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227 in the decomposition norms for the H! case to the factors 2/ in the H/? case.
Since for our v we get a; < min(j,J — j), this leads to a lower bound of

el Zpasory > elllullZ g, > e,
and proves the assertion. O

The example also shows that extension by zero does not lead to a bounded
extension operator for H'/%-spaces. Indeed, the above function u is zero on [—1,0]
and can be considered as the extension by zero of @ = ulj 1 (since @ is in V5 (0,1)
and satisfies #(0) = @(1) = 0, it also belongs to

HY2(0, ) UHH0,1) c HY2(0,1) = {f = gl : 9 € HY?*(R), supp g C [0,1]}

which is another, smaller space of interest in applications to interface problems
and boundary integral equations). Thus, the HY2_norm of this particular exten-
sion operator is > ¢J, even when restricted to Vz(0,1) N H}(0, 1) which shows its
unboundedness on the whole H'/2(0,1) resp. ﬁ]l/z(O, 1).
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16 PETER OSWALD

We leave this as an exercise. For d = 3 and partitions of point type, see [L1].
For obtaining the worst case estimate for d = 2 (and 7y of edge type if d = 3), use
the same examples as above, and estimate the best approximations Fj(u)r, (o)
from below (on A and A’ as shown in the proof of Lemma 5) for j =< J/2. Note
that the statement of Theorem 3.2 also shows the asymptotical sharpness of the
logarithmical term in Theorem 4.7 of [4] if 7y is not exceptional.

We conclude with another inequality which is of interest in the theory of nonover-
lapping domain decomposition algorithms for two-dimensional problems but also
demonstrates the fact that certain non-integer Sobolev norms are not additive with
respect to the domain of definition. Let d = 1, and set Q=1 =[-1,1], I = [0, 1],
I, = [-1,0]. Let 7; be the uniform partition of I with stepsize 2~ k, and let

Vi(l) = 51( ) be the spaces of linear splines.

Theorem 3.3. We have the estimate
(26) lullgrzry < CT(lullgey + lellaie)  we Vill),
where the factor J cannot be improved asymptotically.

Proof. The upper estimate 1s well-known. We provide the counterexamples and
sketch the proof of the lower bound. Let ¢; o denote the nodal basis functions in
Vi (I) associated with the origin # = 0, and set

J2 J2
S 60— 650 w€l
0 x € ls

U=

Obviously, u € Vy(I) with u(0) = 0, [[u||g1/2(s,) = 0, and
J

O Wl <, S Pl S 0T
311 EAGE DA j=1 700 g
The last estimation in (27) follows if one takes u; 5, = ¢;0 for 1 < j <[J/2], and
ujr, = —¢;0 for [J/2] < j < 2[J/2]. The norm equivalence is contained in [7,
Theorem 15].
On the other hand, the norm equivalence in (27) applied to the interval I implies
the existence of a decomposition u = Zj—o u;, u; € V;(I), such that

(28) el iz < 22 il -

Set &; = u;(0), @p = Zj:o z;¢; 0, and introduce, in analogy with (20), the following
triple bar norms:
J

ull|2 ;. = inf > 2|y 1, 13 k=12,
0,1x ug,1,, €Vi(Ix) g1, (0)=0, u=37_, win, 2 [lu; k||L2(Ik)’ )

A moment’s reflection shows that the inequality from below in (28) implies

ullFrsr2ry 2 elllu = aoll[5 7, + [aolll5 1) = elllulll5 7,

by the triangle inequality (note that |||dol|lo,r, = |||%0l|lo,r, by symmetry). Now,
the triple bar norm of functions of the form u|r, = ijl cjdio0 (ijl ¢; = 0) can

be expressed by a formula almost identical to (20) of Lemma 3.1, with (d — 2) in
the exponent replaced by (d — 1). This corresponds to the change of the factors
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for € small enough, and since there are no up and uy component associated with a
boundary vertex (i.e., #; = 0 for all j), we have

[llllZ > elllulllpa > ¢

as before.

The case d > 3 is similar to the case d = 2. However, if 7 is of point type, the
counterexamples are much simpler (see also [11]). Indeed, if @ is a tetrahedron
with vertices P, Py, Py, P3 and such that {P} C Ty C {P, P, P>, Ps} then we set

wi=1lwp=¢,k>2, ulg, =1—dsp —dsp, —bsp, —bsp,

plus suitable extension to a function u € V; which is sufficient to show the result
of Theorem 1.1. For ¢ sufficiently small, the function satisfies

ag(u,u) <277
which can be verified by direct calculation. On the other hand, as above we obtain

11wl > ellléo.p — ¢s.pll[pa, ¢

Again, (20) is the essential ingredient for carrying out the computations. This gives
the necessary examples in Theorem 1.1 for 7y of point type:

(24) |||u|||f) > CQJClw(U,U) = Amin <277

It remains to consider 7y of edge type. According to Lemma 2.5 (8), (¢), the
situation is very much the same as in the case d = 2. E.g., if (§) is satisfied for
with boundary edge e, then the crucial counterexample is obtained as follows. Let
P be the midpoint of e and define ¢;ij as the unique function in V; vanishing at
nodal points outside e and satisfying

¢;j,P|e = ¢1,P|e .

Now
[7/2] 2[J/2]
wlzlawk‘zgakZQa U Z¢]P Z ¢]Pa
=[J/2]+

etc. gives the counterexample. Roughly speaking, this is the same example as for
d = 2 in the case (#) of Lemma 2.5 but ”stretched” along e. The details are left to
the reader.

The above examples are extremal in many other problems. E.g., the examples
show the sharpness of the logarithmical factor in the estimates obtained by Bramble
and Xu [4, Theorem 4.5] for d = 2, see (16) for the formulation of their result in
the notation of our paper. Alternatively, for d = 2 (16) reads as follows:

(25) E;(u ) ) = mf [|u — vj||%2’w(ﬂ) < C27H(J = jaw(u, u) YueVy,

where the constant C is independent on w, j =0,1,...,J —1, and J.

Theorem 3.2. Letd = 2,3. Suppose that the initial partition Ty is not exceptional.
Then the Lo, orthoprojectors Q); ., cannot be uniformly bounded, with a constant
independent of w and J. More precisely, the robust, w-independent estimates (16)
and (17) are asymptotically sharp with respect to J for d = 2 (estimate (16) or
(25)) and d = 3 (with Ty of point type (estimate (16)) resp. edge type (estimate

(17)).
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A, and if ug takes the values zg,y,z at P,Q,R, resp., then

[7/2] 2[J/2]
ila=> (I—z)¢jp— > (L+x;)é;p— xobo,r —ydoq — 2b0.r
j=1 j=l7/21+1
=UP,A

By (21) we have
J-1

alllpa = lall7,a) + D 27 B (up,a)i a) -
j:l

Since @ coincides with the linear function ug on the set A\supp ¢1 p, we also have
2 2 2 2 <112
xg+y + 27 X uollz,ay < Cllallz,a)
and
lup all?,a) < 20117, ) + lydo.q + 2008l ,a) < CllallZa) -

Altogether, again using (21) this gives

lalllpa = (x5 +9° +2%) + [[lupalllpa -
For A’, the same consideration leads to

lalllp ar = (25 + 7% + 2%) + |[Juparlllpar
where

J
upar=—Y ;0P .
j=0

After all, looking at the discrete representations (20) for d = 2, one immediately

obtains the following lower bound for any choice of z; satisfying Zj:o z; = 0 (and,
therefore, for any choice of ug and up):

J J
Wl a+ Nl ar > > (@2 a+ a0 a) > e (G5,8 — dj,a0)°
j:l j:l
[J/2] 2[J/2]
>cll| Y dip— Y. diplllba=clllulllpa>c?.
j=1 j=l7/21+1

Here, aj A resp. aj ar stand for the values a; corresponding to the restrictions of @
to Aresp. to A’, and it is stressed that @; A —@; a+ are exactly the a; corresponding
to u|a. The computation of the latter is a simple calculation, and gives the lower
bound of order J3. Note that a similar function u} = ijl ¢;,p has been used in
[13, 8] to prove the asymptotic exactness of the condition number estimates for the
hierarchical basis method of Yserentant. Thus, after all, we have shown that for
some function u € Vy and a specific set of weights

(23) |||u|||5) > cJZaw(u,u) = Amin <cJ 2.

The same argumentation works for the case (3), see Figure 3 b). Let A = Oy
be the triangle with boundary vertex P (and such that the edges of A emanating
from P are in the interior of Q), then wy = 1 and wy, = ¢, k > 2, u|x is the same
as above and will be suitably extended to some u € Vy. Once again, (22) holds
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is strictly diagonally dominant, with the identity matrix as diagonal part, we get

J
ipllfhe > €362 3 e a7 5 3007052
ji=1

which together with the already established upper estimate gives (20). O

Lemma 3.1 will be used to construct functions u with large |[||u]||? compared to
ay(u, u). Let us first consider d = 2. According to Lemma 2.5 it follows that for a
non-exceptional 7y at least one of the conditions (3) or (v) is satisfied. If (y) holds
then there are two triangles A = Q; and A’ = Q from 7y with Q; N Qy = {P}
where P is an interior vertex, Figure 3 ¢) shows such a situation.

We set wy =ws = 1, and wy, = € for & > 3 where € is chosen sufficiently small to
essentially eliminate the influence of all other triangles. Set

[7/2] 2[J/2]
ulg =0, ula=0_¢ir— >, éipla,
j=1 i=l7/2+1

outside A U A’ any extension to a function in V; will do. By Lemma 3.1, (19), for
sufficiently small ¢ we have

7
(22) ay(u,u) < [Jullf o <> 1=17.
ji=1
On the other hand, by the property (9) of the triple bar norm ||| - ||| and the
definition of ||| - |||p,q+ from (20), we have
Nally > et (auoio, o)+ lspll o+ a1+ N1 )
where ug € Vg,
7 7
uP_Zx]qb]yp, ij_—uo(P):xo,
j=1 ji=1

and

To see this inequality, collect the terms in (9) into groups corresponding to whether
1) (4,4) is associated with a ¢; p (the sum of these u;; gives up), 2) (j,4) € Ipa,
3) (j,7) € Ipas, or 4) (j,1) is one of the remaining indices. After this, apply (19)
to the sum of terms in group 1) and neglect all terms from group 4). This gives
the above estimate from below (the terms corresponding to groups 2) and 3) give
exactly the triple bar norms for @ associated with (P, A) and (P, A'), respectively).

The important observation is that & = u — up — up when restricted to either A
or A’ is essentially (up to a Vp-perturbation) of the form Zj:o ¢j¢;,p which allows
us to apply (20). Let us consider A first. If @, R denote the other two vertices of



12 PETER OSWALD

for all d > 1 which leads to (19).
To establish (20), we first remark that

J—-1
(21) lulll e = el ey + 3 29 B ()} ey Vue Vs,
j=1
where
E;(U)LQ(Q*) = v*iél‘f/'v* ||u — U;HLQ(Q*)

are the best approximations of u in the Ly(2*)-norm with respect to Vi". The proof
of (21) is the same as for the corresponding norm equivalence of Lemma 2.1, cf. [7,
Theorem 6] and the remarks after Lemma 2.1.

We use (21) for u = up € V; and the fact that ay4; = up(P) = 0. Let vip €V]
denote the unique function which coincides with up for #; > 277. We have the
following trivial estimates:

J
lupll7 ) =< ZQ_C”GIZ ;
=1

and

IN

B} (up)T a0 lup — v} pll7 () = llup — U;,PH%Q(Q;)

IN

(||“P||L2(n*)+||% P||L2(Q* <CZQ dgz
I=j

where QF = {z € Q" : 71 < 277}, This leads to the upper estimate

J-1

|||UP|||%D,Q*§CZQZjZQ dla2<022 dt 22223<022 (d—2)j 2.

j=0 I=j

On the other hand, we have
Ei(up)an) = B (up = v} p)7 ar) 2 27V (aj41 —a;/2)°, j=1,...,0 -1,

where we have used that up — v;‘P is constant along hyperplanes z1 = const, is
piecewise linear with respect to x;, vanishes for ; > 277 and z; = 0, and takes
the value aj 41 —a;/2 at &1 = 27771, See Figure 4 b) for an illustration in the case

j=1,J =4. Thus,

J J—-1
Hupllge > o3 2752 + 3 2-0-D (a1, — a;/2)2) >c22 s
=0 j=1
where this time b1 = a1, b; = a; — a;_1/2, j = 2,...,J. Since the matrix trans-

forming the vector o with components o; = 2_j(d/2_1)aj into the vector 8 with
components

_g—j(d/2=1)p ) Y Jj=1
By =2 b]‘{aj—rd/zaj_l j=2,...,7
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F1GURE 4. Tllustration for a) @p resp. for b) up and up — U;,P

where
j—1
j=1,...,J.

a; = Z(l — QI_j)cl ,

=0
Proof. Without loss of generality, let Q* be the simplex with vertices
P=1(0,0,...,0), P, =(1,0,...,0), P =(1,1,...,0),...,Pg=(1,1,...,1)
Obviously, up(x1,22,...,24) = tp(x1), where @p is a univariate linear spline
function with respect to the partition 0 < 277 < 277+ <« .. < 271 < 1 determined

by the values
J
ip(0)=asp1 =Y o, ip(27)=a;, j=1,...,J, dp(l)=ap=0.
=0
Figure 4 a) illustrates the notation for J = 4. Since up|qg~ is constant along
hyperplanes #; = const and vanishes at the (d — 1)-dimensional face z; = 1, we

have
J
lupllf o < Jupl? gr <> (aj41 —a;)277 (42
j=0
Now, denote
bj = ajp1 —a;j =27 e; +27 %1+ ... 42707 g, j=0,..., 01,
b_l == 0 5

by=2"Najp1 —as)=2""e; + 2%+ .. +277 e

and observe that 2b; —b;_1 =c¢;, j =0,...,J. These formulae give

J J
—i(d— - —i(d—

§ 2 J( 2)6]2,,\2 9-i( 2)[,]2,

j=0 j=0
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and w; = (v; — vi—1)|e, @ = (v — vi—1)er. With this notation,

J
ull o) < Clag, + 73 lwll? ()

1Q,cull? oy <
=1
J J
< O = aullzen + 7 D ullf )
=1 =1
<

J J
CTO  NallF ey + > uill7 )
=1 =1

J
< CJ222I||W —vi- 17 < Clulig,
=1
compare the equivalence with (14) in Lemma 2.1 for the last estimation step. Taking

all estimates together, we arrive at (17) which also completes the proof of Theorem
2.3 and Lemma 2.4.

3. COUNTEREXAMPLES

The proof of the sharpness of the bound (18) for Apiy requires the following
technical result (see [7, p.89/90] or [9, p.11]) for partial results). Since there might
be other applications, we formulate it for general d > 1 although it essentially
reduces to an one-dimensional result. Let us fix any simplex Q* from 7; and its
vertex P (for the following to be formally correct, it should be assumed that all
(open) faces of Q" attached to P are in the interior of Q). The basis function
¢ji € SUT;) satisfying ¢; p(P) = 1 will be denoted by ¢; p, j = 0,...,J. For

later convenience we set

Ipar ={(j,i) : ¢ €V, iNQ"#0, ¢;:(P) =0},
and V" = span{@;; : (j,7) € Ipa~},j =0,...,J. For the ease of understanding of
the technicalities below, the reader may restrict his attention to the case where 7y
consists of one simplex {1 = Q = Q" and V; = S(f(’]}) In that case Ip - contains
all index pairs but those corresponding to the ¢; p, and V;* = {u; €V; : u;(P) =

0}.

Lemma 3.1. Let d > 1. For any

J
up = Zde)ij .
j=0
we have
J
(19) |UP|%,Q* = ||UP||%,Q* = ZCJZ'Q_](d_z) .
j=0
If in addition up(P) =0 then
(20)
J
2 — : 25 2 26—j(d—2
u . = inf 29 |y 4 o X q29itd=2)
leplllpge = (o il 2 Pl = 327,
’ ’ (J,))€lp ox Jj=1
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again, starting with any of the Q; and going from neighbour to neighbour through
interior faces, we see that in this case 7y is characterized by having exactly one
interior edge, with the Q; ”winding” around it. Again, this results in an exceptional
partition (L = 3, Figure 2 b)) resp. a partition satisfying (¢). O

We come to the proof of (17). The following notation is used: Qj a,, Qj,7, @j.c
denote the (unweighted) Lo(Qg), La(f), La(e) orthoprojectors from Vig,, Vi =
SUTHs, Vie = SY(T)|e into V; q,, Vj 5, V; . corresponding to the tetrahedra
of 7g, their faces f, and edges e , respectively. For arbitrary u € V;, let u; € V; be
defined at the nodal points P of 7; by

ijQkU(P) Pe 1nt(Qk)
) Q; u(P) P eint(f
P =3 ey Peim()
0 otherwise

It is straightforward (see [4] for quite analogous considerations) that

e =517 0 < 20w = Qjauullf,q,) +1Q520w — w7 q,))

< Ol = Qi antlli i +27 D 11Qa0u— il )
fCoQy

< C(llw = Qjanull7 ,a,
+277 > (1Q5. 20w — Qj pulll sy + 1Q5 71 — w17, 5))

fCou
< Clu=Qiantlliyon + D, 2701Q5 (v —QjaxwlZ, s
fCou
427 3 N Qe (u— Qi sl +27 DY DY Q) eu(P))
FCO0 c€of eCa, PCoe
< CO(llw = Qjanull7qp + > 2 ju- Qi lli i
fCou
+27% Z Z lu—Qj sullf o)+ 277 Z 1Qj,cull7 o)) -
fCoQy cedf eCON

The first three terms (associated with the projectors Q; q, resp. @ ¢) can be
estimated by €272 |u iﬂk resp. C.J27 % |u iﬂk in a standard way, using the results
in [4] or Lemma 2.1. We leave the details upon the reader. Only for estimating
the terms ||ijeu||%2(e), e € 08, we need that 7y is of edge type. By Lemma 2.5,
there is another edge e’ of € such that « = 0 on ¢’ (if e = ¢/, the above integral
vanishes). Let

u=Qiqu, [>1, v = Ug, E(meaSQk)_l/ udz |
Qp
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a) b) c)

F1GURE 3. Tllustrations for the case that (8) is violated

b) Let d = 3, and let Ty be of edge type. Then each Ty contains at least one edge.
Moreover, at least one of the following properties holds:

(6) There is a tetrahedron Qi with two interior faces that meet at a boundary
edge.
(€) There is at least one interior edge with > 4 tetrahedra QU attached to it.

Proof. Let d = 2, and assume that (3) is not satisfied. This means that for all
boundary triangles 'y consists of one edge or the union of two edges, see Figure
3 a). Now observe that, when starting at any boundary triangle and moving to
its neighbors, we arrive after finitely many steps at one of the situations shown in
Figure 3 b) (a ”chain” of triangles with no interior vertex which or is of exceptional
type, Figure 1 a), or satisfies 3, i.e. contradicts our assumption) resp. in Figure
3 ¢) (a triangulation with one interior vertex which is exceptional, Figure 1 b) or
satisfies (7)). This proves the statement.

Now let d = 3. Assume that 7; is not of point type. Thus, any boundary
tetrahedron (T'y # 0) contains at least a boundary edge. But this immediately
implies that there are no interior tetrahedra T'y, = @) in 75. Thus, all Q; are boundary
tetrahedra, and 'y contains at least an edge.

Suppose that (§) does not hold. A moment’s reflection shows that then for any
Qp the set I'y 1s the union of > 1 faces. Assume next that 7y possesses at least
one interior vertex which we denote by P. In this case 7y represents the three-
dimensional analog of the triangulation of Figure 3 ¢) since for any € with P as
a vertex, the boundary set I'; must be the face opposite to P. Thus, 7, is either
exceptional, Figure 2 ¢), or satisfies (¢) (to see the latter, consider the triangulated
boundary of € and observe that (¢) is equivalent to finding one vertex of this
boundary triangulation with > 4 triangles attached).

On the other hand, if there is no interior vertex then I'y is the union of > 2
faces for all k. The case of 4 faces in some Ty, i.e., 'y = 99y, contradicts the
connectedness of Q resp. L > 2. If some 'y contains 3 faces then the only resonable
partition (satisfying all other requested properties) is the exceptional one of Figure
2 a). Thus, we can assume that T'; is the union of exactly 2 faces for all k. Once
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with constants independent of j =0,...,J—1, ueVy, J, andw. If d =3, and Ty
is of edge type then (16) can be replaced by the improved estimate

(17) aw(Qj wtt, Qj ) + 2% ||u — Qj,wu||%2,w(ﬂ) < CJag(u,u) .

Except for (17), Theorem 2.3 is contained in [4, Theorem 4.5]. As observed in [4,
Remark 3.1], the estimate for a,(Q; wu, Q; wu) follows from the L, ,, error bound
for @ .. The proof of (17) will be given at the end of this section.

Together with (10), Theorem 2.3 immediately gives

J
all? < Claw(Qown, Qouw) + 3 29(1Qjwu - Qimrwtlly, o)

ji=1

J
< Claw(Qowtt, Qowut) + Y 2% [lu— QjwullZ, )
j=0
Z]"]:O J J2
Cay(u,u) - < Cay(u,u) - ,
Zj:o 9(J-j) 27

IN

where the first case applies to d = 2 resp. to 7y of edge type if d = 3, and the
second to general 7y if d = 3. For the exceptional domains of Figure 1 resp. 2,
one observes that any weight w is quasimonotone in the terminology of [5, 6] which
gives a better O(1) bound by applying [5, Theorem 3]. We arrive at

Lemma 2.4. For Apin as defined in (5) we have

1
(18) (Amin)_1 S c- J2 )
2J

where the first case applies to the five exceptional Ty, the second to all remaining
wmitial partitions for d = 2 resp. to all Ty of edge type for d = 3, and the third
to Ty of point type for d = 3. The constants in (18) depend on Ty and d but are
ndependent of w and J.

The results of Lemma 2.2 and 2.4 imply the upper estimates for k7 in Theorems
1.1 and 1.2 in all cases. It remains to provide a proof of (17). To this end, we
need some geometric properties of initial partitions 7y which will be useful also
in connection with the construction of counterexamples in section 3. Let 'y =
0Q N OQ and notice that 'y is either empty or decomposes into closed connected
components which represent single vertices (point components) or unions of > 1
edges (edge components) or unions of > 1 faces (face components) or, finally, unions
of edges and faces (mized components). The latter two types appear only if d = 3.

Lemma 2.5. a) Lel d = 2. Then any Ty salisfies al least one of the following
properties:
(o) Ty is exceptional.
(B) There is at least one triangle Q for which Ty contains a point component
{r}.
(v) To consists of > 4 triangles Qp that all share a single interior vertex P of Ty
while the opposite edge is on JS2.
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denotes the best Ly-approzimation of u, and Q; the Lo(Q2)-orthoprojector onto V;.
The constants in the norm equivalences (11) depend only on the shape of the sim-
plices in Ty but not on w and J. The result also holds if V; = SY(T;) N HY () s
replaced by V; = SY(7;).

The equivalence of the triple bar norm (12) with (13) and (14) holds under
fairly general conditions (a general Hilbert space norm instead of the Ly-norm and
any increasing sequence of subspaces V;) as long as the weighting factors remain
growing at a geometric rate. This will occasionally be used below. Note that the
summation in (12) resp. (13) could also include j = 0, without changing the norm
equivalence. Since V; contains constant functions, estimates for the H'-seminorm
can also be deduced for the choice V; = S9(7;).

For general w and arbitrary u € Vy, we obtain by locally applying Lemma 2.1
with the triple bar norm (12) to (v — uo)|a, € Via, = Vjla. on the simplices
that

aw(u,u) < Cuigf‘;u(aw(UO,UO)+Zwk|u_U0|iﬂk)
k

< C inf {aw(ug,ug)

ug€Vo
I J
S o il
Pt uj)levj)QkZU_UDle:E.;]Iluj)Qk]':l H J k||L2(Qk>
J
< C inf (aw(uo,uo)—I—ZQZJHU]'Hg,w)

u]'EVj : u:uD-I—EJJ:l U g

= Clllullli. < Clllulll

ji=1
compare (10). From these inequalities we have
Amax S C bl
independently on the weights w and J, see (5) for the definition of Apax. Since
egilll2 < aw()i, 65,)

for any basis function of level j > 1 by definition of the triple bar norm, we arrive
at

Lemma 2.2, For Apax as defined in (5) we have
(15) Amax = 1 bl
with constants depending on Ty and d but independent of w and J.

The remainder of this section consists of proving robust lower estimates for Ay
which together with Lemma 2.2 lead to the upper estimates for x; in Theorem
1.1. In most cases, these bounds follow from the following estimates for L, .-
orthoprojections which have essentially been obtained in [4].

Theorem 2.3. Let d = 2,3, and denote by ;.. : Vi — V; the orthogonal projec-
tion with respect to the Lo, scalar product (2). Then

(16)
: J—j+1 d=2,
a(Qjwtt, Qo) + 27 |Ju = Qjuull, iy < Cawlu, ) { sosh g
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2. UPPER ESTIMATES

We start with introducing some notation. Let Q; ; denote the (open) support of
¢j.:, and set

wji= max{wk SN Qj,i # @} :
Obviously, by using the properties of the nodal bases {¢; ;}

J
inf (aw(uo,uo) + > > wji2%|u;ll7,)
ji=1 i

X

]2 )
wo€Vo,uz,i€Vj i tu=uo+3oi_, 2o, Uy,

e

L

) u:u0+izI:1fE ujl(a“’(uo’uo +ZZ“’“ Z 22j||uj,i||%2(nk))

j=1k=1 105N QR Z0

X

(10)

X

J
il (o, uo) + 32w l12,) = el
u]EVj:u:Ej:Du] i=1

These equivalent representations (up to constants) of the triple bar norm ||| ||| are
very convenient. The discrete version (9) will be explored in connection with the
counterexamples of section 3. As a choice for the u; which realizes the infimum (up
to constants) in (10), one should think of u; = Q; wu—Qj_1 wu, with @; ., denoting
the Lg ,-orthogonal projection operators into V;. This makes the connection with
[4, 11] more transparent. Below, the terms in the sum (10) will be further splitted
with respect to interior vertices, edges, and faces, such that the weights are constant
in each group. This leads to the study of a variety of ”local”, unweighted triple bar
norms with restrictions on the set of admissible u; ; (a closer look at the restrictions
to be expected shows that all this is closely related to the study of norms for finite
element functions with trace restrictions). The following lemma contains the basic
theoretical result on the BPX-preconditioner in the non-weighted case (see, e.g., [7,

Theorem 15]).

Lemma 2.1. Let, for arbitrary d > 1, Q, {7;}, {V;} be as defined above. Then,
for any uw e Vy,

(11) el 7 ey = el = Nl 13 = el = ull172 = llg |

where |||u]||* resp. |||ul]|3 are defined as in (6) resp. (10) but with uniform weight
w={1,1,...,1}, and

12 ull? = inf 2% ||u ,
2l = Z Nl o
-1
(13) Nulllfa = [l + Y 29 Ej(w)iq)
ji=1
J .
(14) Mullly = 1Qoull?, )+ Y 27 1Q5u — Qj—1ull7 ) -
ji=1
Here

Ej(w)raey = nf flu=vjllzye,  7=0,...,7-1,
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a) b)

FiGURE 2. Exceptional 7y: d =3

for the latter case are similar to those used in [11]. The result on the asymptotic
behaviour of ky for 7y of edge type is partly new. Here, the counterexamples are
inherited from the two-dimensional case.

The statements of Theorems 1.1 and 1.2 have extensions to the case when the
subdomains € are unions of several simplices of 7y as considered in [4], to other
element types, other boundary conditions, and fourth order elliptic problems. An
extension to dimensions d > 4 is also possible. Since these extensions only add
technical difficulties but do not exhibit principally new phenomena, we omit them
here.

Analogous results hold for the worst case behavior of the multiplicative multilevel
Schwarz iteration associated with the splitting (4) (see [2, 11] for a description of this
algorithm which corresponds to a simple V-cycle multigrid method). This follows
from the two-sided estimates for the norms of the iteration operators governing
the multiplicative method, compare, e.g., [15, Theorem 5.1], and the fact that the
detoriation of (P, ) is due to the detoriation of Amin while Apax =< 1 (and the
corresponding Cauchy-Schwarz inequalities) hold uniformly for all w > 0. Details
will not be discussed in this note, the estimations of Api, and Agnax can be found
in the next section.

The asymptotically exact worst case estimate of Theorems 1.1 and 1.2 is com-
plemented by the trivial estimate

maxy w%

K?(Pw J) <C

s =

miny, w%

which comes from switching to the case of constant weights (see [7, Theorem 19]
for the uniform condition number estimate if w; = ... = wg), and by the results of
[5, 6] on so-called quasimonotone weights w. The counterexamples are of interest
also in connection with [4, 11] (see the end of section 3) and with other inequalities
for (weighted) discrete norms of finite element functions and their traces. E.g., they
may be used to show the asymptotical sharpness of various domain decomposition
methods based on substructuring.



ROBUSTNESS OF BPX 3

a) b)
FiGure 1. Exceptional 7g: d = 2

Theorem 1.1. Let d = 2. If Ty is not exceptional then
(7) K?JESUPK?(PMVJ)XJZ, J —oo.

For the two exceptional Ty, the sharper estimate Ky = O(1), J — oo, holds true.
The constants are independent of J but may depend on Ty.

In (7) and throughout the paper, < stands for a two-sided inequalities between
the expressions, with positive constants that do not depend on the parameters
involved. Roughly speaking, Theorem 1.1 states that for the jumping coefficient
case the BPX-preconditioner has the same worst case behavior as the hierarchical
basis method of Yserentant [13]. The upper estimate in (7) follows from [4, Theorem
4.5] and for the exceptional cases from [5, Theorem 3] (more precisely, by its two-
dimensional analog, see [6, section 5]). The counterexamples which show the lower
bound in (7) for the non-exceptional case seem to be new, however, analogous
examples have been used in [13, 8]. In particular, they show that the result of [10,
Theorem 4.2] is incorrect for 7y with interior points.

The case d = 3 is a bit more complicated. We consider three types of initial
partitions. We say that 7y is of point type if there exists at least one tetrahedron
Q, such that 9Q, N OQ contains no edges and at least one (boundary) vertex. 7
1s exceptional if 1t is equivalent to one of the three initial partitions shown in Figure
2. All other 7 are called of edge type. It turns out that in an initial partition
of edge type all € should touch the boundary 92 at least along an edge which
justifies the name. We derive this and further geometric properties of 7y in section

2.

Theorem 1.2. Let d = 3. For k5 as defined in (7) we have

27 if 7y 18 of point type

(8) ky=<{ J? if 7o is of edge type J — 00,
1 if 7y 18 exceptional

The constants are independent of J but may depend on Ty.

The upper estimates are essentially known, at least for exceptional 7y, and for
7o of point type where they follow from [5, 6] and [4], resp.. The counterexamples
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corresponding to w.

We consider the finite element approximation of the variational problem associ-
ated with a, (-, ) on H}(2). Throughout the paper, we denote by SY(7) the set of
linear finite element functions with respect to a partition 7. Thus,

Vi = S)(T;) N HY Q) , J=0,...,J,

will be the discretization spaces of interest. The standard nodal basis functions in
51( ) are denoted by ¢; ;, the subset of those ¢; ; vanishing at 0Q forms the basis
in V;. The problem of determining u € V; such that

a(u,v) = {f, U)H_leé Yv e Vy

leads to a large sparse system of equations. In the case w; = ... = wg, one of
the most popular (and efficient) methods to solve this system iteratively is the
preconditioned conjugate gradient method with the multilevel BPX-preconditioner
proposed by Bramble, Pasciak, and Xu [3]. In the weighted case (arbitrary w),
Dryja, Sarkis, and Widlund [5, 6] have established the optimality of this precondi-
tioner under special assumptions on w. It is folklore that this method is not robust
with respect to general w. See [4, 11] for the closely related problem of robustness
of weighted Ls-approximation. However, no definitive results seem to be available
so far. It 1s the aim of this note to answer this question.

Asis well-known [12, 14, 7, 9], the above-mentioned BPX-preconditioner is math-
ematically determined by the additive Schwarz operator

(3) PwJU— w0U+ZZaiw¢]Z¢é);2)¢j,ia

i
where P, qu € Vp solves the problem
(P ott, vo) = au(u, vg) Vo €Vy.

If not indicated otherwise, ). means summation with respect to all basis functions
in V;. The associated subspace splitting (compare [7] for the terminology and for a
survey of basic results on additive Schwarz operators) is

J
(4) {VJ;aw}:{VO;aw}‘i‘ZZ{Vj,i;aw} 5

with the one-dimensional subspaces V;; spanned by the individual basis functions
¢;j;. The operator B, 5 : V5 — Vj is symmetric positive definite with respect to
aw(+, ), and the preconditioning power of the BPX-preconditioner is described by
the numbers

() w(Pos) =

>

ay(t, u)
min ETTTIEE
ozueVs |[|ul[l3

max

a U, u
) Amax: w( ’ )

max Amin =
min ozueVy |[fuf|2 7 T

bl

>

see [7, Theorem 16]. The triple bar norm is given by

J
6) ||lul||? = inf ay (ug, up) + g (Ui, ug
O ME= o a0+ 2 P )

We state the main results of this note separately for d = 2 and d = 3. For
d = 2, we call a triangulation 7y ezceptional if it is equivalent to one of the two
triangulations shown in Figure 1.
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ON THE ROBUSTNESS OF THE BPX-PRECONDITIONER
WITH RESPECT TO JUMPS IN THE COEFFICIENTS

PETER OSWALD

ABSTRACT. We determine the worst case behavior of the standard BPX-pre-
conditioner for elliptic problems with arbitrary coefficient jumps along the
boundaries of the coarsest partition. The counterexamples are also useful for
other problems.

1. INTRODUCTION

Let © be a (bounded, open, connected) polyhedral domain in IR? equipped with
an initial partition 7y = {Q}£_, into L > 2 simplices. We restrict our attention
to the cases d = 2,3 of practical interest (although the statements below may
be generalized to d > 3 in a natural way). For convenience we also assume that
Ty 18 quasi-uniform, with simplices of diameter =< 1. Let {’]}}]J:O be obtained by
regular uniform dyadic refinement from 7y. In particular, this means that analogous
uniform refinement structures are inherited from {7;} to all edges (and faces) of
the Qf € 7y which is assumed without further mentioning.

Introduce the bilinear form

L
ay(u,v) = Zwk(Vu, V) Lyn) 5 u,v € H(Q),
k=1
with positive weights w = {wy,... ,wr}. As usual, we introduce the H* norm and
seminorm with respect to any subdomain £2; by
lulln = (ullf ) + i) luluee = 11Vullyga,) -
Thus,
L
(1) ao(u,u) = Y wiluf? g, = [uli,, -
k=1

We also need the weighted Ly scalar product

(2) (4, 0)0w = Y wr(u,v) L)

k=1
the weighted L, and H'-norms
lullow = (wow)els s Mullw = (Jullf, + lulf )2
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