 � f��� �

�

we have completed the proof�

We remark that Theorem � provides only an upper bound for the constant � of quasi�optimality�

However� the numerical evidence presented in Section � strongly suggests that the above estimation

techniques are rather sharp� They can also be applied to other families from A� The following result

will be stated without proof� It addresses the sequence ��
� and gives a more quantitative statement

on the asymptotic quasi�optimality of the Tornado sequence previously established in ��	�

Theorem �� Let ��a� �a
 be the sequence of degree distributions of rate R � ��� �
 obtained from

the family fa�x
 � �eax � �
��ea � �
� a � �� by Algorithm �� This sequence is asymptotically

quasi�optimal with constant

� � �Torn�R
 ��
ln���R


��R
�

In contrast to the bounds in Theorem �� the bound of Theorem � is rate�dependent� Note that

�Torn�R
�� as R� � and �Torn�R
� � as R� �� Numerical results for this family are given in

Section �� As a 
nal comment� let us mention that the family ��
 does not produce a quasi�optimal

c�a� sequence� this is left as an exercise to the reader�

��



The only sequence ���
 that is guaranteed by Theorem � to lead to an asymptotically quasi�optimal

c�a� sequence ��n� �n
 with constant � is the right�regular sequence generated by fn�x
 � xn� Indeed�

for any � � A we have ��x
 � x and therefore by Lemma � �� � �� with equality only for ��x
 � x�

For the right�regular sequence� a stronger result holds�

Theorem �� Let ��n� �n
 be the right�regular sequence of degree distributions of rate R � ��� �


obtained from the family ��	 by Algorithm �� This sequence is asymptotically optimal with constant

� � e� � ��������������

where � � ������������� is the Euler constant�

The proof of this theorem can be found in Appendix B�

Compared with the statements before it and in light of the numerical evidence� Theorem � ex�

hibits the excellent asymptotic behavior of the right�regular sequence� We do not know of any

asymptotically optimal c�a� sequence with a constant � � e� �

Appendix C gives a more general view of composing c�a� sequences with elements in A�

� Reduction of degree � nodes

In this short section� we concentrate on the asympotic behavior of the fraction of degree � variable

nodes of the c�a� sequences generated by the family ���
� As discussed in the introduction� this frac�

tion should be as small as possible to allow fast decoding� For an arbitrary left�degree distribution

�� it is de
ned by the coe�cient �� of the Taylor seriesR t
� ��x
 dxR �
� ��x
 dx

� ��t
� ��	t

	 � � � � �

The stability condition ��� �	 states in the case of the erasure channel that if ��� �
 a�ords �� then

����
���
 � �� where ��x
 � ��x�O�x�
� Hence� we have

�� �
���R
ar��

�
� ���R
ar

����� �
����

�

If we apply this inequality to a c�a� sequence ��n� �n
� then using �n � ���n� �n
� ��R we obtain

lim
n��

�n
� � lim

n��

anr
���n
���


� ���


��



if the limits exist �otherwise� the relation holds at least with lim replaced by lim sup or lim inf
�

Moreover� if the c�a� sequence ��n� �n
 is generated from a sequence fn � A by Algorithm �� then

we can replace � by f and prove the existence of the limits and equality in ���
�

Theorem �� Let the sequence ��n� �n
 of rate R be generated by � � A� where � is analytic at

x � �� Then

lim
n��

�n
� � �� ��

��

�����

�

where �� � �
R �
� x����x
 dx
�� is the same as in Theorem ��

Proof� Obviously� ��n
���
 � n���
 and from ���
 we have anr �n� ��� Substituting into ���
 which

holds in this case with equality� we get the statement�

Theorem � and Theorem � point at a certain relationship between the constant of asymptotic

quasi�optimality and the fraction of degree � variable nodes� at least for c�a� sequences generated

by ���
� For the right�regular sequence� we have

lim
n��

�n
� �

�

�
�

which should lead to fast decoding algorithms if R � ���� For the Tornado sequence we get the

same limit value by directly using ���
� In order to get to smaller limit values� suitable also for

R � ���� one needs to explore other � � A� By using the family ��
� we get the following

Theorem �� For any � � R � �� there exists a c�a� sequence ��n� �n
 of rate R which is asymp�

totically quasi�optimal and has a limit

lim
n��

�n
� � ��R�

Proof� Set ��x
 � ��� b
x��� � bx
 for some � � b � �� Then ����
 � ���� � b
 andZ �

�
x����x
 dx �

�� b

b
j log��� b
j�

Thus� according to Theorem �� for the sequence ��n� �n
 generated by this � we have

�� �
b

�j log��� b
j � � � b� ��

Consequently� by choosing a b close to �� we can make this limit smaller than � � R� Theorem

� guarantees the asymptotical quasi�optimality for any b� however� with a constant that quickly

grows as b� ��

�� �
b

��� b
j log��� b
j � � � b� ��

��



This proves Theorem ��

Other choices might be tried� For example� if we pick � from the family ��
 we compute

�� �
�

�� � c
�� � c

� �� �

�

�� c
� � � c � ��

Taking ��x
 � �x� x�
�� leads to the smallest ��
� for the family ��
� We have

�� �
�

�
� ��������� � �� �

�

�
� ����������

which is� however� slightly worse than the values obtained from the family ��
 where we obtain for

b � ���������

�� � ��������� � �� � ��������� �

Using composition of the previous � with itself gives ��x
 � ��x� �x� � �x	 � x

��� for which

�� �
��

���
� ��������� � �� �

��

��
� ��������� �

and so on�

That composition seems to decrease ��
� is not by accident as is shown by the following

Proposition �� Suppose that �� and �� are in A� Then

������
� � ���

� � ���


Proof� To see this� use ��� � ��
���
 � �����
�
�
���
 andZ �

�

������x



x
dx �

Z �

�

���t


t
��t
 dt � t � ���x
� ��t
 ��

���x


x����x

�

The inequality ���
 follows now from the observation that ��t
 is monotonously decreasing on ��� �	

for any �� � A� which gives ��t
 � ���
 � �����

�� for t � ��� �	� Note that the order in the

composition matters since� in general� ������
� � ���

� does not hold�

� Numerical examples

The 
rst three tables illustrate the quality of the asymptotic estimates in Theorems ���� They

all have been obtained following the algorithm of Section �� except that the Taylor coe�cients of

g � Tf in Step ��
 of Algorithm � have been computed by explicit formulas� These are available

��
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�� ����� �� ��� �������� �������� ����� ����� ������
�� ����� �� ���� �������� �������� ����� ����� ������
�� ����� �� ���� �������� �������� ����� ����� ������
�� ����� �� ���� �������� �������� ����� ����� ������
�� ����� �� ���� �������� �������� ����� ����� ������

Table �� Tests for the sequence generated from fcx�n� ��� c
xng and rate R � ����

since we have simple analytic expressions for the inverse functions f�� and therefore for g � T f
in all three cases considered� Table � and � concern the Tornado sequence from Theorem � and

the right�regular sequence from Theorem �� To make the tables easier to compare� we have chosen

the values a in the family ��
 such that the ar�values are integer� as is the case for the family

��
� Note that the columns for � � ���� �
 and � � ���� �
 demonstrate the tightness of the

bounds established in Section �� Recall that according to Theorem �� the limit value for � should

not exceed �Torn����
 � ��������� �Torn����
 � ��������� �Torn����
 � �������� for R�������������

respectively� Slight di�erences with the corresponding tables from ��	� ��	 stem from the fact that

our algorithm for actually producing polynomial pairs ��� �
 is slightly di�erent� Also note that

the faster convergence of the right�regular sequence comes at a price� the polynomials � for the

right�regular sequence have signi
cantly higher maximal degree M than their counterparts from

Table ��

To obtain the values in Table �� we have experimented with the family ��
 to choose suitable � for

use in conjunction with ���
 and small n� Consequently� we had two parameters� c and n� which

were used to achieve integer ar� for better comparison with the previous tables� We also tried to

keep c close to ��� to demonstrate the behavior of the fraction of degree � variable nodes �� which

for c � ��� would be expected to approach the value ��� � ��������� for n���

The next two tables illustrate the result of Theorem �� According to its proof� by taking the sequence

���
 with � from the family ��
 we should expect smaller ���values if b � ��� �
 is increased� We

��



show calculations for R � ���� ��� and b � ���� ���� ���� restricting our attention to small values

of ar and n� Note that for b � � we obtain the sequence ��
 for which values are reported in

Table �� The theoretical 
ndings of Theorem � are backed to full extent� the ��� as well as the

���values remain R�independent� As to the dependence on b� we see that with increasing b� the ���

values become smaller� at the expense of worse capacities� compare the large ��values� Altogether�

Tables ��� indicate that� despite the promising theoretical results� very small ���values can only

be obtained at the expense of comparably bad 	�values resp� higher maximal polynomial degree N

and M �

� Conclusion

In this paper we have started a systematic study of capacity achieving sequences for the erasure

channel� We have introduced a class A of analytic functions which give rise to valid degree dis�

tributions in an algorithmic way� We introduced an operator T on this class and showed various

properties of both A and T � A thorough and systematic study of these objects is likely to shed

new light on a partial classi
cation of capacity achieving sequences�

We further introduced a method for constructing in
nitely many capacity achieving sequences� To

date� the only known sequences were the Tornado and the right�regular sequence� We introduced

two measures of optimality for capacity achieving sequences and showed that the right regular

sequence is capacity achieving in a much stronger sense than the Tornado sequence� This result

may explain why numerical optimization techniques ��	 tend to produce sequences that are close to

being right regular� Given that this also holds for other types of channels ��	� we conjecture that

right regular sequences are fundamentally superior on symmetric channels�

We also introduced a technique to reduce the fraction of degree � nodes in a c�a� sequence� It is well�

known that decoding algorithms based on message passing tend to correct low�degree variable nodes

last� In particular� variable nodes of degree � are corrected at the very end� and are responsible

for slow convergence of the iteration� By having a small fraction of degree � nodes� one can push

them into redundant nodes and hence accelerate the decoding in practical settings�

��
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� Open problems

Below is a list of open problems for the interested reader� They are divided into two classes� The

problems in the 
rst class are probably easy to solve�

�� Prove equality in Theorems � and ��

�� Prove �or disprove
 that composition with � � A preserves the convergence type of a c�a� se�

quence� i�e�� c�a� sequences are transformed into c�a� sequences � and asymptotical quasi�

optimality is perserved �with a di�erent constant
� From Theorem � and Theorem � it follows

that asymptotical optimality is generally not preserved�

�� Show that �� � � implies �� � �� More generally� make the statement �Small �� implies

large 	� more quantitative�

�� For which � � A does the sequence fn � � � � � � �� � n times
 lead to a c�a� or asymptotically

quasi�optimal sequence� For ��x
 � x� the answer is yes� for � from ��
 the answer is no �for

asymptotic quasi�optimality
�

�� Write a code that fully explores the design principles of our paper� i�e�� implements Algo�

rithm � in a stable and run�time e�cient way� explores composition principles to full power�

adds postprocessing to reduce M�N � includes multi�objective optimization for simultaneously

reducing 	 and ��� etc�

The problems in the following second class are probably much harder to solve�

�� Give a constructive characterization of A� Here we feel that there are possibly related results

in classical complex function theory which need to be recovered�

�� Give an algorithm to check whether a polynomial � belongs to A�

�� Prove that the right�regular sequence is in some sense optimal� For example� prove that there

is no c�a� sequence ��n� �n
 of rate R for which limn�����n� �n
 � e� �

�� Prove that the approach via A is universal� e�g�� prove that if ��� �
 has rate R and a�ords �

then there is another pair generated by a f � A with the same rate� and approximately the

same �or better
 �� and approximately the same maximal and average degrees�

��
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A Computing T f

In this section� we will brie"y explain how to compute the Taylor expansion of T f for a given f � A
which is analytic at ��

Since we assume that f � A� we know that

g�x
 � T f�x
 �
�X
k��

gkx
k

��



has an absolutely converging Taylor series� where gk � � and
P�

k�� gk � �� By ��
� the gk can be

computed from the power series expansion of f�� at x � � which� in turn� can be computed from

the coe�cients �fk in

f�� � x
 � � �
X
k��

�fkx
k� ���


For example� g� � �f��� � g� � � �f�	�
�f�� and so on� The validity of ���
 in a neighborhood of x � �

needs to be assumed� as the example f�x
 � �� ���x
��� � A shows� it cannot be concluded from

f � A�

Alternatively� we can design an iterative scheme based on a standard transformation of ��
 into a


xpoint equation� Indeed� since g � T f is equivalent to f��� g�x

 � �� x� we can write

g�x
 �
�
�f�
�x�

�X
k��

���
k �fkg�x
k
�

where we again have assumed ���
� The 
nite�dimensional analogue of this 
xpoint equation is

TMg �
�
�f�
TM �g� �g�x
 � x�

�X
k��

���
k �fkTMg�x
k
� ���


which can be shown to give the 
rst M coe�cients of g from any initial guess in at most M steps�

provided that no rounding occurs�

B Proof of Theorem �

Using the same notation as before� but dropping the superscript n we have ��x
 �� �n�x
 � fn�x
 �

xn� ar �� anr � n� �� and

g�x
 �� gn�x
 � �� ��� x
��n �
�X
l��

glx
l �

where

gl �
�

nl
�l ��

�

nl

l��Y
r��

�
�� �

nr

�
� l � ��

Let us set

�Ik �
�k
sk

� sk �
kX
l��

gl � �k �
kX
l��

gl
l � �

� k � ��

and �I� � ���� s� � �� � �� Obviously� �Ik is a decreasing sequence with limit a��r �this follows from

the corresponding properties of the function �I�t
 de
ned in Step ��
 of Algorithm �
 while fskg and
f�kg are increasing sequences� with limits g��
 � �� and

R �
� g�x
 dx �

R �
� xn dx � a��r � respectively�

��



Let t and � be the parameters determined in Step ��
 and Step ��
 of Algorithm �� respectively�

Since �Ik � �I�k
� it follows from Step ��
 of Algorithm � that the integer k � btc must satisfy

�Ik � �

�n� �
�� �R

� �Ik��� ���


After we have estimated k from this relation� we can further estimate � and 	��� �
 since Step ��


of Algorithm � implies

sk � � � sk��� ���


To implement this strategy� we need to access the Taylor coe�cients gl of g� and obtain sharp

estimates for �k and sk� The latter task is usually performed using

sk � �� �sk � �k � a��r � ��k � �sk �

�X
l�k��

gl � ��k �

�X
l�k��

gl
l � �

�

For notational convenience� let �l denote a variable which may vary from formula to formula but

everywhere satis
es the bound j�lj � c�l
�� with some absolute constant � � c� ��� Analogously�

we will use the notation �k and �n� Note that these quantities also may have di�erent signs in

di�erent places� By de
nition of the Euler constant �� we have

l��X
r��

�

r
� ln l � � �O

�
�

l

�
�

see ��� vol� �� p� ���	� which leads to

� ln�l �
ln l � � � �l � �n

n
�

where the �n�term can be chosen independently of l and comes from the summation of the higher

order correction terms in ln��� ���nr

 � ���nr
 � O��nr
��
� Thus�

gl �
�� � �l�n
e

��n�n

nl����n
� l � � �

For convenience� we have set �n � � � �n� From this� su�ciently precise asymptotic formula for �sk

and ��k can be obtained� For example�

�sk � �� � �k�n
e
��n�n

�
�

n

�X
l�k��

l������n�

�
� �� � �k�n
e

��n�nk���n�

Analogously�

��k � �� � �k�n
e
��n�n

�
�

n

�X
l�k��

l������n�

�l � �


�
�

�� � �k
e
��n�n

n� �
k������n� �

��



Consequently�

�sk � �n� �
��k � �� � �k
e
��n�nk���n � �� � �k
�sk �

and

��sk

n�� � �� � �k�n


n��e������n��nk������n� � �� � �k
e
��n�n� �
��k � ���


Let us 
rst mention that for n � �� the index k corresponding to the solution of ���
 grows

exponentially with n� Indeed� from the lower bound in ���
� ���
� and the above estimates we

obtain

�sk � �� � 
 R � �� ���R
 � �� sk��
�n� �
�k��

�
�sk�� � �n� �
��k��
�� �n� �
��k��

� �� � �k
�sk

and� consequently� �sk � �� � �k
R and

k 
 e��n
�
� � �k
R

�n

�

Since k cannot stay bounded as n � �� we de
nitely have �� � �k
�R 
 q 
 � which implies

exponential growth k � cqn� In particular� k � n� for large enough n� and the expressions �k are

majorized by �n�

Now we are able to conclude the argument for Theorem �� From ���
 and the above mentioned

properties of �sk� ��k� we have

�� sk
��R

� �� sk��
��R

�
gk��
��R

� �� �n� �
�k�� �
gk��
��R

� �n� �
��k�� �
gk��
��R

�

According of the asymptotic behavior of gk and ��k� we have gk������R
 � �n�n��
��k��� and we

can continue by using ���



�� sk
��R

� �� � �n
�n� �
��k�� � �� � �n
e
�n��sk��


n�� � �� � �n
�� � �k

ne�nRn���

By de
nition of the quantity ���� �
 and ���
 we thus obtain

���� �
 �
�� ���� �R


Rn��
� �� sk����R


Rn��
� �� � �n
�� � �k


ne�n � e� �

where we have used that �� � �k

n � � since k � n� for large enough n� This gives the upper

bound for �� The lower bound follows in exactly the same way� by starting from

���� �
 � �� sk����� �R


Rn��
�

and estimating �� sk������R
 � �� sk����R
� gk������R
 � �n��
��n� gk������R
 from

below� This 
nally proves the statement of Theorem ��

��



C Composition principles

Let ��� �
 be a pair of degree distributions of rate R� and � � � � �� R a�orded by it� i�e�� ��
 is

satis
ed� Take any � � A and denote � � T �� What we claim is that the new pair ���� ��
 de
ned

by

�� � � � � � �� � � � ��

satis
es again ��
� with the same �� Indeed� by Lemma � we have

����x
 � �����x

 � T� � T ��x
 � T �� � �
�x
 � T ���x
�

This gives the claim� Unfortunately� without further assumptions we cannot control the rate� i�e��

we are not sure whether the rate goes up or down� Recall that rate R implies

���R


Z �

�
��x
 dx �

Z �

�
��x
 dx �

Z �

�
T ��x
 dx�

while the rate of the new pair is de
ned by the equation

��� �R
 �

R �
� T ���x
 dxR �
�
���x
 dx

�

R �
� T ����x

 dxR �
� ����x

 dx

�

R �
� ����� y
T ��y
 dyR �
� ����� y
��y
 dy

�

where we have used the transformation y � ��x
 and ���x
�� � ����
��y
 � ����� y
�

It would be desirable to 
x this problem� e�g�� under the assumption that ��� �
 was produced from

a �polynomial
 f � A by our algorithm�

f � A � �f� T f
 �
�

��f � �f � �f 


���f � ��f � ��f 

�

The tilde�notation refers to the theoretical construction used in the proof of Theorem � which is

easier accessible for further estimation� One could try to compare the pair ���� ��
 � ��f � �� � � �f 

to either ����f � ���f 
 or �����f � ����f 
�

The 
nal statement which we anticipate to be able to prove is that the mapping

��� �
 � �� � �� � � �
 � � � T �� � � A�

transforms c�a sequences into c�a sequences and also preserves asymptotic quasi�optimality� In light

of our theorems� their is no hope to preserve the constant of asymptotic quasi�optimality and� in

particular� the asymptotic optimality of a c�a� sequence�

��



D Criteria for f � A

To decide on whether a given f � P belongs to A heavily depends on verifying

gk � � � k � �� ���


where gk are the Taylor series coe�cients of g � T f �obviously� g� and g� are non�negative for any

f � P
� Since g is the inverse function of ��x
 � � � f�� � x
� the gk can be expressed by 
nite

formula containing the derivatives of f at x � � �below we will always assume that f is analytic in

a neighborhood of this point
� We will derive a recursion which could be helpful to check ���
 in

particular cases� Let y � ��x
 and� thus� x � g�y
� x� y � ��� �	� Then

g��y
 � ����
��y
 �
�

���x

�

�

f ���� x

��

dx

dy

�

Thus� g��y
 has an explicit expression as a function of x� by induction this holds for higher deriva�

tives� too�

g�n��y
 �
dg�n����y


dx

dx

dy
�

dg�n����y


dx

�

���x


Since gn � �n#
��g�n���
� and y � � corresponds to x � �� we are in the game� For future use�

de
ne

s�x
 �
�����x

���x
�

� � sn�x
 �
���x
n��

����x
n��
��n��x
 � n � � � ���


and

s � s��
 �
f ����


f ���
�
� sn � sn��
 �

f ���
n��

f ����
n��
f �n���
 � n � � � ���


Obviously�

g���y
 � � ����x


���x
	
�

s�x


���x

� g����y
 � ������x


���x


� �

����x
�

���x
�
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which lets us guess the following formula�
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where pn is a polynomial satisfying a recursion to be derived next� Indeed� ���
 holds for n � �

with p	�t
 � �� t��� Let us compute g�n����x
� assuming that ���
 holds for some n � �� We have

�for simplicity� we drop the arguments of all functions involved
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Substitution gives
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and validates ���
 for n replaced by n� �� where
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Thus� ���
 holds if and only if
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 � � 
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is satis
ed for the sequence fsk� k � �g de
ned by ���
� This does not sound particularly helpful�

as we replaced one sequence of inequalities by another one� However� one may try to further analyze

���
 and reduce it to more explicit criteria� E�g�� if f � P is a cubic polynomial then only s	 is

di�erent from �� and ���
 degenerates into a sequence of univariate polynomial inequalities� Setting

sk � � for all k � � in ���
� we arrive at a simpli
ed recursion for pn � pn�s	
�
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This formula implies
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Let us sketch the argument for ���
� For convenience� let
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This gives

qn���t
 � ���n� �
�� � �n� �
t
qn�t
 � t��� �t
q�n�t
 �

q�n���t
 � �n� �
qn�t
 � ���n� �
�� � �n� �
t
q�n�t
 � t��� �t
q��n�t
 �

� � �

q
�r�
n���t
 � r�n� �r � �
q�r���n �t


����n� �r � �
�� � �n� �� �r
t
q�r�n �t
 � t��� �t
q�r���n �t
 �

� � �

for all n � � and r � �� where we have set q
����
n �t
 � �� By induction� one checks that the degree

of qn���t
 equals �n��	 �we leave this as an exercise
� thus� only the range � � r � �n��	 needs to

be considered� Set t � � in the above formulas�
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and q
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 � � for r 
 �n��	� Both terms in the right�hand side of this recursion have positive

coe�cients for all r of interest� Since q	�t
 � � � ���� � t
 � ��� � t satis
es q
�r�
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 � � for all

r � �� by induction we obtain
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for all n � � �strict positivity follows from the observation that qn��
 
 � for all n � �
� This

proves ���
�

Thus� what we have proved is the following su�cient condition� If a cubic polynomial f belongs to

P and

�f ���
f �����
 � f ����
�� ���


then f � A� Numerical evidence indicates that the condition ���
 is also necessary� It seems that

EN � fs	 � � � pn�s	
 � � � � � n � Ng

coincides with the interval ��� ����tN 	� where tN � � is the smallest positive zero of the polynomial

qN ��t
� Numerically� we found t	 � ���� t
 � �� t� � ������� t�� � ������� t�� � �������

t
� � ������ and so on� A formal proof of the necessity is open�

At present� we have no general idea on how to obtain e�cient characterizations of the condition

���
� even in the case of polynomials of degree m � �� Nevertheless� ���
 could be used to reject

��



�or get con
dent about
 a particular f by computing the sequence fskg and substituting it in the

recursion� E�g�� Figure � depicts the two�dimensional region
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Figure �� Good approximation to the region of feasible �s	� s

 for m � �

�EN � f�s	� s

 � pn�s	� s

 � � � � � n � N � s	� s
 � �g

for N � ��� Based on our experiments� we believe that it is a very accurate approximation to the

set of all �s	� s

 satisfying ���
 for polynomials of degree �� except for a small neighborhood of

�s	� s

 � ����� �
� Note that �E	 � ��� �	 
 ����
 �thus� s	 � � is necessary
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we have
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Inequalities become more involved for larger N but the tendency is that �ENn �EN�� represents an

increasingly smaller region near the point ����� �
 when N ���

E Fixed points of T

In this section we will brie"y discuss the 
xed points of the operator T � i�e�� functions f such that

T f � f � We already have one family of 
xed points� see ��
� Note that by de
nition of T � the

graph of a 
xed point� restricted to the square ��� �	� in the �x� y
�plane� is symmetric about the

��



line x� y � �� Thus� in the new coordinate system t � y � x� �� s � y � x 
xed points y � f�x


of T are described by the simple formula s � �h�t
� t � ���� �	� where h�t
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This leads to the following necessary condition�

Proposition �� If f � T f for some f � P then f�x
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identity
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with a function h�t
 for which ���	 holds�

Choosing appropriate functions h may lead to new family of 
xed points� For example� if we set

h�t
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 in Proposition � then we obtain
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In particular� for 
 � ��� we obtain another remarkable f � A�
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Obviously� this f is not analytic at x � �� Since T f � f and the Taylor coe�cients of f are

explicitly known� we could still apply the strategy of Algorithm �� Note that this would result in

�� � �� � �� � ��

��


