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Abstract

Several approaches to solving elliptic problems numerically are based on hier�
archical Riesz bases in Sobolev spaces� We are interested in determining the exact
range of Sobolev exponents for which a system of compactly supported functions
derived from a multiresolution analysis does form such a Riesz basis� This involves
determining the smoothness of the dual system� The elements of the dual system
typically consist of non�compactly supported functions� whose smoothness can be
treated by extending the results of ��� ��� 	
� We show how to determine the exact
range of Sobolev exponents in the multivariate case� both theoretically and nu�
merically� from spectral properties of transfer operators� This technique is applied
to several bases deriving from linear �nite elements which have been proposed in
the literature� For Stevenson�s hierarchical basis ��	
� we �nd that it forms a Riesz
basis in Hs
Rd� for ���		������� � s � ����

� Introduction

The object of this paper is to determine� both theoretically and numerically� the
range of s for which a hierarchical system

� �� f�
x� ��� �jd����
�jx��� � � � Z
d� j � �� �� � � � � � � �� � � � � �d � �g 
��

forms a Riesz basis for the Sobolev space Hs
Rd�� This system will be derived
from a dyadic multiresolution analysis 
MRA�

V� � V� � � � � � Vj � � � � 
��

�



of closed subspaces of L�
R
d � with scaling function � � V� of compact support by

specifying �d � � functions �� � V�� � � �� � � � � �d � �� of compact support�
It turns out that the range of such s is determined by the Sobolev regularity

s� of � and the Sobolev regularity s�� of the scaling function �� of the dual MRA�
�� is determined by both � and the ��� It is known 
see e�g�� ���� Theorem ������

�������
� that if � and �� are of compact support� then the system � is a Riesz
basis for Hs
Rd� for all s with �s�� � s � s� and that this interval is sharp�

Usually� however� �� is not of compact support� It may even happen that
�� �� L�
R

d� so that �� only exists in the distributional sense� The symbol �m
	�
associated with the re�nement equation for �� is a rational trigonometric function

with no discontinuities on the torus� instead of being a trigonometric polynomial�
This causes two di�culties� the theorem quoted above cannot be applied and most
of the known methods for determining the Sobolev regularity of �� do not apply�
particularly in the multivariate case�

Most of this paper is devoted to overcoming these di�culties� We show� in
Theorem ��� that the theorem on the Riesz basis property of � quoted above
also holds if the symbol �m
	� is a rational trigonometric function 
some more
general cases can be covered as well�� We also show that� in this case� the Sobolev
regularity of �� can be computed as a limit of the Sobolev regularities of scaling
functions implicitly de�ned by trigonometric polynomial approximants to �m
	��
see Lemma ��� This result can be used independently of the other considerations�
That is� we have obtained a method to determine the Sobolev regularity of certain
non�compactly supported scaling functions�

It is a 
fortuitous� coincidence that the best algorithm for computing the
Sobolev regularity of �� is based on the proof of the theoretical result� namely
by approximating �m
	� by trigonometric polynomials� These polynomials corre�
spond to scaling functions of compact support� For such functions� one can use
ideas from ���� Section �
 or ��
 to determine their Sobolev regularities� In the
numerical part� section �� we report on the results of the computations for several
known and new Riesz bases�

The determination of theHs�Riesz basis properties of systems of the form 
�� is
of su�cient mathematical interest to be pursued for its own sake� Nevertheless� our
motivation stems from recent research on multilevel �nite element preconditioners�
Typically� the numerical solution of elliptic partial di�erential equations by the
�nite element method results in a linear system with sparse coe�cient matrix
whose condition number grows strongly as the mesh size of the discretization
decreases� Due to the large dimensions of these systems� iterative methods are used
for their solution but� since the condition number degenerates� an unacceptably
large number of iterations need to be performed in order to obtain a satisfactory
approximation to the solution�

Hierarchical Riesz bases can be used to construct multilevel preconditioners for
such discretization matrices� If a Riesz basis ful�lls certain conditions� then the
preconditioned matrix has a condition number which is independent of the mesh
size of the discretization and the cost of performing one iteration is proportional
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to the number of unknowns N of the matrix� Consequently� the operation count
of obtaining an error reduction by a factor 
 is proportional to N j log 
j� Finally�
by using nested iteration� the computational cost of obtaining an approximation
of the exact solution to within the discretization error of the �nite element scheme
may even remain proportional to N � which is in some sense optimal�

The main conditions a system � of the form 
�� must ful�ll in order to �nally
lead to such an optimal multilevel preconditioning method are as follows�

� If the solution of the partial di�erential equation is de�ned by an Hs�elliptic
variational problem� then � must be an Hs�Riesz basis� For example� s � �
for second order elliptic partial di�erential equations�

� Since the functions � and �� occuring in � stem from a multiresolution
analysis� they satisfy re�nement equations

�
x� �
X
�

a��
�x � �� � ��
x� �
X
�

a���
�x � �� � 
��

The number of nonzero coe�cients in these equations must be �nite� which
is equivalent to � and �� being of compact support� The cost of carrying
out one application of the preconditioner grows linearly with this number�

The mask 
a�� in 
�� is used to de�ne prolongation�restriction matrices to
exchange information between di�erent levels while the 
a��� de�ne approximate
solvers 
smoothers� on each level� These are the operations needed in the imple�
mentation of a multilevel preconditioner 
and of similar multigrid methods�� Thus�
in contrast to schemes using both wavelet decomposition and reconstruction� we
do not require that the re�nement equation for �� which is analogous to 
��� has
only a �nite number of non�zero coe�cients� See ���� ��
� for a detailed exposition
of these remarks�

Although realistic applications require the consideration of hierarchical bases
on bounded domains �� discretization spaces Vj that are not shift�invariant� the
inclusion of boundary conditions etc�� in this paper we assume the shift�dilation
invariant setting of an MRA 
�� in L�
R

d�� The simpli�cation allows us to obtain
sharp results on the s�intervals for which a hierarchical system � forms a Riesz
basis in Hs
Rd�� which is of certain value for the mathematical foundation of
existing methods but also for the design of new methods� As a rule� establishing
the Hs�Riesz basis property of � guarantees the boundedness of the condition
number of the preconditioned discretization matrices of any Hs�elliptic problem
with respect to VJ if a multilevel preconditioner derived from the �nite sections

�J � f�
x � ��� �jd����
�jx� �� � k � Z
d� j � �� �� � � � � J� � � �� � � � � �d � �g

of � is used� Unfortunately� the present theory does not provide reasonably sharp
estimates of the Riesz constants for these �J and their asymptotical behavior for
J � �� the knowledge of which is of practical interest to eventually compare
the preconditioning potential of di�erent �� It is expected 
by some kind of
interpolation argument� that the bounds for the actual condition numbers are
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better in the interior and become worse near the endpoints of s�intervals where
we establish the Hs�Riesz basis property of 
��� Numerical tests for the non�
asymptotical range of J are therefore of interest� see ���
 for some experiments�

The material is organized as follows� Section � contains criteria for the Riesz
basis property in Hs
Rd� of a given hierarchical system 
��� In subsection ���� the
notation for the Rd case is �xed� and preliminary results on MRA�s are collected�
The basics of stable two�level splittings

Vj � Vj�� ��Wj

of Vj into Vj�� and a wavelet space Wj are introduced� The importance of
approximation�theoretical properties of fVjg and its dual MRA and� consequently�
of the Sobolev regularity of the dual scaling function for proving Riesz basis prop�
erties is pointed out 
see ���� ��� ��� ��
�� More material on L��Jackson�Bernstein
inequalities for an MRA is given later in subsection ���� In subsection ���� we
derive a formula for the symbol �m
	� associated with the re�nement equation of
the dual MRA� and discuss its properties� In subsection ��� we consider properties
of the transfer operators associated with a re�nement equation following ��� ��
�
In subsection ���� we show that at least the Fourier transform of the dual scaling
function exists� and how to compute the Sobolev regularity s�� from it� In addition�
we show that s�� does not exceed the Strang�Fix order of �m
	�� just as in the case
of compactly supported scaling functions�

In subsections ��� and ���� we show that the system � de�ned in 
�� is an Hs�
Riesz basis for all s with �s�� � s � s�� again as in the compactly supported case�

The material of these two sections is organized by treating the cases �� � L�
R
d �


subsection ���� and �� �� L�
R
d � 
subsection ����� But in fact� if one is only

interested in knowing when the system � forms a Riesz basis in Hs
Rd� for s � ��
then the results of subsection ��� su�ce for both cases and much of the material
in the previous subsections is not needed� The main results are to be found in
Theorem �� of subsection ��� and Theorem �� of subsection ���� Although these
theorems are formulated for a compactly supported scaling function �� they hold
with the same proof if m
	�� the symbol associated with the re�nement equation
for �� is a rational trigonometric function or� even more generally� when m
	� and
�m
	� are periodic functions with exponentially decaying Fourier coe�cients 
see
condition A� of subsection �����

Although subsections ��� and ��� contain some theoretical improvements of
existing results for wavelet regularity and Riesz basis property of biorthogonal
systems in the case of in�nite masks� we still view section � as the most interest�
ing contribution of the paper� Here we consider a number of particular hierarchical
systems � based on box spline MRAs� Some of them have counterparts for se�
quences of �nite element spaces on bounded domains or have been introduced in
other papers� In subsection ��� we give a detailed treatment of the hierarchical
system ��HB investigated by Stevenson in ��	� ��� ��
� This example is based on
piecewise linear splines on simplicial meshes� with ���masks consisting of � coef�
�cients� independently of the dimension d� and possesses surprisingly nice proper�
ties� More examples for the piecewise linear case are considered and compared in
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subsection ��� while subsection ��� is devoted to other box spline MRAs� In these
subsections we also brie�y discuss factorization techniques which are sometimes
useful to enhance the performance of the numerical methods for approximating
the exact regularity exponents�

Let us �nally note that� in comparison to the preprint versions ���� ��
 of this
study� the exposition has changed substantially� We have corrected a number of
misprints and inconsistencies� improved our numerical experiments and incorpo�
rated recent results on wavelet regularity� We would like to thank A� Cohen and
R��J� Jia for making available to us the manuscripts �	� ��
� and the referees for
their constructive criticism�

� Theory� Riesz bases in Hs�R d�

��� General de�nitions and assumptions

By  f � we denote the Fourier transform of f � L�
R
d ��

 f
	� ��

Z
Rd

f
x�e�ix�dx �

and by kfkHs the Sobolev norm of f � Hs
Rd��

kfk�Hs �� 
����d
Z
Rd


� � j	j��sj  f
	�j�d	 � 
����d
Z
C
gf�s
	�d	 �

where
gf�s
	� ��

X
��Zd


� � j	 � ���j��sj  f
	 � ����j� 
��

is a non�negative periodic function� and C �� ���� �
d is the centered torus� For
s � �� we use L� instead of H� in the notation� and drop s as an index�

Let V be a separable Hilbert space� An at most countable system F �� ffkg �
V will be called a Riesz system if there are two positive constants A�B such that

A
X
k

jckj�kfkk�V � k
X

ckfkk�V � B
X
k

jckj�kfkk�V

for 
��sequences 
ck�� The optimal values for A�B are called Riesz constants� A
system is a Riesz basis of V if it is a basis for V and a Riesz system� If F is
a Riesz system then it is automatically a Riesz basis in its closed linear span�
Moreover� any subsystem of a Riesz system is itself a Riesz system� Note that
by including the norm squares kfkk�V into the de�nition� the Riesz basis property
becomes scaling�invariant�

Thus a system f��� �� ��
	 � �� � � � Zd� � � !g generated by the integer
shifts of �nitely many functions �� � Hs
Rd � 
i�e�� "! ��� is a Riesz system in
Hs
Rd � if

k
X
���

X
��Zd

c���
�
�k�Hs 


X
���

k��k�Hs

X
��Zd

jc��j� 

X
���

k��k�Hskc�k�L��C� 
��

�



for all 
�
Z
d��sequences 
c���� � � !� Here and� if not de�ned di�erently� through�

out the paper� we denote the periodic function

c
	� ��
X
��Zd

c�e
�i�� � L�
T

d� � 
��

associated to an 
�
Zd��sequence c �� 
c�� by the same letter� The symbol 
 is
used for two�sided inequalities that hold with positive constants independent of
the parameters� functions� sequences etc� involved�

As a special case of 
��� when the system is generated from a single function
�� by taking Fourier transforms we have that f�� �� �
	 � �� � � � Z

dg is an
Hs�Riesz basis for its closed linear span if and only if

kck�L��C�k�k�Hs 

Z
Rd

jc
	�j�
� � j	j��sj �
	�j�d	 �

Z
C
jc
	�j�g��s
	�d	

for all c � L�
C�� But this is possible if and only if there are positive constants
C�� C� with

� � C� � g��s
	� � C� �� � a�e� on C � 
��

Of course� one obtains the usual condition for an L��Riesz basis on setting s � ��
Properties of the function g��s play an important role throughout the paper�

A dyadic multiresolution analysis �MRA� of L�
R
d � is an increasing sequence


�� of closed subspaces Vj � L�
R
d�� j � �� with the properties

� vj � Vj �
 vj
�	� � Vj	�

� closL��Rd�
��j
�Vj� � L�
R
d � 
density�

� there exists a function � � V� 
the scaling function� such that f�� � � � Z
dg

is a Riesz basis for V��

It follows that Vj is invariant with respect to shifts by ��j�� � � Zd� In the
following we consistently use the notation

�j�� � �jd���
�j 	 ��� � � � Z
d � j � � � 
��

for the dyadic shifts and dilates of scaling functions� Due to the scaling factor in

��� we have k�j��kL��Rd� � k�kL��Rd�� We call

#j �� f�j�� � � � Z
dg 
	�

the standard basis of Vj � Since the single function � essentially determines the
MRA� we will say for short that � generates a MRA if the above properties are
satis�ed� We have chosen j � � as the coarsest level which is arbitrary but
convenient�

Since � � V� � V�� and by the Riesz basis property of #� in V�� the function �
must satisfy a re�nement equation

�
x� �
X
��Zd

a��
�x� �� 
���

�



for some sequence 
a�� � 
�
Z
d�� After taking the Fourier transform of both sides�

we have
 �
	� � m
	��� �
	��� � 
���

where
m
	� �� ��d

X
��Zd

a�e
�i�� � 
���

The sequence 
a�� and m
	� are called mask and symbol associated with the re�
�nement equation 
���� respectively 
below we will also use the shorter expressions
��mask and symbol of ��� Note the scaling factor ��d in 
��� which will simplify
some expressions below� We will now specialize further by assuming that the mask

a�� in 
��� is �nite� Thus� m
	� is a trigonometric polynomial written in complex
form and� as is well known� it follows that the scaling function � has compact
support� This� in particular� implies that  � is a C� function� and that pointwise

 �
	� �

�Y
k
�

m
��k	� � 
���

Here� and in what follows� the normalization  �
�� � � is assumed� Note that
m
�� � � then follows� Formula 
��� makes it possible to derive L� and Sobolev
space properties of � from knowledge about its symbol via Fourier transform tech�
niques and is extensively used in the wavelet literature� E�g�� one can prove that
the lower inequality in 
�� is valid if and only if the sequence 
 �
	����� � � � Z

d�
is di�erent from the null sequence for all 	 
thus� 
��� is either satis�ed for all s
or for no s at all�� The sets

! � f�� �gd � !� � !nf�g �
of vertices of the unit cube in Rd will be �xed from now on� Note that !� has
�d � � elements�

We introduce the following two important numbers associated with ��

� Maximal Sobolev regularity� The number

s� � supfs � � � Hs
Rd�g �
is called the regularity exponent of �� Since so far we have assumed that � �
L�
R

d� has compact support and generates a MRA� we necessarily have s� �
�� compare ���� ��� 	
� From these sources� it also follows that the supremum
cannot be replaced by the maximum since � �� Hs�
Rd �� Below we discuss
in more detail how to determine the numerical value of s� 
or su�ciently
accurate approximations to it� for a � which is only de�ned implicitly by
m
	� as in 
����

� Strang�Fix order� If m
	� is a su�ciently smooth periodic function with
m
�� �� � then its Strang�Fix order Lm will be de�ned as the largest non�
negative integer L such that

��m
��� � � � � � � !� � � � � Z
d
	 � j�j� � L 
���

�




the ��norm for vectors is de�ned by j�j� � j��j�� � ��j�dj�� Condition 
��� in
terms of m
	� is equivalent to the Strang�Fix conditions formulated in terms
of  �� and to the fact that algebraic polynomials of total degree � L can be
represented locally 
i�e�� on any compact set in R

d� by linear combinations
of the basis functions in #j 
j � ��� It follows from ���
 that if a compactly
supported � generates a MRA� the condition � � Hs
Rd � 
for some s � ��
necessarily implies Lm � s 
i�e�� s� � Lm� at least�� As a consequence� for
such � we have at least Lm � �� i�e�� the relations

m
�� � � � m
��� � � � � � !� � 
���

have to be satis�ed�

The standard way to de�ne hierarchical systems � associated with an MRA
is by �rst �nding a stable� direct sum decomposition

V� � V� ��W� � 
���

where W� is a closed subspace of V� which is preserved under shifts by � � Zd�
Moreover� the existence of �d�� functions �� � V�� � � !� 
which we call wavelets
for convenience� such that the set $� �� f��� � � � Z

d� � � !�g forms a Riesz
basis for W� is also assumed� The above conditions can be formulated by the
single condition that the system #� � $� is an L��Riesz basis of V�� Just as for
the scaling function �� we will require that

��
x� �
X
��Zd

a���
�x� �� � � � !� � 
���

holds with �nite sequences 
a��� which also implies compact support of the wavelets
��� These sequences are called ���masks� the corresponding symbols

m�
	� � ��d
X
��Zd

a��e
�i�� 
���

are de�ned in analogy with 
����
We gather these considerations together into two general assumptions which

will hold for the rest of the paper� Conditions for verifying that these assumptions
hold with respect to the L��norm 
or Hs�norms when applicable� using infor�
mation about the re�nement equations 
��� and 
��� 
i�e�� about the masks and
symbols 
a��� m
	�� and 
a���� m

�
	�� are well�known and can be formulated in
various terms 
see ���� ��� ��
��

A�� The scaling function � � L�
R
d� is of compact support� and generates a

MRA fVjg� Its mask 
a�� de�ned by 
��� is �nite� the symbol m
	� is a
trigonometric polynomial�

A�� There are �d� � wavelets �� � V�� � � !�� of compact support such that the
system

#� �$� � f�
	 � ��� ��
	 � �� � � � Z
d� � � !�g

is a L��Riesz basis of V�� Their masks 
a��� are �nite� the symbols m�
	� are
trigonometric polynomials�

�



We introduce the following notation for the dyadic shifts and dilates of wavelets�

��j�� � ��j���d����
�j�� 	 ��� � � � Z
d j � � � 
�	�

for � � !�� Again� k��j��kL� � k��kL� � Note that the dilation for the wavelets ��j��
in 
�	� di�ers from that of the scaling functions �j�� in 
�� with the same j � ��

In subsections ��� and ���� we will investigate the hierarchical system

� �� ��j
�$j � $j ��

�
#� � f�� � � � Z

dg � j � �
f��j�� � � � Z

d� � � !�g � j � �

���

as a potential Riesz basis in Hs
Rd�� This de�nition is consistent with 
��� We
de�ne the wavelet spaces

Wj �� closL�
span$j� � j � � � 
���

By dilation arguments� it follows that Vj � Vj��uWj� and that $j is an L��Riesz
basis in Wj for all j � ��

Suppose that the system 
��� is a Riesz basis of L�
R
d �� and suppose that ��

and ���� � � !�� belonging to L�
R
d� generate another Riesz basis in L�
R

d ��

�� �� ��j
� �$j � �$j ��

� f��� � � � Zdg � j � �

f ���j�� � � � Zd� � � !�g � j � � �

���

Then �� is said to be the dual system� or biorthogonal system to � if


��� ����L� � ����k�kL�k��kL�

��� ��

�
j���L� � � � 
��j���

����L� � � j � �


��j���
���k���L� � �j�k��������k��kL�k ���kL� j� k � ��


���

for any �� � � Zd� and �� � � !��
Under these circumstances� �� generates the dual MRA

�Vj �� closL�
span
�#j� � �#j �� f��j�� � � � Z

dg � j � � �

In analogy to 
���� we de�ne detail spaces �Wj �� closL�
span
�$j�� with basis �$j �

and we have �Vj � �Vj��u �Wj� j � �� It is easy to show that the dual MRA satis�es
the general assumptions A� and A�� except for the compact support properties of
�� and ��� which we do not assume below unless explicitly mentioned�

For compactly supported � and ��� the following theorem 
see ���
� shows how
to use the dual system to determine the s�interval for which a system 
��� is a
Riesz basis for Hs
Rd��

Theorem � Assume that �� �� are dual Riesz bases in L�
R
d � of the form �����

����� respectively� which are associated with the dual MRA	s fVjg� f �Vjg satisfying

A
� In particular� the symbols m
	�� �m
	� of the scaling functions �� �� � L�
R
d � of

	



the two MRA are trigonometric polynomials �i�e�� are de�ned by �nitely supported

masks 
a��� 
�a���� Then the regularity exponents of � and �� are positive� and

� is a Riesz basis in Hs
Rd � �
 �s�� � s � s� � 
���

respectively

�� is a Riesz basis in Hs
Rd� �
 �s� � s � s�� � 
���

There are other versions of this theorem which replace some of the assumptions
on dual systems with Jackson and Bernstein inequalities for the MRA�s 
see below��
The reason that we cannot apply this theorem directly is that the dual scaling
function �� is often not of compact support and� consequently� that �m
	� is not a
trigonometric polynomial�

If the systems �� �� form a pair of dual Riesz bases� we have

u �
P

��Zd
�u�����L�

k�kL�k
��kL�

��

�
P�

j
�

P
����

P
��Zd

�u� �	�j���L�
��d�j���k	�kL�k

�	�kL�
��j��


���

for the unique L��converging representation of an arbitrary u � L�
R
d � with

respect to the system �� Here no compact support assumptions are necessary�
This decomposition allows us to de�ne projections Qj � L�
R

d� � Vj� j � �� the
partial sum operators associated with �� by

Qju ��
P

��Zd
�u�����L�

k�kL�k
��kL�

��

�
Pj

k
�

P
����

P
��Zd

�u� �	�k���L�
��d�k���k	�kL�k

�	�kL�
��k�� �


���

Similar formulas hold for the decomposition with respect to the system �� and for
the projections �Qj � which are the L��adjoints of the Qj � Obviously�

QjQk � Qj � � � j � k �� � 
���

We can give an alternative de�nition of these projections which only involves
the associated scaling functions� Let �� �� � L�
R

d � be the scaling functions of
the dual MRA�s fVjg� f �Vjg� respectively� From 
��� we have the biorthogonality
relation


�j��� ��j���L� � ����k�j��kL�k��j��kL� � ��jd����k�kL�k��kL� � 
�	�

Then
Qju � c��j

X
��Zd


u� ��j���L��j�� � u � L�
R
d � � 
���

where cj � ��jdk�kL�k��kL� is the appropriate normalization factor� For this
reason� we say that two MRA� now without reference to any Riesz bases� generated

�




by � and ��� are dual or biorthogonal if 
�	� holds� Then Qj is de�ned by 
��� and
�Qj is its adjoint�

Following ���� ��
� we aim at establishing the norm equivalence

kuk�Hs 
 kuk�Q�s �� kQ�uk�L� �
�X
j
�

��sjkQju�Qj��uk�L� 
���

between the Hs�norm and a decomposition norm determined by fQjg� If 
���
holds and the range of Qj � Qj�� coincides with Wj 
the closed span of its L��
Riesz basis $j� which would be the case under the assumptions made so far� we see
that 
��� is equivalent to the Hs�Riesz basis property of � 
analogous statements
hold for f �Qjg and ���� Indeed� consider any 
�nite� linear combination

u �
X
��Zd

a��� �
�X
j
�

X
����

X
��Zd

a�j���
�
j�� �

Then� by 
����

Q�u �
X
��Zd

a��� � Qju�Qj��u �
X
����

X
��Zd

a�j���
�
j�� � j � � �

and� consequently� by 
����

kuk�Hs 
 k
X
��Zd

a���k�L� �
�X
j
�

��sjk
X
����

X
��Zd

a�j���
�
j��k�L� �

But k��k�Hs 
 k��k�L� 
 � and k��j��k�Hs 
 ��jsk��j��k�L� 
 ��js� with constants

depending on the �nitely many functions � and ��� Since #�� $j are L��Riesz
bases for V�� Wj 
j � ��� respectively� we obtain

kuk�Hs 

X
��Zd

ja�j� �
�X
j
�

��sj
X
����

X
��Zd

ja�j��j�



X
��Zd

k��k�Hs ja�j� �
�X
j
�

X
����

X
��Zd

k��j��k�Hs ja�j��j� �

which is the Hs�Riesz basis property of �� The argument for the opposite direc�
tion is completely analogous�

It turns out that norm equivalences such as 
��� follow from the basic approxi�
mation�theoretic properties of fVjg and f �Vjg 
see ���� Section ���
�� We say that
fVjg satis�es a Jackson respectively a Bernstein inequality of some order s � � if�
with constants independent of j � ��

inf
vj�Vj

ku� vjkL� � C��jskukHs � u � Hs
Rd � � 
���

respectively
kvjkHs � C�jskvjkL� � vj � Vj � 
���

��



Theorem � Let �� �� � L�
R
d� generate the dual MRA fVjg and f �Vjg� In addi�

tion� let fVjg and f �Vjg satisfy Jackson�Bernstein inequalities of order � � � and

�� � �� respectively� Then ��
� holds if ��� � s � �� If� in addition� the ranges of

Qj � Qj��� j � �� possess L��Riesz bases $j then � is a Riesz basis in Hs
Rd �
for the same s�range� An analogous statement holds for ���

The more general form of Theorem � contained in ���� ��
 makes the additional
assumptions that 
��� holds and that the Qj � �Qj are uniformly L��bounded� How�
ever� both of these follow from our assumption that � and �� generate dual MRA�

��� The dual symbol

The goal of this subsection is to derive properties of the dual symbol� In principle�
the dual symbol might not even be de�ned since we do not know whether our
candidate system � of the form 
��� is a L��Riesz basis and� therefore� we do not
know whether a dual system exists�

But we can �nd a formula for the dual symbol� were it to exist� directly from
our assumptions A� and A� without reference to a dual system in the following
way� Using the notation 
��� and 
���� we introduce the matrix function of size �d

L
	� �� 

m��
	 � ��� �������� 
���

whose entries consist of trigonometric polynomials� We use the notation m�
	� ��
m
	�� 
a��� �� 
a�� if �

� � �� Then� by ���� Theorem ��
�

#� �$� is a L��Riesz basis in V� if and only if
L
	� is invertible for all 	 � C� 
���

Equivalently� this could be expressed in terms of the matrix of subsymbols

M
	� � 

m��

� 
	� �������� � ��dUL
	� �

where the real transformation matrix U � 

 
������ �������� satis�es U � UT �
�dU��� i�e�� is orthogonal up to scaling� The entries m��

� 
	�� � � ! in M
	�
represent the subsymbols of m��
	� 
�� � !�� To de�ne them� set

c�
	� ��
X
��Zd

c��	�e
�i���	��� � � � ! �

for any c
	� �
P

��Zd c�e
�i�� and apply this notation to the symbols m��
	��

A formula for the dual symbol may be obtained by considering the unique
decomposition of v� � V� associated with 
����

v� ��
X
��Zd

c����� � v� � w� � 
���

where
v� ��

X
��Zd

d����� � V� � w� ��
X
����

X
��Zd

d���
�
��� �W� � 
���

��



Using the re�nement equations 
��� and 
����

v� � w� �
X
��Zd



X
����

X

�Zd

a�
�

���
d
��

 ����� �

where� similarly� 
d��� �� 
d��� Thus�

c� �
X
����

X

�Zd

a�
�

���
d
��

 
���

or� using 
���

c
	� � �d
X
����

m��
	�d�
�


�	� � 
�	�

Substituting the arguments 	 � ��� � � !� we obtain the linear system c
	� �
�dL
	�d
�	� for determining the vector function d
	� � 
 d�
	� �T��� from the
vector function c
	� � 
 c
	 � ��� �T����

d
�	� � ��dL��
	�c
	� � 
���

The invertibility of L
	� is guaranteed by 
���� In particular� the �rst component
d
	� � d
	�� of d
	� is given by

d
�	� � ��d
X
���

�m
	 � ����c
	 � ��� �
X
���

�m�
	�
�c�
	� � 
���

where

�m
	� ��
N
	��

D
	��
� 
���

Here� D
	� � detL
	�� and N
	� � detL�
	� where the matrix L�
	� is obtained
from L
	� by replacing the �rst column 
m
	���� �T 
corresponding to the symbol
of �� and �� � �� by the unit vector 
�� �� � � � � ��T � Here� and in the following� �

denotes complex conjugation� Formula 
��� follows by Cramer�s rule which gives

�dD
	�d
�	� � detLc
	� �
X
���

c
	 � ��� detL�
	� �

Here Lc
	� and L�
	� are the matrices obtained by replacing the �rst column of
L
	� by c
	� and unit vectors 
with the entry � at the position with row index ���
respectively� To conclude� observe that detL�
	� � detL�
	 � ���� � � !�

The function �m
	� de�ned by 
��� is a rational trigonometric function� i�e��
the quotient of two trigonometric polynomials N
	�� and D
	�� �� � 
with real
coe�cients if the masks 
a�

�

� � are real�valued�� To see that �m
�� � �m
��� � ��
observe that the matrices L
	� and L�
	� coincide for 	 � � since from 
��� we
have m
�� � � und m
��� � � for � � !�� Obviously� since D
	� �� �� �m
	� is a
C��function� In particular� it is Lipschitz continuous at �� i�e�� we have

j�� �m
	�j � Cj	j 
���

��



for all 	 su�ciently small� Also� the Strang�Fix order L �m is well�de�ned by 
����
We will now see that this function coincides with the symbol of the dual scaling

function �� if � really forms a Riesz basis� In that case� representing �� � �V� � �V�
with respect to the basis �#�� we obtain the dual re�nement equation

��
x� �
X
��Zd

�a� ��
�x� �� 
���

which holds with a 
not necessarily �nite� mask 
�a�� � 
�
Z
d�� As before� its

symbol is introduced by

�m
	� � ��d
X
��Zd

�a�e
�i�� � 
���

Returning to the additive decomposition of an arbitrary v� �
P

��Zd c����� �
V� into v� �

P
��Zd d��� � V� and w� �W� as in 
���� we use 
��� and 
����

d� �

v�� ����L�
k�kL�k��kL�

�


P

��Zd c������
P


�Zd �a

������	
�L�

k�kL�k��kL�
�

X
��Zd

X

�Zd

�����	

k����kL�k������	
kL�

k�kL�k��kL�
c��a

�

 � ��d

X
��Zd

c��a
�
���� �

Note that the biorthogonality and dilation�translation properties of the systems
yield


�j��� ��j���L� � ����k�j��kL�k��j��kL� � ��jd����k�kL�k��kL� �
which was used for j � �� Turning to the symbols� we get

d
�	� �
X
��Zd

d�e
��i�� � ��d

X
��Zd

X
��Zd


c�e
�i���
�a����e

�i���������

�
X
���

�m�
	�
�c�
	� � ��d

X
���

�m
	 � ����c
	 � ��� �

It remains to compare this formula with 
��� and to observe that such represen�
tations are unique�

We can use this formula to de�ne �� via

 ��
	� �
�Y
k
�

�m
��k	� � 
���

Note that the function �q de�ned by

�q
	� � j �m
	�j� � jN
	�j�
jD
	�j� �

X
��Zd

�q�e
�i�� 
���

is a real�valued� nonnegative rational trigonometric function� It has a Fourier
series with coe�cients �q� satisfying

j�q�j � Cr
j�j�
� � �q�� � �q�� � � � Z

d � 
���

��



where � � r� � � depends on the distance of the zero set of the denominator
polynomial to the torus interpreted as subset of C d � If the masks 
a��� 
a

�
�� are

real�valued then so are the coe�cients �q�� Note that �m
�� � � implies

�q
�� �
X
��Zd

�q� � � � 
�	�

The factorization

�q
	� � p
	�q
	� � p
	� � jc�N
	�j� � q
	� � jc�D
	�j�� � � 
���

into a nonnegative trigonometric polynomial p
	� with p
�� � �� and a positive
periodic C� function q
	� with q
�� � � and exponentially decaying Fourier co�
e�cients q� 
as in 
���� will be extensively used below� The normalization factor
c� has been �xed such that c�N
�� � c�D
�� � ��

��� Properties of transfer operators

The transfer operator Lr associated with the ���periodic function r is de�ned by


Lrc�
	� �
X
���

r
	�� � ���c
	�� � ��� � 
���

Since for an arbitrary ���periodic function f
	�

��d
X
���

f
	�� � ��� �
X
�

f��e
�i��

is again a ���periodic function� the operator Lr acts in spaces of periodic functions�
Since its formal adjoint in L�
R

d� is a dyadic subdivision operator� it naturally
appears in a number of applications� Properties of Lr have been studied extensively
���� ��� ��� �� 	� ��
� especially for the univariate case respectively for r generated
from multivariate trigonometric polynomials� In particular� we have

Theorem � If � � L�
R
d � is compactly supported and generates a MRA� with

symbol m
	� de�ned by �
��� then its regularity exponent can be computed as fol�

lows


s� � ��

�
log� �� � 
���

where

�� � �
Ljmj� � Vjmj��zL�
denotes the spectral radius of the restriction of Ljmj� to the subspace

Vjmj��zL � spanfLkjmj�zL � k � �g 
���

generated from the trigonometric polynomial

zL
	� � 


dX
l
�

sin�
	l
�
�L � 
���

��



An appropriate choice for L is L � Lm or any �smaller� integer such that s� � L�
The subspace Vjmj��zL is �nite�dimensional and consists of trigonometric polyno�

mials for any L�

There are alternative formulations of Theorem � characterizing �� as the largest
eigenvalue of Ljmj� on a certain �nite�dimensional invariant subspace consisting of
trigonometric polynomials� the de�nition of which involves the Strang�Fix condi�
tions for m
	�� see ���� �� ��
� Theorem �� in conjunction with Theorem �� shows
again how essential the operators Ljmj� respectively Lj �mj� are� at least under the
assumption of compactly supported masks� Part of the e�orts in this and the
following sections will be directed to overcoming this restriction by approximation
arguments�

As was outlined in subsection ���� a key tool is the investigation of the pro�
jections Qj in connection with norm equivalences such as 
���� This can be done

by considering their discrete counterparts Qj	k
j �� Qj jVj�k � Vj	k � Vj � k � ��

together with a limiting procedure k � �� The advantage is that these projec�
tions can be de�ned without assuming any Riesz basis properties of the candi�
date system �� by just k times iterating the de�nition of the two�level projection

Q�
� �� Q � V� � V� associated with the splitting 
���� More precisely� using the

formula 
��� we de�ne Q by

Qv� � v� � v� � V� � 
���

If the dual MRA exists� then the two�level projector can be written as

Qv� �
X
��Zd


v�� ����L�
k�kL�k��kL�

�� � v� � V� � 
���

By a dilation argument� we de�ne Qj	�
j vj	� �� Q�

�
vj	�
�
�j 	��
�j 	� for all vj	� �

Vj� and� �nally� Q
j	k
j �� Qj	�

j Qj	�
j	� � � � Q

j	k
j	k���

Equation 
��� can be used to express the L��norm of Q � V� � V� and� more

generally� of the projections Qj	k
j � Vj	k � Vj �

Theorem � Under the assumptions A
 and A� on � and ��� � � !�� the norms

of the projection operators Qj	k
j � Vj	k � Vj satisfy

kQj	k
j k�L� � kQk

�k�L� � kLk�q�kL��C� � � � j � j � k �� � 
���

where the transfer operator L�q is de�ned by ��
� and �����

Proof� Using the de�nition 
��� of Q and the notation introduced in 
���� 
����
we have

kQk�L� � sup
v� �
�

kQv�k�L�
kv�k�L�

� �d sup
c�
�

kdk�L��C�
kck�

L��C�

� 
���

��



Using 
���� we estimate

�dkdk�L��C� � ��dkd
�	�k�
L��

�
�
C�

�

Z
�
�
C
j
X
���

�m
	 � ����c
	 � ���j� d	

�
Z
�
�
C


X
���

j �m
	 � ��j��

X
���

jc
	 � ���j�� d	

� k
X
���

�q
	 � ���kL�� �
�
C�

Z
�
�
C

X
���

jc
	 � ���j� d	

� k
X
���

�q
	�� � ���kL��C�kck�L��C� �

Since this estimate is sharp 
with respect to all of L�
C��� we see that

kQ�
�k�L� � kQk�L� � k

X
���

�q
	�� � ���kL��C� � kL�q�kL��C� � 
�	�

In completely the same way� by iterating 
���� one obtains

kQj	k
j k�L� � k

X
��������k��

kY
l
�

�q

	

�l
�

���
�l��

� � � �� ��l�kL��C� � kLk�q�kL��C� � 
���

This completes the proof�
We will now impose the following restrictions on r
	� which are� in view of the

considerations in subsection ���� su�cient for the applications we have in mind�

A�� We assume the factorization r
	� � p
	�q
	� where

p
	� �
X

j�j��n

p�e
�i�� � � � p�� � p�� �

is a non�negative trigonometric polynomial of degree � n� and where

q
	� �
X
��Zd

q�e
�i�� � � � q�� � q�� � q
�� � � �

is a positive C� function with exponentially decaying Fourier coe�cients�
i�e�� there is a positive r� � � and a constant C �� such that

jq�j � Cr
j�j�
� � � � Z

d �

Note that the notation introduced in condition A� is consistent with 
����
����
Thus� assumptions A� and A� imply all properties in A� for r
	� � j �m
	�j�� In
some places� which will be mentioned below� we need also p
�� � � which is not
required by A�� The special case q
	� � � covers the case of trigonometric symbols�
A consequence of A� is that the Fourier coe�cients of r
	� satisfy

jr�j � Cr
j�j�
� � � � Z

d � 
���

��



Thus� we are a bit more speci�c compared to ���� �
 where only the latter condition
has been imposed�

We next list some properties of Lr� following the paper ��
 
be aware of di�er�
ences in the notation�� Let the Hilbert spaces Et � L�
T

d�� � � t � �� be induced
by the scalar product


f� g�Et �
X
��Zd

t��j�j�f�g
�
� � 
���

The norm in this space is given by

kfkEt �� k
f�t�j�j��k���Zd� �

Let Et
	 be the cone of non�negative functions in Et� Note that these are spaces

of C� functions with rapidly decreasing 
complex� Fourier coe�cients� with the
exponential decay controlled by the parameter t� Concerning the Banach space
��
H� of compact trace class operators acting on a Hilbert space H� we refer to
��	� ��
 for generalities� and to ���� �
 for a treatment of ��
E

t��
The following theorem on the properties of Lr under assumption A� was proved

in ��
�

Theorem � Let r
	� satisfy ��
�� Then the transfer operator Lr is a bounded

linear operator in Et if r
�
� � t � �� Moreover� it is a compact trace class operator

for the same range of parameters t� It is also positive
 Lr
Et
	� � Et

	� The spectral

radius �
Lr� Et� coincides with the largest positive eigenvalue of Lr� the associated

eigenfunction belongs to Et
	�

We come to the e�ect of approximating r
	� on spectral properties of Lr� We
start with a simple lemma on approximating functions with exponentially fast
decaying Fourier coe�cients by trigonometric polynomials�

Lemma 	 Let q
	� be as speci�ed in A�� For all su�ciently large N � there exist
positive trigonometric polynomials

qN 
	� �
X

j�j��N

qN��e
�i�� � qN��� � q�N�� � 
���

such that

kq � qNkL��C� � CN lrN� � qN
�� � � � 
���

and� consequently�

jq� � qN��j � CN lrN� � j�j� � N � 
���

for some l � �� A qN 
	� of the form ���� satisfying ���� for any �xed l � � is

obtained by interpolating q
	� at the 
�N � ��d points 	N�� � ����
�N � ��� � �
f�� � � � � �Ngd� In addition� monotonicity properties such as qN 
	� � q
	� or � �
qN
	� � q
	� for all 	 � C can be enforced�

��



We sketch the proof of this lemma� Obviously� it follows from the coe�cient
bounds in A� that for large enough N

qN 
	� � 
q� �
X

j�j�
N

q�� �
X

��j�j��N

q�e
�i��

is of the form 
��� and satis�es 
��� and 
��� with l � ��
If we de�ne the trigonometric polynomial qN 
	� in the form as required in 
���

by interpolating q
	� at the set f	N��g� then 
���� 
��� are satis�ed with any �xed
l � � since

kq � qNkL��C� � C
logN�d inf
c�
kq
	��

X
j�j��N

c�e
�i��kL��C� � C
logN�drN� �

Thus� interpolating polynomials� which can e�ciently be computed from q
	� by
FFT� �t into the framework of Lemma ��

Finally� to achieve monotonicity from above or from below� it su�ces to take
any qN that satis�es already 
��� and 
��� and to add or subtract a suitable
multiple CN lrN� z�
	� of the trigonometric polynomial z�
	� 
 j	j�� mentioned in
Theorem ��

Lemma 
 Let r
	� satisfy assumption A�� and set rN 
	� � p
	�qN 
	�� where

qN
	� is de�ned according to Lemma �� N � N�� Then

LrN � Lr � N �� � 
���

in the sense of the trace class norm on Et� at least for r
��d
� � t � ��

Proof� We give the argument for d � �� Let us denote the Fourier coe�cients
of %rN � r � rN � p
q � qN� by 
%rN ��� By assumption A� and 
���� one has

j
%rN ��j � C

�
r
j�j�
� � j�j� � N � n
N lrN� � j�j� � N � n

�

where n is the degree of the trigonometric polynomial p� Then� using the complete
orthonormal system fe��t �� t�j�j�e�i��g in Et� by a well�known bound for the
trace class norm we have

kL�rN k���Et� �
X
��Zd

X
��Zd

j
L�rN e��t� e��t�Et j

� �d
X
��Zd

t�j�j�
X
��Zd

j
%rN ����� jtj�j�

� C
X
��Zd

t�j�j�
X
��Zd

�
t�j����j�	j�j�

N lt�N	j�j�

�
�

where the �rst formula applies if j��� �j� � N � n� otherwise the second has to
be taken� The constant � � � is given by r� � t�� Using the de�nition of the vector

�	



norms j 	 j� and j 	 j� involved� the last expression can be bounded from above for
d � � by

Cf

X
���Z

t�j��jA
����

X
���Z

t�j��jB
N � n� ����

�

X
���Z

t�j��jB
N � n� ����

X
���Z

t�j��jA
���� �N lt�NC
N � n��g �

where

A
a� ��
X
b�Z

t��j�a�bjt�jbj 

��
�

t��jaj � � � � � �

jajt�jaj � � � �

t�jaj � � � �

�

B
N � n� a� ��
X

b�Z
 j�a�bj
N	n

t�j�a�bj	jbj �

C
N � n� ��
X

a�b�Z
 j�a�bj�N	n

t�jaj	jbj �

For the latter sum we have

C
N � n� � C

X

a�Z
j�aj�N	n

t�jaj �
X

a�Z
j�aj
N	n

tN�jaj� � Ct�N�� �

For estimating B
N �n� a� we need to distinguish between the case j�aj � N �n�
where

B
N � n� a� 
 
t��jaj � t��N	n�	�jaj��N	n�� �


if � � � this expression has to be replaced by 
�jaj � 
N � n��t�jaj�� and the case
j�aj � N � n� where

B
N � n� a� 
 t��N	n�	�N	n���jaj �

Consequently� for � � ����X
a�Z

t�jajB
N � n� a� � C

X

jaj
�N	n���


t������jaj � t������N	n�	jaj�

�
X

jaj��N	n���

t��	���N	n���jaj� � Ct�������N �

Altogether� taking into account also the boundedness of
P

a�Zt
�jajA
a� for � �

���� we arrive at the �nal estimate

kLr �LrNk���Et� � CN lt�����N � CN lr
�������N
� � 
���

which gives an exponential convergence rate in 
��� with respect to the trace
class norm in Et if � � �� Since for arbitrary d� the largest term will come
from estimating C
N � n�d� in general� the restriction � � d�� or� equivalently�

r
��d
� � t � � is required� Finally� note that� with the same proof� 
��� holds for
r
	� satisfying only 
��� and approximations rN 
	� with the properties

rN 
	� �
X

j�j��N

rN��e
�i�� � kr � rNkL��C� � CN lrN� � N �� �

�




��� The dual scaling function and its properties

In this subsection� let �� �� satisfy the assumptions A� and A�� We will construct
�� and show under which conditions it belongs to Hs
Rd��

We base our considerations on the de�niton of  �� by a product formula analo�
gous to 
���� The following lemma on its convergence is well known� We reproduce
the proof since we need one of the estimates occurring therein�

Lemma � Let r � C
Td� with r
�� � � be Lipschitz continuous at the origin

jr
	�� �j � Cj	j
 � 	 � � �

with � � �� Then the in�nite product

&
r�
	� �

�Y
l
�

r
��l	�

converges uniformly on compact subsets of Rd to a continuous function�

Proof� By

&
r�k
	� �
kY
l
�

r
��l	� � k � � �

with &
r��
	� � �� we denote the partial products�
Using the Lipschitz continuity� we have

max
�� �� Cj	j
� � jr
	�j � min
krkL� � � � Cj	j
� � 	 � C �

from which

j&
r�K
	�j � j&
r�k
	�j
QK

l
k	�
� � Cj��l	j
�
� j&
r�k
	�j
� � Cj	j
�
� Cj&
r�k
	�j � j	j � C��

k � K � k �

For large enough K � � K � k and j	j � C��
k we also have

j log
�

K�Y
l
K	�

jr
��l	�j
�
j � C

K�X
l
K	�

j��l	j
 � C��k�K�
 �

Now we can put things together� Since

j&
r�K�
	��&
r�K
	�j � j&
r�K
	�j
K�Y

l
K	�

jr
��l	�� �j �

with the �rst term uniformly bounded for j	j � C��
k by the above estimates� and

the second tending to � uniformly on compact subsets if K�K � � �� the above

��



convergence statement is veri�ed� The continuity follows from the continuity of
the �nite products &
r�K
	� which completes the proof�

From the above estimates� letting K ��� we �nally have

j&
r�
	�j � Cj&
r�k
	�j � j	j � C��
k � 
���

where C� � � is any �xed constant� This inequality will be used below�
Since the dual symbol �m
	� satis�es the above Lipschitz condition with � � ��

see 
���� we immediately obtain

Corollary � Let the assumptions A
 and A� hold and

 ��
	� ��
�Y
l
�

�m
��l	� � 
�	�

where �m
	� is the dual symbol ����� Then
 �� is a continuous function�

In the following� we will extend Theorem � to the dual scaling function� Let
�qN
	� be approximations to �q
	� � j �m
	�j� as in Lemma �� In particular� for N
large enough� we can assume that

k�q � �qNkL��C� � �N �� CN lrN� �

or� similarly�

� � 
�� C�N ��qN 
	� � �q
	� � 
� � C�N��qN 
	� � 	 � C � 
���

Lemma �
 Let �q be as de�ned in �������� in particular� A� is satis�ed� and

Lemma � is applicable� Let �qN be a sequence of approximations of �q satisfying

����� ����� Then

�� � inf
L��

lim
N	�

�
L�qN � V�qN �zL� � 
���

where the notation is explained in Theorem �� exists and does not depend on the

speci�c choice of the sequence �qN �

Proof� Since q
	� is strictly positive and continuous� we conclude from 
��� that
for su�ciently large N

max

	



�� qN
	�

q
	�





 �




�� q
	�

qN 
	�






�
� �N 
���

for some positive �N � CN lrN� � with the last estimate coming from 
��� but with
another constant depending also on bounds for q
	��

The independence follows easily from 
��� and the formula

�
Lr� Vr�z� � lim
k	�

kLkrzk��kL��C� 
���

��



which holds whenever r and z are trigonometric polynomials� For a proof of 
����
use that Vr�z is �nite�dimensional and can be equipped with the L��norm� and
that the eigenfunction corresponding to some eigenvalue � with j�j � �
Lr� Vr�z�
is of the form

c �

n��X
l
�

alLlrz �

with some �xed coe�cients al 
an �� �� and an integer n not exceeding the dimen�
sion of Vr�z� Then

j�jkkckL��C� �
nX
l
�

jalj kLl	kr zkL��C� � CkLkrzkL��C�

for k � �� where the boundedness of the operator Lr in L�
Td� has been used�
The constant C does not depend on k� On the other hand� by the de�nition of
the spectral radius� we have

kLkrzkL��C� � C�
j�j� ��k

for any �xed � � �� Thus� raising these inequalities to the power ��k� we obtain

��� if limits are taken� �rst with respect to k �� and then for � � ��

With 
��� at hand for all choices r � �qN and z � zL� we take two sequences
qN and q�N from Lemma � for which we can assume 
��� with the same �N � ��
Then we easily get

�� �N
� � �N

�qN 
	� � �q�N 
	� � � � �N
�� �N

�qN 
	�

and� consequently� by de�nition of Lr and the non�negativity of all trigonometric
polynomials involved�

	
�� �N
� � �N

�k
kLk�qN zLkL��C� � kLk�q�N zLkL��C� �

	
� � �N
�� �N

�k
kLk�qN zLkL��C� �

for k � �� In view of 
��� and �N � �� this inequality implies that

��L �� lim
N	�

�
L�qN � V�qN �zL� � lim
k	�

kLk�qzLk��kL��C�

���

exists and is independent of the particular choice of f�qNg� and that the same holds
for �� � infL ��L� Since � � zL	�
	� � CzL
	�� 
��� yields

�� � lim
L	�

��L � ��L	� � ��L � � � � � ��� � 
���

Lemma �� is proved�
As will become clear in a moment� the next lemma extends the connection

between the Strang�Fix order and regularity exponent to ���

��



Lemma �� Under the assumptions A
 and A�� we have

�s �� ��

�
log� �� � L �m� 
���

Proof� We can assume that �s � � 
there is nothing to prove if �s � ��� Considering
the de�nition q
	� � ��jc�D
	�j�� it is possible to construct a special sequence qN

satisfying the estimate 
��� of Lemma �� by approximating the function Q
	� ��

c�D
	���� rather than q
	� � jQ
	�j�� Indeed� by de�nition of c� we have Q
�� �
�� Moreover� the Fourier coe�cients Q� of Q
	� satisfy the same decay estimates
as stated in A� for 
q�� 
however� Q�� � Q�

� does not hold anymore�� Consider
the trigonometric polynomial

QN 
	� � 
Q� �
X

j�j�
N

Q�� �
X

��j�j��N

Q�e
�i�� �

Obviously� we have QN 
�� � � and

kQN �QkL��C� � CN lrN� � N �� �

for some l and r� � �� Then q�N 
	� �� jQN 
	�j� satis�es 
��� for large enough
N � with r� replaced by

p
r� and the same l as before� The quantity �� in 
���

can be computed on the basis of the speci�c sequence �q�N 
	� � p
	�q�N
	� where
p
	� � jc�N
	�j��

The advantage of this choice is that we can introduce trigonometric polyno�
mials �m�

N 
	� �� 
c�N
	�QN 
	��� which play the role of symbols associated with
�q�N
	� � j �m�

N 
	�j�� and generate a sequence of re�nement equations with �nitely
supported masks� It is easy to see that under the assumption �s � �� these re�
�nement equations have compactly supported solutions ���N � L�
R

d� if N is large
enough� with the corresponding systems f���N 
	��� � � � Zdg forming Riesz bases
in their respective L��closed linear spans� Then� by results on scaling functions
with compact support and by the same comparison methods as used before� we
have � � s���N

� L �m�N
� Lp � L �m and

s���N
� ��

�
log�
�
L�q�N

� V�q�N �zLp���� � �s � N �� �

see the de�nition of �� and Theorem �� Thus� �s � L �m which proves 
��� 
it is very
probable that � can be replaced by strict inequality� as in the case of trigonometric
symbols��

Lemma �� Assume that A
 and A� are satis�ed� Let �q be as de�ned in Lemma


�� the dual scaling function �� be implicitly de�ned by ����� and ��� �s be given by the

formulas in ��
�� ����� respectively� Then� for s � �s� g���s is a continuous function

on Td� Consequently� �� � Hs
Rd � for all s � �s� On the other hand� �� �� Hs
Rd �
for all s � �s� Thus�

�s � s�� � 
���

��



Proof� We �rst show that

g���s
	� � G�q�s
	� ��
X
��Zd


� � j	 � ���j��s&
�q�
	 � ���� � 
���

belongs to L�
C�� We again use the notation of partial products of Lemma � and
its proof� Let

�k � f��k�� � �� � � � � �k��gd � Z
d � k � � � �� � � �

and introduce for k � � the notation

H�q�k
	� �
X
���k

&
�q�k
	 � ���� � %H�q�k
	� �
X

���kn�k��

&
�q�k
	 � ���� �

By de�nition of �k and C� we have

�
�k�� � �� � j	 � ���j� � �
�k � �� � x � C � � � �kn�k�� � 
�	�

Thus� from 
��� and 
��� we obtain

G�q�s
	� � C

�X
k
�

��ks%H�q�k
	� � 	 � C � 
���

For estimating the quantities %H�q�k
	� 
which represent� in some sense� the
Littlewood�Paley blocks of g������ we start with recalling the algebraic identity

Lkrc
	� �
X
���k

&
r�k
	 � ����c
��k
	 � ����� 
���

which is valid for all reasonable periodic functions r and c 
see ��
 for a proof�� We
will apply 
��� with c
	� � zL
	� 
see 
���� and r
	� � �qN 
	� � p
	�qN
	�� where
qN
	� is an approximation to q
	� obtained via Lemma �� Using 
���� we have

q
	� � 
� � �N �qN 
	� �� ���N qN 
	� 
�N � C�N � �

which gives
%H�q�k
	� � ���Nk%H�qN �k
	� �

By 
�	�� the fact that the trigonometric polynomials zL
	� are strictly positive�
except at the points ���� � � Zd� and by 
��� we can continue as follows�

%H�qN �k
	� �
X

���kn�k��

&
�qN �k
	 � ����

� C
X

���kn�k��

&
�qN �k
	 � ����zL
�
�k
	 � �����

� C
X
���k

&
�qN �k
	 � ����zL
�
�k
	 � �����

� C
Lk�qN zL�
	� � 	 � C � k � � �

��



The constant depends on zL� any integer L � � is allowed� Substituting these
inequalities into 
��� 
for k � �� we can use the boundedness of the expression
%H�qN ��
	��� we get

G�q�s
	� � C

�
� �

�X
k
�

���s	�N �k
Lk�qN zL�
	�
�
� 
���

Now� consider any s � �s� set � � 
�s� s���� and choose �rst L and then N such
that both

�
L�qN � V�qN �zL�

��
� ���

and �N � � are satis�ed� Since V�qN �zL � L�
Td�� by de�nition of the spectral
radius we have

kLk�qN zLkL��C� � C���
�k � k � � �

for any �� � �
L�qN � V�qN �zL�� e�g�� we can choose �� such that

� �
��

��
� ��� �

With these choices� it remains to substitute into 
����

kG�q�skL��C� � C
� �
X
k��

���s	�N �kkLk�qN zLkL�
C�� � C
�X
k
�

���s	��k��
k

� C

�X
k
�

���s	���k�k � C

�X
k
�

���s	����s�k �� �

It follows that g���s � G�q�s � L�
C� � L�
C� and� by Corollary 	� that �� � Hs
Rd��
Moreover� we have implicitly shown that the series

g���s
	� �
�X
k
�

X
���kn�k��


� � j	 � ���j��sj ��
	 � ����j� �

converges uniformly on C� Since
 �� is continuous on Rd 
Corollary 	�� this shows

the continuity of g���s
	� for s � �s�

Assume that �� � Hs
Rd� for some s � �s� This means that the numbers

%h�q�k �

Z
C
%H�q�k
	� d	 � k � � �

satisfy %h�q�k � � and

�X
k
�

��sk%h�q�k �

Z
C

�X
k
�

��ks%H�q�k
	� d	

� CkG�q�skL��C� � Ck��k�Hs �� �

��



If we again consider the speci�c sequence �q�N � together with the associated func�
tions ���N � which we have constructed for the above proof of Lemma ��� then by
comparison arguments based on the analog of 
��� for our q�N we have

%h�q�N �k � C
� � �N �k%h�q�k

for a certain sequence �N � �� Therefore� �xing any s� � 
�s� s�� we see that
G�q�N �s

� � L�
C� respectively ���N � Hs�
	� for large enough N � This contradicts
s���N

� �s � s�� N ��� and completes the proof of Lemma ���

Note that in the proof of Lemma ��� we have implicitly established the useful
inequality

k%H�q�k
	�kL��C� � C��
����s���k � k � � � 
���

for any �xed � � �� which we will use later�

��� Hs�Riesz basis property	 �� �� L��R
d�

In this subsection� we prove a theorem about the Hs�Riesz basis property of a
hierarchical system� in the case that the dual scaling function does not necessarily
belong to L�
R

d�� We assume A� and A�� Let �q
	� � j �m
	�j�� where the dual
symbol �m
	� is derived from �� �� as detailed in subsection ���� Especially� 
������
are assumed� and Theorem � is applicable� Let

�qN 
	� � p
	�qN
	� � N � N� �

be any sequence of trigonometric polynomials constructed via Lemma �� Provided
that N is large enough� we can assume that

k�q � �qNkL��C� � �N �� CN lrN� �

or� similarly�

� � 
�� C�N ��qN 
	� � �q
	� � 
� � C�N��qN 
	� � 	 � C �
Obviously� since the Fourier expansion of �qN is �nite� L�qN is a trace class operator
and belongs to Et for any � � t � �� It is easy to check that the eigenfunctions
associated with non�zero eigenvalues of any such transfer operator are actually
trigonometric polynomials 
of degree depending only on the degree of �qN ��

Theorem �� Under the assumptions A
 and A�� with approximations �qN to �q
satisfying the above inequalities� and ��� de�ned by ����� we have

�
L�qN �� �
L�q� � ��� � � � j�
L�qN �� ���j � C�N � N �� � 
���

If �s� �� ��
� log� ��� � � satis�es ��s� � s� then the hierarchical system � associated

with the underlying choice for �� �� is a Riesz basis in Hs
Rd � for all s in the

interval

��s� � s � s� �

If �s� � �� then � is not a Riesz basis in Hs
Rd � for any s � ��s��

��



Proof� We start with a simple observation� Let r�� � t � � be �xed� By
Theorem �� ��� � maxj j�j j � �� where �� is the largest positive eigenvalue of L�q�
the corresponding eigenfunction � �� �c � Et � L�
Td� is non�negative� and can
therefore be chosen such that

� � �c
	� � � � 	 � C �

By the monotonicity of L�q� we obtain

��k�c
	� � 
Lk�q�c�
	� � 
Lk�q��
	� �

On the other hand� by properties of the spectral radius of linear operators� for any
� � � there is a constant C� such that kLk�qkEt � C�
��� � ��k� This gives

��k�k�ckL��C� � kLk�q�kL��C� � CkLk�q�kEt � CC�
��� � ��k � 
���

This formula holds for arbitrary k � �� its analog can also be derived for any of
the operators L�qN � But by de�nition of the transfer operators and 
��� we also
have for an arbitrary non�negative c
	� � � that


�� C�N �
L�qN c�
	� � 
L�qc�
	� � 
� � C�N �
L�qN c�
	� � 	 � C �

Recursive use of this relation� together with the monotonicity of transfer operators�
leads to


�� C�N �kkLk�qN�kL��C� � kLk�q�kL��C� � 
� � C�N �kkLk�qN�kL��C� �

Substituting now the appropriate parts of inequality 
��� for L�q respectively L�qN �
raising to the power ��k and letting k ��� we obtain


�� C�N ��
L�qN � � ��� � 
� � C�N��
L�qN � �

This shows the convergence statement 
��� of Theorem ��� together with the
exponential rate� The relationship ��� � � is implicitly contained in 
��� and

Theorem �� since the projectors Qj	k
j necessarily have norms � ��

We come to the Riesz basis property� For this� we use equivalent norms for
Hs
Rd � formulated in terms of a MRA fVjg with scaling function � satisfying A��
The triple bar norm� kj 	 kj� associated with this MRA is de�ned by

kjukj� �� inf
vj�Vj 
u


P
�

j�� vj

�X
j
�

��jskvjk�L� � 
���

It is well known� see e�g�� ���� Theorem ���
 or ��
� that

kuk�Hs 

��
�

kjukj� � � � s � s� �

kP�uk�L� �
P�

j
� �
�sjkPju� Pj��uk�L� � �s� � s � s� �


���

��



where Pj is the L��orthogonal projection onto Vj� j � ��
In subsection ��� we have shown that the Hs�Riesz basis property is equivalent

to the norm equivalence 
���� provided the existence and uniform L��boundedness
of the projections Qj� However� under the assumptions of Theorem ��� this cannot
be justi�ed� Instead of 
���� we will show that

kuJk�Hs 
 kuJk�Q�s�J �� kQJ
�uJk�L� �

JX
k
�

��skk
QJ
k �QJ

k���uJk�L� � 
���

uniformly in uJ � VJ and J � This implies the Hs�Riesz basis property of �
by obtaining it �rst for the �nite sections �J 
with uniformly bounded Riesz
constants�� and then letting J � �� This reduction repeats the corresponding
considerations at the end of subsection ���� and is left upon the reader� We will
concentrate on the proof of 
����

Let � � ��s� � s � s�� By de�nition of �s�� by Theorem �� and by taking a
su�ciently small � � � in 
���� for any �xed s� satisfying ��s� � s� � s we have

kQj
kvjk�L� � C��s

��j�k�kvjk�L� � vj � Vj � � � k � j �

Let uJ � VJ � and consider the L��orthogonal decomposition

uJ �
JX
j
�

vj � vj � PjuJ � Pj��uJ � Vj � j � �� � � � � J � v� � P�uJ � V� �

Its decomposition with respect to �J can be written by means of the projectors
Qj
k as follows�

uJ � QJ
�uJ �

JX
k
�


QJ
k �QJ

k���uJ

� 
v� �
JX
j
�

Qj
�vj� �

JX
k
�


vk �
JX

j
k	�

Qj
kvj �

JX
j
k

Qj
k��vj� �

Thus� �xing a small � � 
�� s� s��� we have

k
QJ
k �QJ

k���uJk�L� � C
kvkk�L� �
JX

j
k	�

����j�k�kQj
kvjk�L�

�

JX
j
k

����j�k�kQj
k��vjk�L��

� C
JX

j
k

���s
�	���j�k�kvjk�L� � k � � �

analogously for kQJ
�uJk�L� � k � �� Substitution gives

kuJk�Q�s�J � C

JX
k
�

��sk
JX

j
k

���s
�	���j�k�kvjk�L� � C

JX
j
�

��sjkvjk�L� �

�	



where the constant does not depend on J � Now recall the de�nition of vj � and use
the second norm equivalence in 
���� This yields

kuJk�Q�s�J � CkuJk�Hs � uJ � VJ �

The opposite inequality follows from the in�mum de�nition of the triple bar norm
kj 	 kj and the �rst norm equivalence of 
��� 
here� the relation � � ��s� � s is
taken into account��

kuJk�Q�s�J � kjuJkj� � ckuJk�Hs � uJ � VJ �

Thus� 
��� follows� with constants independent of J �
Finally� suppose �s� � � and consider any � � s � ��s�� Fix some s� � 
s���s���

By de�nition of �s�� 
���� and Theorem �� we see that we can �nd a sequence
uJ � VJ � J ��� such that

kQJ
�uJk�L� � C��s

�JkuJk�L� �

Using the equivalence of the Hs� and the triple bar norm� we obtain

kuJk�Hs � CkjuJkj� � C��sJkuJk�L� � C���s�s
��JkQJ

�uJk�L�

� C���s�s
��J 
kQ�

JuJk�L� �
JX

k
�

��skk
Qk
J �Qk��

J �uJk�L�� �

Note that the factor ���s�s
��J deteriorates exponentially fast if J � �� This

contradicts the Riesz basis property of � in Hs
Rd � 
according to the derivation
at the end of subsection ���� we see that there is no chance to �nd a �nite Riesz
constant B �� in the upper estimate for the Riesz property in this case�� Thus�
Theorem �� is established�

Except for the limiting case s � ��s�� Theorem �� gives the complete answer
concerning the Riesz basis property for the systems under consideration in Sobolev
spaces Hs
Rd� with s � �� The case s � � will be discussed in the next subsection�

��
 Hs�Riesz basis property	 �� � L��R
d�

In this subsection� we assume that �s de�ned in 
��� is strictly positive� By Lemma
��� �� belongs to L�
R

d�� and its regularity exponent satis�es s�� � �s � �� Under
this assumption� we show that the conditions of Theorem � hold and� consequently�
obtain the interval �s�� � s � s� for which the system � of 
��� is an Hs�Riesz
basis� According to the negative results of Theorem ��� we see that �s � � can only
happen if �s� � � 
it can be shown that in the case �s� � � we have �� � �� � � and�
thus� �s� � �s � ���

If �� �� � L�
R
d� then the validity of Jackson�Bernstein inequalities is connected

with studying the functions g��s� g���s de�ned in subsection ���� Indeed� we have

�




Lemma �� Let �� �� � L�
R
d � satisfy the re�nement equations �
��� ����� and

the biorthogonality relation expressed by ����� and assume that Vj� �Vj are de�ned

as L�
R
d ��closures of the linear spans of the systems #j� �#j� respectively� Let

g��s� g���s be de�ned according to ����


i� � belongs to Hs
Rd � if and only if g��s � L�
C� �analogously for ����

ii� #j is an L��Riesz basis in Vj if and only if � � c � g���
	� � C ��� 	 � C�
for some constants c and C �analogously for �#j��


iii� Let 
ii� be satis�ed for � and ��� Then the projectors Qj � �Qj of ���� are

uniformly L��bounded�


iv� Let 
ii� be satis�ed for �� and let s � �� Then

g��s � j �
	�j� � O
j	j�s� � 	� � 
�	�

implies the Jackson inequality ���� of order s for fVjg �analogously for �� and

f �Vjg��

v� Let 
ii� be satis�ed for �� and let s � �� Then g��s � L�
C� implies the
Bernstein inequality ���� of order s for fVjg �analogously for �� and f �Vjg��

Proof� 
i� is obvious from the de�nition of Sobolev spaces on Rd via Fourier
transforms� 
ii� is well�known� see ���� Theorem ���
� ��
� or subsection ���� For�
mally� 
iii� follows from

kQ�fk�L� � C

Z
Rd

j
X
��Zd


f� ��
	 � ���L�e
�i��j�j �
	�j� d	

� Ckg���kL��C�

X
��Zd

j
f� ��
	 � ���L� j� � C
X
��Zd

j
Z
Rd

 f
	�
 ��
	��ei�� d	j�

� C
X
��Zd

j
Z
C

X
��Zd

 f
	 � ����
 ��
	 � �����ei�� d	j�

� C

Z
C
j
X
��Zd

 f
	 � ����
 ��
	 � �����j� d	

� Ckg����kL��C�

Z
C

X
��Zd

j  f
	 � ����j� d	 � Ckfk�L� �

The changes of summation can easily be justi�ed under the assumptions made�
For Qj� j � �� use a dilation argument� For the proof of the L��boundedness of
f �Qjg� interchange the roles of � and ���

Assertion 
iv� has been proved in ��
� Finally� to establish 
v� it su�ces again
to consider j � �� If

v� �
X
��Zd

c��
	 � �� � V� �

then we have

kv�k�Hs � C

Z
Rd

j v�
	�j�
� � j	j��s d	

��



� C

Z
Rd

j
X
��Zd

c�e
�i��j�j �
	�j�
� � j	j��s d	

� C

Z
C
g��s
	�j

X
��Zd

c�e
�i��j� d	 � Ckg��skL��C�

X
��Zd

jc� j� �

By dilation� we obtain 
����

We �rst verify that � ful�lls the assumptions of Theorem �� That � generates
a MRA is the assumption A�� By 
��� we have g��s � L�
C� for s � s� 
according
to the derivation of 
��� this follows immediately from the Hs�Riesz property of
#�� s � s�� which� in turn� is a consequence of the L��Riesz basis property of #�

in V� and � � Hs
Rd ��� Thus� part 
v� of Lemma �� shows that the Bernstein
inequality for fVjg is satis�ed for � � s � s�� For compactly supported scaling
functions� it is well known that fVjg satis�es the Jackson inequality of order Lm

the Strang�Fix order of m
	��� Since s� � Lm� we conclude that � and fVjg
satisfy the conditions of Theorem � for any � � s��

In the remainder of this subsection we will discuss the essential steps of checking
that �� and f �Vjg satisfy the conditions of Theorem �� Note that the g���s is accessible

to estimates from knowledge about �m
	� via the formula 
�	� for
 ��� We will make

repeated use of properties of Lr� with various r�
First note that Lemma �� shows that g���s is continuous and thus belongs to

L�
C� for all s � �s� From 
v� of Lemma ��� it follows that the Bernstein inequality
for f �Vjg is satis�ed for � � s � s���

Lemma �� Under the assumptions A
� A� and �s � �� there are constants c and

C such that

� � c � g����
	� � C �� � 	 � C � 
	��

From �ii� of Lemma 
�� it follows that �#j is a Riesz basis in �Vj and that �� generates

a MRA�

Proof� The upper inequality of 
	�� holds since g���� is continuous by Lemma ��
and �s � �� The following simple observation is su�cient to show the lower bound�
Since � generates an MRA� by 
��� we have � � c � g���
	� � C ��� Then� the
function

g
	� �
X
��Zd

 �
	 � ����
 ��
	 � �����

belongs also to L�
Td� 
the sum is absolutely convergent on Td to a continuous
function� use H'older inequality�� Computing its Fourier coe�cients leads to

g� � 
����d
Z
C
g
	�ei�� d	 � 
����d

Z
Rd

 �
	�

 ��
	�e�i���� d	

�

Z
Rd

�
x���
x� ��� dx � 
�
	�� ��
	 � ���L� � ���

��



for � � Z
d� Thus� from 
�	� we see that g
	� � � and by the H'older inequality

� � jg
	�j� � g���
	�g����
	� � 	 � C �
This implies the lower bound with a constant c � kg���k��L� � and� thus� �#j is a

Riesz basis in �Vj �Since �� satis�es a re�nement equation� we have shown that ��
generates a MRA if � �Vj is dense in L�
R

d�� But this follows from the fact that
 �� is continuous and that

 ��
�� �� �� see� e�g�� ��
� This �nishes the proof of the
lemma�

Using Lemma �� and 
iii� in Lemma ��� it follows that the projector sequences
fQjg and f �Qjg are uniformly L��bounded�

We come to the Jackson inequality for f �Vjg� Recall that �q
	� � j �m
	�j� �
p
	�q
	�� Due to the fact that �m
	� is a C��function� the Strang�Fix orders L �m

and L�q � Lp � �L �m are well�de�ned�

Lemma �	 Under the assumptions A
� A�� and �s � �� the Jackson inequality of

order L �m holds for f �Vjg�
Proof� According to Lemma ��� 
iv�� it su�ces to verify that

w
	� �� G�q��
	��&
�q�
	� � O
j	jL�q� � 	 � � � 
	��

We use the inequalities 
��� which are valid under our assumptions and lead to

� � G�q��
	��H�q�k
	� �

�X
l
k	�

%H�q�l
	� � C

�X
l
k	�

���sl � C���sk

for 	 � C if we choose � � �s��� Thus� H�q�k
	� � G�q��
	�� k � � � uniformly
on C� Since &
�q�
	� and� thus� H�q�k
	� are continuous functions on Rd � this yields
G�q�� � C
Td� and the continuity of the function w
	� introduced in 
	���

As a �nal preparation� we will check that

L�qG�q�� � G�q�� � 
	��

Indeed�


L�qG�q���
	� �
X
���

X
��Zd

�q

	

�
� ���

�Y
k
�

�q
��k

	 � ���

�
� ����

�
X
���

X
��Zd

�Y
k
�

�q
��k
	 � ��
�� � ��� � G�q��
	� �

Using the de�nition of the transfer operator L�q and of L�q leads� together with

	��� to

jw
	�j � j
L�qG�q���
	��&
�q�
	�j

� �q

	

�
�jG�q��


	

�
��&
�q�


	

�
�j�

X
����

�q

	

�
� ���G�q��


	

�
� ���

� �q

	

�
�jw
	

�
�j� Cj	jL�q �

��



The constant C depends on �q and on kG�q��kL� but is independent of 	�
From Lemma ��� it follows that L�q � � so that &
�q�
���� � � for all � �

Zd n f�g� Thus iterating the inequality for jw
	�j and using w
	� � �� 	 � ��
which follows from the continuity of w and from

w
�� � G�q��
���&
�q�
�� �
X

��
��Zd

&
�q�
���� � � �

we obtain

jw
	�j � &
�q�k
	�jw
��k	�j�C

k��X
l
�

&
�q�l
	�j��l	jL�q�

� C sup
l
k&
�q�lkL�

�X
l
�

j��l	jL�q � Cj	jL�q � 	� � �

Thus� 
	�� holds� and the proof is complete�
The main result of this subsection is

Theorem �
 Let the functions �� ��� � � !�� which de�ne the hierarchical system
� given by ����� satisfy assumptions A
 and A�� Assume further that �s � � �see

����� ��
� for the de�nition of �s and ���� Then the dual scaling function �� is well�

de�ned in L�
R
d �� and its Sobolev regularity is given by s�� � �s� The system � is

a Riesz basis in Hs
Rd � if �s�� � s � s�� This interval is sharp� in the sense� that

the Hs�Riesz basis property cannot hold in either of the cases s � �s�� and s � s��

Proof� As we have shown in this section 
Lemmas ��� �� and the remarks pre�
ceding them�� the assumptions of Theorem � hold� Thus � is a Hs
Rd��Riesz
basis for �s�� � s � s�� It remains to show that this interval is sharp� Clearly�
� is not a Hs�Riesz basis for s � s� since for these s� � does not even belong to
Hs
Rd �� From Lemma ��� �� �� Hs
Rd � for s � s��� But

�� � Hs
Rd� is a necessary

condition for the system � to be a Riesz basis in H�s
Rd�� Indeed� assuming the
H�s�Riesz basis property of �� the norm equivalence 
��� should hold�

kuk�H�s 
 kQ�uk�L� �
�X
k
�

���skk
Qk �Qk���uk�L� � u � L�
R
d� �

Thus� by using the biorthogonality relations 
�	� and the usual density and duality
arguments� we obtain

k��kHs � sup
u�H�s�Rd�

h��� uiHs
H�s

kukH�s

� sup
u�L��Rd�

h��� uiHs
H�s

kukH�s

� C sup
u�L��Rd�


���Q�u�L�

kQ�uk�L� �

P�
k
� �

��ksk
Qk �Qk���uk�L�����

� C sup
v��V�


��� v��L�
kv�kL�

� Ck��kL� �� �

��



As in section ���� the limiting case s � �s�� remains open� we conjecture that
the Riesz basis property does not hold for this exceptional value� It should be
mentioned that there is a case which is still left open by Theorem �� and ��� it
may happen that that the ��� in 
��� and the �� in 
��� both equal �� Then� by
Theorem ��� � is a Riesz basis in Hs
Rd � for any � � s � s�� On the other hand�
the same considerations as before show that �� cannot belong to any Sobolev space
of positive order� and that � cannot be a Riesz basis in Hs
Rd � for any s � ��
This completes the picture�

Reviewing the proof of the main Theorems �� and ��� it is clear that their
statements hold not only when � and �� are of compact support� The essential
technical requirement is that jm
	�j� and j �m
	�j� satisfy the assumption A�� i�e��
that they are the product of a non�negative trigonometric polynomial and a pos�
itive C� function with exponentially decaying Fourier coe�cients� This is� for
example� the case when � and �� have rational trigonometric symbols� Of course�
some of the remaining assumptions in A� and A� must also be satis�ed�

Note that the argument used in the proof of property 
��� implicitly yields
a simpli�ed formula for ��� In 
���� the in�mum with respect to L � � can be
replaced by the minimum for all L � Lp��� Actually� we can prove

�� � ��Lmin
� 
	��

where Lmin is the minimum of Lp�� and the smallest L � Z	 such that

�sL � ��

�
log� ��L � L �

By the above comparison techniques and Theorem �� such an L exists in the range
� � L � Lp����� at least� Note that in all examples below� we observed L � Lp��
for such L which supports our conjecture that equality in 
��� is impossible�

� Examples� Box spline systems

��� Stevenson�s system

In the next two subsections� we deal exclusively with the linear box spline MRA in
Rd � Wavelets based on the MRA of linear box splines on a three�directional mesh
are of importance for several reasons� Above all� linear �nite element spaces are
a widely used in discretization schemes for second order elliptic boundary value
problems and boundary integral equations which leads to the need in constructing
preconditioning methods� and� in particular� to the interest in �nding hierarchical
bases with good properties in Sobolev spaces for this special case 
see the references
below�� Although we are imposing a number of simpli�cations� some of the results
on hierarchical Riesz bases� associated with the linear box spline MRA carry over

with obvious modi�cations� to bounded polyhedral domains � � Rd equipped
with sequences of simplicial partitionsRj resulting from standard mesh re�nement�
Finally� the linear spline examples to be considered are still fairly simple� Thus�

��



they allow for some detailed analysis and provide some additional insight which
may be useful for applications to more complicated MRA�s�

The linear box spline MRA is generated by its scaling function � satisfying the
re�nement equation

�
x� �
�

�

X
���


�
�x � �� � �
�x� ��� � 
	��

The associated symbol is

m
	� � ��d
X
���

cos �	 �

d	�Y
l
�

cos
	l
�
� 
	��

where 	l denotes the coordinates of 	 if l � �� � � � � d� and where 	d	� �
Pd

l
� 	l for
simplicity� This speci�c form of m
	� immediately leads to an explicit formula for
 � via 
���� General information on box splines� and speci�cally on the linear box
spline �� can be found in ��
� It is known that � coincides with the 
appropriately
scaled� nodal basis function for linear C� �nite elements with respect to an in�nite

�d� ���directional uniform simplicial partition R� of Rd which is invariant under
Zd�shifts� The edges of this partition are induced by the �d�� segments connecting
the origin with � � !�� Thus� s� � ���� and Lm � � as can be checked directly
from 
	��� All conditions of a MRA� as formulated at the beginning of section ��
are valid� The linear box spline MRA is interpolatory� in the sense� that v� � V�
is equivalent to

v�
x� �
X
��Zd

v�
���
x � �� � 
v�
�� � � � Z
d� � 
�
Zd� �

This allows for a simple interpretation of the coe�cients of the Riesz basis decom�
position of vj � Vj with respect to #j as function values of vj on the corresponding
grid Vj �� ��jZd� For convenience� set V�j � VjnVj��� j � �� The support of �
is convex and given by its set of extremal points !� � 
�!��� More explicitly� it is
the union of all simplices in the above�mentioned partition attached to the origin�

In this section� we consider the hierarchical system��HB which was introduced
by Stevenson in ��	
 but appeared also in other papers ���
� It is based on the
construction of functions �j�P � P � V�j � with small masks� such that a certain
discrete L�
���orthogonality is satis�ed� More speci�cally�


f� g�L��j ��
X
S�Rj

jSj
d� �

X
P�Vj� �S

f
P �g
P ��

is used� Note that the underlying composite quadrature rule is based on the
trapezoidal rule for the simplices S� and is exact on Vj � It turns out that for each
P � V�j � there is a unique function of the form

�j�P � �j�P � aPj�P ��j�P � � aPj�P ���j�P ��

��



which is orthogonal to all of Vj�� in the sense of this j�dependent discrete scalar
product� Here P �� P �� are the endpoints of the edge in Rj�� containing P � V�j �
Thus� any ��mask contains � � non�zero coe�cients which explains the name ��
point hierarchical basis and the notation��HB � The properties of this system have
been studied� under various assumptions on fRjg� in ��	� ��� ��
� In particular�
the Riesz basis property in Hs
�� has been established for a relatively large range
of the smoothness parameter including also some negative values of s�

We complement these results by considering the Rd �counterpart of this system�
The results of section � will be used to determine the exact s�range for the Riesz
basis property in Hs
Rd � to hold for ��HB � We use this example also to present
some further modi�cations such as factorization techniques for the symbols� and to
give some indications on the numerical performance of the methods for determining
s���

It is obvious that in the case of in�nite 
�d � ���directional uniform partitions
of Rd � the above requirement of discrete L��orthogonality leads to the following
�d � � functions

��
x� � �
�x� ��� �

�

�
�x� � �
�x� ���� � � � !� � 
	��

which generate the systems $j according to 
���� and the complement spaces
Wj � closL�
span$j�� The stability of the splittings Vj � Vj�� ��Wj is obvious

but could also be checked by 
����� We leave it as an exercise to compute the
subsymbols m��

� 
	� from 
	��� 
	�� and to �nd expressions for L
	�� M
	�� �m
	��
and other quantities of interest that have been introduced in subsection ����

The dual symbol can sometimes be computed more conveniently by directly
following the elimination procedure which leads to 
��� and 
���� Using the same
notation as in subsection ��� associated with an arbitrary decomposition v� �
v� � w�� we have according to 
	��� 
	��

c��	� �

��
�

d� � �
�

P
�����
d

��
� � d�

�

����� � � � � �

�
�
d� � d�	�� � d�� � � � !� �

which immediately yields

c�� �
�

�

X
����


c��	� � c����� �
�d � �

�
d� �

�

�

X
����


d�	� � d���� �

Switching to the corresponding functions and subsymbols� we see thatX
���

cos
�	� c�
	� �
�

�

�d �

X
���

cos ��	�d
�	� �

For the system under consideration� this is the counterpart of 
���� and according
to 
���� 
	�� we obtain

�m�
	� � �m
	� �
�m
	�

� �m
�	�

	��

��



for the symbol associated with the dual re�nement equation� and

�q
	� � p
	�q
	� � p
	� � m
	�� � q
	� �
�


� �m
�	���
� 
	��

for the function 
���� Obviously� the dual symbol is not a trigonometric polynomial
but p� �q satisfy all conditions 
������� For the Strang�Fix order� we have L�q � Lp �
�L �m � �Lm � �� Since the expressions are very simple� one could easily obtain
some rough preliminary estimates for the quantity �� from 
���� E�g�� by

�
cos �

d� �
�d	� � m
	� � � �

we get


Lk�qzL�
	� �
�

�

�� 
cos �
d	��

d	�

��k


LkpzL�
	� �

By the above properties of �� Theorem �� and 
���� we have

lim
k	�

kLkpz�k��kL�
� ���s� � ��� �

Thus� by the above estimates and 
���� 
���� we obtain

�� � ��� � �

�
�� 
cos �
d	� �

d	���
�

��
�

��� � d � �
����	 � d � �
��	 � d � �

� 
		�

For d � � this estimation yields a number � � which is not su�cient for verifying
the assumption 
���� Theorem �� implies the Riesz basis property in Hs
Rd � for
the system ��HB if �s�� � s � ���� where the regularity exponent of the dual

scaling function �� satis�es

s�� �
�

�
� log�
�� 
cos

�

d� �
�d	�� �

��
�

��� � d � �
�������� � d � �
�����	�� � d � �

� 
����

To obtain the exact value� we will demonstrate several approaches related to
the methods of section �� We concentrate on the case d � � and prove

Theorem �� For d � �� the system ��HB is a Riesz basis in Hs
Rd� if

���		������� � s � ��� �

The lower bound is exact within rounding error and given by �s�� � �
� log� ���

where �� � ��� � ��������	���� has been computed on the basis of ���� and ����

from approximations to the function �q given in �����

We give di�erent arguments for proving this result� First of all� in Table �
and � we present numerical values for the leading � 
for d � �� respectively ��

for d � �� eigenvalues of the operator L�qN for some small N � The approximating
polynomials �qN are determined by interpolation along the lines of Lemma ��

��



�k�N N � � N � �� N � �� N � ��

k�� ��� ��� ��� ���

k�� ��� ��� ��� ���

k�� ���������� ������		�� ���������� ��������	�

k�� ���� ���� ���� ����

k�� ����� ����� ����� �����

k�� �������	�� ����	����� ���������	 ����������

k�� ���������� ���������� ���������� ����������

Table �� Leading eigenvalues �k�N of L�qN � d � ��

�k�N N � � N � �� N � �� N � ��

k�� ��� ��� ��� ���

k�� ��� ��� ��� ���

k�� ��� ��� ��� ���

k�� ���������� ���������� ���������� ��������	�

k�� ���������� ������		�� ���������� ��������	�

k�� ���������� ������		�� ���������� ��������	�

k�� ���� ���� ���� ����

k�� ���� ���� ���� ����

k�	 ���� ���� ���� ����

k��� ������	��� ���������� ���������� ����������

Table �� Leading eigenvalues �k�N of L�qN � d � ��

A further increase of N did not change these values 
except for the last �
digits of ���� in Table ��� The results demonstrate the stability and superlinear
convergence of the approximation method� and show a typical di�erence between
univariate and multivariate calculations� In the latter case� multiple eigenvalues
are a major obstacle� Due to our construction which preserves the Strang�Fix
conditions the trivial eigenvalues ��l of transfer operators are reproduced exactly

with the correct multiplicity�� Table � shows the calculations of the spectral radii
��N�L �� �
L�qN � V�qN �L� for L � Lp�� � �� According to the rules for choosing
an appropriate Lmin stated at the end of subsection ���� we see that Lmin � � is
appropriate� Thus� the results are identical for L � ��

All calculations presented so far use simultaneous iteration 
in a crude im�
plementation of the accelerated version by Stewart ���
�� and are based on the
fact that the value ��N�L is the largest eigenvalue of L�qN restricted to the �nite�
dimensional Krylov space V�qN �zL generated by applying the iterates of this operator
to the low�order polynomial zL� This subspace is� for L � Lp��� contained in the
following space of trigonometric polynomials 
compare ���� Section �
 or ��
��

V�qN �zL � VN�L �� f
X

j�j��N	L

c�e
�i�� �

X
�

c��
� � � if j�j� � �L� �g �

�	



N L � � L � � L � �

� ���������� ���������� ����������

�� ���������� ���������� ����������

�� ���������� ���������� ����������

�� ���������� ��������	� ��������	�

�� ���������� ��������	� ��������	�

�� ���������� ��������	� ��������	�

��L ���������� ��������	� ��������	�

Table �� Computation of ��N�L by the approximation method� d � ��

Thus� the �nite�dimensional eigenvalue problem is of size � CNd� Though
direct methods could have been used for small N � we have used iterative methods
here� These are unavoidable for large N and d � �� since the discrete representa�
tion of L�qN on the above subspace VN�L leads to dense non�symmetric matrices�
As can be easily derived from the de�nition of the transfer operator in terms of
Fourier coe�cients� the corresponding matrix�vector multiplication can be car�
ried out by FFT 
or� equivalently� by fast higher�dimensional convolution� and
requires � CNd logN operations� Although only the maximal eigenvalue has to
be found� simultaneous iteration rather than the power method needs to be ap�
plied for d � �� at least� due to multiple eigenvalues resp� clusters of eigenvalues
for the in�nite�dimensional operator L�q under consideration� As can be seen from
Table �� the triple eigenvalue ��������	���� which characterizes the smoothness of
�� splits into a cluster of eigenvalues for L�qN in the approximation process� and
leads to very slow convergence of the power iteration� The implementation of the
iteration process also takes the summing rules valid for 
c�� according to the de��
nition of VN�L� L � �� into account� Without this� rounding immediately leads to
computing the maximal eigenvalue of the operator with respect to the subspace
VN�� which in this case would be �� As an internal stopping criteria for the iterative

eigenvalue solver we required j��j	��k�N � �
�j�
k�N j � ����� for the largest k� eigenval�

ues in the corresponding computational subspace 
the dimension of the latter was
typically � �k��� Under these restrictions� the number of iterations does not grow
with N � and the overall number of arithmetical operations for computing ��N�L
can be bounded by � CNd logN � This favorably compares with the exponential
convergence

j�L � ��N�Lj � CN lrN� � N �� � � � r� � � � 
����

which results from the proof of Theorem ��� compare also the statement and proof
of Theorem ��� Note that in the above example the choice L � � � Lmin � � leads
to a reduced number of iterations for all dimensions d � � since the clustering near
the eigenvalue of interest is reduced� Since for d � � and moderate N � �� the
matrix dimension of the eigenvalue problem easily reaches ��� and more� other
performance improvements 
e�g�� nested iteration� have been tried� Details will be
discussed elsewhere�

�




The constants C� r�� and the above complexity estimates themselves depend
on d 
and the example under consideration� which still leads to signi�cant com�
putational time even for simple examples such as considered in this subsection�
especially for d � �� There is no relief in this respect if Fredholm determinant
approximations as recommended in ��� ��
 are used�

The idea of the Fredholm determinant method is to use the properties of Lr
stated in Theorem � in various ways to access those of its spectral properties that
we are interested in� compare subsection ���� E�g�� the trace class property ensures
that Lr is compact and has a well�de�ned trace

Tr
Lr� �
X
j

�j � 
����

where the summation is with respect to all eigenvalues of Lr taking into account
their algebraic multiplicity 
it does not depend on the ordering of the eigenvalues
since the sum converges absolutely by another de�nition of trace class operators��
One can obtain the trace value explicitly in terms of r
	� by using the formula

Tr
A� �
X
k


Aek� ek�Et

valid for any trace class operator A � Et � Et and any complete orthonormal
system in Et 
��	
 or ���
�� Indeed� taking the system fe��tg introduced in the
proof of lemma � as the orthonormal system of our choice� we have

Tr
Lr� �
X
��Zd


Lre��t� e��t� � �d
X
��Zd

r� � �dr
�� �

More generally� in ��� ��
� the formula

Tr
Lkr � �
�kd


�k � ��d

�k��X
m�
�

� � �

�k��X
md
�

�
k��Y
l
�

r
�l	�

�





�
 ��m

�k��


����

has been derived� Thus� for these operators the traces are non�negative real num�
bers� and do not depend on t 
r�� � t � ��� The same is true for the spectral radius
�
Lr� � �
Lr� Et� which can be approximately computed from relations such as

�
Lr� Et� �� max
j
j�j j � lim

k	�

Tr
Lk	�r �

Tr
Lkr �
� lim

k	�

Tr
Lkr ����k � 
����

For a trace class operator A� the Fredholm determinant is given by the entire
function

DA
z� ��
Y
j


�� �jz� �

�X
k
�

�kz
k �

of a complex variable z � C � see ��	
� The product is with respect to all eigenvalues
of A 
counted with their algebraic multiplicity�� The coe�cients �k in the power

��



series representation of DA
z� can be computed recursively from the traces 
�����
we have �� � � and

�k	� � � �

k � �

kX
j
�

�jTr
A
k	��j� � k � � �

When applying this to our transfer operator� we see that DLr
z� does not depend
on t� Since the reciprocals of the non�zero eigenvalues �j of Lr are the zeros of
DLr
z�� the whole spectrum of Lr does not depend on t either� In principle� using
the explicit formula 
����� polynomial approximations to DLr
z� are accessible
and lead to approximations for the eigenvalues� For details� we refer to ��
�

Even though the trace formula 
���� is extremely simple and represents the
only computationally expensive part of this method� it leads to an exponential
increase of cpu�time� asymptotically 
 k�kd operations are needed to compute
the k�th degree polynomial approximation to DL�q


z�� Special care is required
in the summation processes to avoid excessive round�o� error� Tables � and �
contain computations of traces tk � Tr
Lk�q � and approximations to some leading
eigenvalues of L�q obtained as absolute values of the reciprocals of the zeros of the
k�th degree Taylor polynomial of DL�q


z� 
see ��
 and subsection ��� for the details��
respectively� Trace calculations for k � �� 
d � �� respectively k � �� 
d � �� are
very time�consuming which limits the application of the Fredholm determinant
method in higher dimensions� Except for d � �� the method fails to provide
reasonable insight into the distribution of the leading eigenvalues� This is obviously
due to ill�conditioning of multiple zeros of DL�q


z� which cannot be resolved well by
Taylor approximations� As a matter of fact� most of the 
real� multiple roots ofDL�q

split into complex roots for the respective Taylor polynomials� The calculations
were based on the Taylor polynomials of maximal degree 
k � �� for d � �� �
and k � �� for d � �� obtainable from the trace calculations in Table �� only
the leading values are shown� Compare the �rst two columns of Table � with the

exact� results documented in Tables � and ��

The a priori knowledge about the eigenvalues ��l could be used to factor�
ize DL�q


z� and to compute the k�th degree Taylor polynomial of the factored
Fredholm determinant� without computing new traces� The advantage is that ��
corresponds now to the reciprocal of the smallest zero of the new sequence of
approximating polynomials� However� only for d � �� � does this lead to a cer�
tain improvement� Rounding errors 
cancellation of true digits when manipulating
with the trace values tk respectively the Taylor coe�cients �k� seem to become an
issue� The major problem of the Fredholm determinant method� to provide very
poor approximations in the case of multiple eigenvalues 
or eigenvalue clusters��
is well documented in this real�life application to the case of ��HB � It would
be interesting to know whether more advanced methods of polynomial and ratio�
nal approximation to entire functions 
e�g�� Pade approximations� could help to
overcome this drawback�

��
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Table �� Traces tk for Lk�q �

k d � � d � � d � �
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� ������		����	��� ���������	�	���� ���	������������

� �������	�������	 ���������	�	����

� �������	���	���	 ���	������	�����

	 �������������	�� ���	������	�����
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Table �� Approximations to the leading eigenvalues �k of L�q�

The possibility of factorizing the Fredholm determinant is closely related to
the zero�order of �q
	� at the points 	 � ��� � � !�� For d � �� the zero�order
L�q � �L �m is equivalent to a factorization

�q
	� � cosL�q 
	����r
	� �

and can be used to reduce the study of L�q to the transfer operator L�r� For d � ��
such factorization tricks 
although they have been suggested in� e�g�� ��� 	
� are
usually not possible� One could just divide the zero out� But this does not lead�
in general� to a trigonometric polynomial �r if �q was a trigonometric polynomial
itself� In our context� where we start with a non�trigonometric function �q� this
is no longer an argument� Moreover� in the example of ��HB � the associated �q
respectively p contain factors of the type cos�
�	��� with integer vectors � � Zd�
We have

��



Lemma �� Let f�l � l � �� � � � � dg � Z
d be a linearly independent set of integer

vectors� Assume that ������� hold for �q� and that we can factorize p as

p
	� � � cos�
�l	

�
pl
	� � l � �� � � � � d �

for some polynomials pl
	�� Set �rl � pl
	�q
	�� Then

�L��q � max
l
������d

�L����rl � 
����

where �L��q � ��L is given by ����� The quantities �L����rl are analogously de�ned�

with �q replaced by �rl� l � �� � � � � d� in �����

For a proof of the upper bound� compare ���
� We will not give the proof
of this simple reduction lemma which is essentially based on the corresponding
one�dimensional result and uses the identity

L�qd
	� � sin�
�l	���L�rlc
	�

for d
	� � sin�
�l	���c
	�� The proof is straightforward if one has

dX
l
�

sin�
�l	

�



dX
l
�

sin�
	l
�

� z�
	� � 	 � T
d �

All examples considered in this paper satisfy this property 
for general choices of
linearly independent integer vectors �l it holds true only in a neighborhood of the
origin��

Applied to our current example� 
���� allows us to deduce the formula

�� � ����q � ����r � �
L�r� E
t� � 
����

where

�r
	� �

Qd��
l
� cos�
	l���

�
� �m
�	���
�

To see this� observe that p is the product of d � � factors of the above type�
generated by the coordinate vectors el� l � �� � � � � d and ed	� � e�� � � �� ed� Since
any subset of d such vectors is linearly independent� we can apply Lemma �	 twice
and express �� � ����q by the maximum of the quantities ����rm�n � m�n � �� � � � � d��

m � n�� corresponding to

�rm�n
	� �

Q
l �
m�n cos

�
	l���

��
� �m
�	���
�

That all these numbers equal ����r �� ����rd�d�� follows easily by permutation if
n � d� � and by a simple change of variables if n � d�

Table � shows the computations of �� � ����r based on approximation of �r by
polynomials �rN � It contains the related values ��N�� for several N obtained by

��



subspace iteration as described before� That the results are identical for d �
�� �� � seems to be due to the special structure of �r which is preserved by the
approximation procedure� More precisely� for a given dimension d� the invariant
subspace of the transfer operator L�r under consideration is naturally embedded
into the corresponding one for larger d� � d� and one can prove that the sets of
eigenvalues are monotonically increasing with d� By chance and for d � �� the
leading eigenvalue is already present for d � ��

N d � � d � � d � �

� ���������� ���������� ����������

� �����	���� ���������� ����������
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�� ��������	� ��������	� ��������	�

Table �� Approximations to �� by the approximation
method using the factorized symbol
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Table �� Approximations to �� by the Fredholm determinant
method using the factorized symbol

Alternatively� we have computed �� by the Fredholm determinant method based
on trace calculations for Lk�r � compare 
����� Table � contains the reciprocal of
the smallest zero of the approximating Taylor polynomials for di�erent k� The

��



results should be compared with the values obtained from the unfactorized symbol�
see Tables ���� We see that for d � � results of high precision � ���� can be
obtained only with the approximation method showing its superiority with respect
to stability and computational expenses in the asymptotical range�

��� More linear �nite element systems

As before� let � be the linear box spline given by the re�nement equation 
	��
with symbol 
	��� We consider other choices of the ���

First� let us discuss the in�uence of moment conditions� We say that a com�
pactly supported� integrable function � satis�es moment conditions of order M
if Z

Rd

�
x�x� dx � � � � � Z
d
	 � j�j� �M � � � 
����

In short� we will also say that a hierarchical system � satis�es moment conditions
of orderM if all functions ��� � � !�� do so� Clearly� the notion can be generalized
to domains � and more general �� E�g�� the hierarchical basis �HB de�ned by
��
x� � �
�x � ��� � � !�� satis�es no moment conditions 
M � �� while for
��HB we have M � �� A system with M � � which is intermediate to �HB and
��HB is de�ned by

��
x� � �
�x� ��� �
�x� � � � !� � 
����

Since � non�zero coe�cients determine the ��masks� we will denote it by ��HB �
From our calculations below it will be clear that ��HB satis�es the conditions of
subsection ���� We sketch the main steps in calculating the dual symbol �m
	�� In
analogy to the approach used in subsection ���� we have now

c��	� �

��
�

d� �
P

����� d
��
� � � � � �

�
� 
d� � d�	�� � d�� � � � !� �

and� thus� X
���

c��	� �
�

�

X
���


d� � d�	�� �

After turning to symbols and subsymbols� we haveX
���

ei��c�
	� �
�

�
d
�	�
�d �

X
���

e�i��� �

from which� according to the de�nition of �m given by 
���� 
���� we derive

�m
	� �
�
P

��� e
�i��

�d �
P

��� e
��i��

�

Using the identities in 
	�� and

X
���

ei�� �

dY
l
�


� � ei�l� �

��



we �nally get

�q
	� �
�
Qd

l
� cos
� �l
�

� � �
Qd	�

l
� cos 	l �
Qd

l
� cos
� 	l

� 
��	�

We detect the trigonometric polynomial

p
	� �

dY
l
�

cos�
	l
�


which is known from the MRA given by the characteristic function of the unit
cube�� We have L�q � Lp � �Lm � �� and the reduction argument of Lemma �	 is
applicable once� We formulate the result as

Theorem �
 For d � �� the system ��HB is a Riesz basis in Hs
Rd� if

������������ � s � ��� �

The exact lower bound is given by �s�� � �
� log�
����q� where ����q � ��	����������

can be computed� e�g�� from the relationship

����q � ����r � �r
	� �

Qd��
l
� cos� �l

�

� � �
Qd	�

l
� cos 	l �
Qd

l
� cos
� 	l

�

That we can again restrict ourselves to one function �r
	� follows by symmetry
arguments� The computations for obtaining the numerical value of ��r�� which use
the approximation method are documented in Table �� What concerns the identi�
cal numbers for d � �� see the comments to Table �� For d � �� some computations
with the Fredholm determinant method can be found in ���
� Note that ��HB was
mainly considered because of its simplicity� its adaption to polyhedral domains is
not that easy� see the preliminary numerical experiments in ���
� The case d � �
has already been considered before ��� ��� Section �
� Even though ��HB turns
out to be a Riesz basis in L�
R

d �� d � �� its L��condition is expected to be quite
poor�

N d � � d � � d � �

� ��	������� ��	������� ��	�������

�� ��	������� ��	������� ��	�������

�� ��	������� ��	������� ��	�������

�� ��	������� ��	������� ��	�������

�� ��	������� ��	������� ��	�������

�� ��	������� ��	������� ��	�������

Table �� Approximations to �� for #�HB�

Note that there is a whole family of edge�oriented 
M � ���point hierarchi�

cal systems ��M	��HB which satisfy moment conditions of order M � �� �� �� � � �

��



and generalize the systems ��HB and ��HB considered so far� For d � �� they
will be described in the next subsection� We did not yet investigate their higher�
dimensional counterparts in detail� The system ��HB 
M � �� has been consid�
ered by many authors 
it is closely related to the hierarchical basis preconditioner

useful in two�dimensional �nite element applications�� As is well�known 
see� e�g��
���
�� this system is a Riesz basis in Hs
Rd� only in the cases d � �� ��� � s � ����
and d � �� � � s � ����

The next case of interest is M � �� where

��
x� �
�

�
�
�x� ��� �
�x� � �
�x� ��� �

�
�
�x� ��� �

from which one derives

�m
	� �

P
��� d
�	�P

��� d
�	� cos �	
� d
t� �

� � �e�i�t

e�i�t � �e�it
�

Computations for d � � show that the smoothness of the corresponding �� decreases
to s�� � ����������� resulting in the interval ������������ � s � ��� for which

#�HB is a Riesz basis in Hs
R��� Unfortunately� s � ���� is not covered anymore

compare also subsection ��� for an analogous system based on piecewise constant
functions��

There is another goal often achieved by biorthogonal wavelet constructions� to
guarantee compact support properties for the dual MRA� i�e�� for ��� ���� How to do
this in a systematic way� is discussed� e�g�� in ��� ��
� The requirement is typical
for many applications to image processing where one needs fast decomposition
and reconstruction algorithms� Even though this is not a central issue in our
study 
information on the dual scaling function respectively re�nement equation
does not enter the resulting preconditioners as brie�y mentioned in section ��� for
comparison we wish to state some results for a speci�c one�parameter family of such
systems in R� � partial cases of which have appeared in the literature ���� �� ��� ��
�
As is easy to see� any system with

��
x� � �
�x� ���
X
��Zd

b���
x� �� � � � !� � 
����

produces a trigonometric �m
	� if all sequences 
b��� are �nite� Indeed� let us again
use the notation for the coe�cients associated with a decomposition v� � v��w��
as introduced in subsection ���� Then� by linearity of functions from V� along
edges� we have for arbitrary � � !� and � � Zd

c��	� � 
c�� � c��	����� � v�
�� ���� � 
v�
�� � v�
�� �����

� w�
�� ���� � 
w�
�� � w�
� � ������ � d�� �

Thus�

d� � v�
�� � v�
�� � w�
�� � c�� �
X
����

X

�Zd

b���
d
�



��



� c�� �
X
����

X

�Zd

b���

c�
	� �
�

�

c�
 � c�
	���� �

This gives an explicit expression for d
�	� of the form 
���� with polynomial �m��
After some simple calculations� the formula

�m
	�� � � �
X
����


ei�� � �

�

� � ei�����b�
�	� b�
	� �

X
��Zd

b��e
�i�� � 
����

can be established from 
��� which shows the polynomiality of the dual symbol�
Now we turn to the case d � � and choose the b�� in 
���� according to the

following rules� Let a� b � R such that a� b � ���� and set

b������ � b������ � a � b������� � b������ � b � � � 
�� �� �

b������ � b������ � a � b������� � b������ � b � � � 
�� �� �

b������ � b������ � a � b������ � b������ � b � � � 
�� �� �

All other b�� are set to �� We denote the resulting hierarchical system by ��HB�a

indicating that it depends on a parameter a 
b � ����a�� and that the complexity
of intergrid transfer operations is comparable with a ��point hierarchical basis

even though the ��mask when expressed in the standard form 
��� would contain
signi�cantly more non�zero coe�cients� the basis transformation from �J to #J

can be implemented with less operations�� With the above choice� the functions
�� satisfy moment conditions of order M � �� as in the case of ��HB � The dual
symbol can be computed from 
���� as

�ma
	� � � � �
�� cos
	� � 	���
a cos
	� � 	�� � b cos
	� � 	���

��
�� cos 	��
a cos 	� � b cos
	� � �	���

��
�� cos 	��
a cos 	� � b cos
�	� � 	��� �

This symbol possesses no obvious factorizations 
of the form observed in the pre�
vious examples� except for the parameter choice a � �����

�m����
	� � m
	�
�� �m
	�� �

Details of computations are left to the reader�
The special case a � ���� was proposed in ���
� in a slightly di�erent fashion�

As a by�product of our calculations below� we will see that this is the choice which
maximizes the s�interval for which ��HB�a is a Riesz basis in Hs
Rd�� Some
other prominent special cases are a � ��� 
since b � �� this is the counterpart
of the system ��HB�� a � ��� which is implicit in ��
� and a � ���� which
results from analyzing the construction in ���� ��
� Actually� in these papers
constructions for bounded polyhedral domains are considered� The general idea of
such constructions is to choose an appropriate linear operator �Pj�� � Vj � Vj��
which is local in the sense that �Pj���j�P is a linear combination of a few �j���Q
with support near P � Vj and to set

�j�P � �j�P � �Pj���j�P � P � V�j �

�	



In ��
 the use of a standard quasi�interpolant projector for the case of linear
�nite elements is advised while ���� ��
 use speci�c approximations to the L��
orthoprojector Pj��� To obtain the above value of a � ���� for the case of a
uniform ��directional partition of R� one has to set m � � and � � � in ���
�
Other values lead to more non�zero coe�cients in 
���� or to the violation of the
moment conditions�

a ��a �sa a ��a �sa
���� �����	���� ��������� ���� ���	������ ��������

���� ���������� ��������� ���� ���������� �������	

���� ���������� ����	���� ���	 ������	��� ��������

���� ���������� ������		� ���	 ���������	 �������	

���� ���	������ ��������� ���� ���������� �������	

���� �����	���� ��������� ���� ���������	 ��������

��� ���������� ��������� ���� ��	������� ��������

���� ��	�	����� �������� ���� ���������� ���������

���� ���������� �������� ���� �����	���	 ���������

���� ���������� �������� ���� �����			�� ���������

���� ���������� �������� ���	 ��������	� �����	���

��	 ����	����� �������� ���� �������	�� ������	��

Table 	� Values for ��a and �sa�
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Theorem �� For d � �� the system ��HB�a is a Riesz basis in Hs
R� � if

��sa � s � ��� �

where values of �sa for various a are given in Table � and visualized in Figure 
�

If �sa � � then ��a is well�de�ned in L�
R
� � and �s��a � �sa� The calculations show

that� within an error tolerance of � ����� that ��HB�a is a Riesz basis in L�
R
� �

if and only if

��������� � a � ��������� �

and a Riesz basis in H�
R� � if and only if

�������	� � a � ��������� �

The smoothest dual scaling function is obtained for a � ����
 �sa � �s���� �
����������� �

The calculations for Table 	 are based 
due to the �nite mask corresponding to
�ma� on Theorem ��� of ���
� and were performed by standard eigenvalue algorithms

the size of the matrices involved does not exceed ���� The approximation methods
designed for the case of non�trigonometric �q gave the same results� The Fredholm
determinant method had problems with this example� compare Table 	 of ���
 due
to eigenvalue clustering� It turned out that for a � ����� the eigenvalue of interest
has multiplicity � 
as can be expected from the above factorization in this case�
which splits into a pair of close eigenvalues 
of multiplicity � and �� respectively�
for a close to this value�

��� Other box spline examples

We conclude this paper by presenting some more examples� using other low order
box splines as the basic � in dimension d � �� �� They are partly motivated by
applications to boundary integral equations� For applications involving the single
layer potential operator� the Riesz basis property for s � ���� and d � � is
necessary� and systems with small �� and ��masks and enough vanishing moments
for the �� are desired�

We start with d � � and a family �r�M of hierarchical systems which is char�
acterized by choosing the one�dimensional B�spline of order r 
degree r � �� as
the �� The ��masks will be analogous to those used for constructing the �� in
the 
M � ���point hierarchical basis ��M	��HB and yield moment conditions of
order M for � �� ��� We will make these choices precise by �xing the symbols
corresponding to the �� and ��masks 
the resulting functions di�er from those
appearing for d � � in the special cases considered in subsections ��� and ��� only
by integer shifts and scaling factors��

mr�M
	� �� m�r�M 
	� �

	
� � e�i�

�

�r
� m	r�M 
	� � e�ia�

	
�� e�i�

�

�M
�

��



The parameter a is set to � ifM�r divides by �� otherwise it is �� As is well�known

and can be immediately derived from the material of subsection ����� we have

�mr�M
	�� �
m	r�M 
	 � ��

mr�M
	�m	r�M 
	 � ���m	r�M 
	�mr�M
	 � ��

� �r
� � e�i��M
�

� � e�i��M	r � eia�
�� e�i��M	r


��
�

cosM 
	���

cosM	r
	���� iM	r	�a sinM	r
	���

for the dual symbol� from which

�qr�M
	� �

����
���

cos�M �����

cos��M�r������	sin��M�r������
� M � r odd �

cos�M �����

�cos�M�r������	sin�M�r��������
� M � r even �


����

The case r � � and odd M is considered in ��
� ���� Section ���
 and corresponds
to the Butterworth scheme known in signal processing� See Table � in ���
 for the
regularity exponents �s��M associated with 
����� There are discrepancies with the
values shown below of order � ���� which are� in our opinion� another indication
of limitations of the Fredholm determinant method if the value of r� becomes close
to �� Since

�sr�M � �sM	r�� � r �


this is immediate from the factorization technique� compare ���� Section �
 or
Lemma �	�� the case of odd M � r is essentially covered� Some computations for
the case of even M�r are carried out in ���� Table �
� Unfortunately� some entries
of this table are incorrect due to errors in the formulae for pn�� for n � �� � there�

r nM � � � � �

� ����������� ���������� ���������� ��		������ ����������

� ����������� ���������� ��		������ ���������� ����	����	

� ���	������� �����	���	� ���������� ����	����	 ����������

� �����	���	� ����������� ����	����	 ���������� ����	�����

� ����������� ��������	�� ���������� ����	����� ����������

� ��������	�� ����������� ����	����� ���������� �����	�	��

� ����������� ����������� ����������� �����	�	�� ���	������

� ����������� ����������� ����������� ���	������ ����������

	 ����������� ����������� ���������		 ���������� �������	��

Table ��� Values for �sr�M �

Table �� gives an indication about the potential of the systems �r�M as de�
composition systems in Sobolev spaces� Note that the s�range for which the Riesz

��



basis property holds is given by ��sr�M � s � r� ���� The entries have been com�
puted for M � L � � by the approximation method using subspace iteration as
outlined before 
here� a subspace dimension of � turned out to be most e�cient��
Generally speaking� the s�interval for which the Hs�Riesz basis property holds
increases with the number of moment conditions� For �xed M � it shifts to the
right with increasing B�spline order r� For the examples of edge�oriented systems
��M	��HB with small M and r � � considered in the previous subsections� we
have observed that the regularity exponent associated with the dual MRA does
not change with d� An exception was the case M � ��

The next example shows that� in general� the qualitative behavior detected in
Table �� does not carry over to higher dimensions� This can be also seen from
the results for the system ��HB mentioned in subsection ���� We will consider
the piecewise constant MRA 
r � �� for d � � and M � �� Thus� the scaling
function � is now given by the characteristic function of the unit cube in Rd � with
the symbol

m
	� � ��d
X
���

e�i�� � ��d
dY
l
�


� � e�i�l� �

The functions �� are constructed by using the same formulas as in the linear
case 
see subsection ��� for M � �� and subsection ��� for M � �� ��� The cases
M � � 
consisting of characteristic functions of dyadic cubes� and M � � 
which
is equivalent to a two�dimensional Haar basis� are straightforward� For M � � the
Riesz basis property with respect to Hs
Rd� does not hold for any s� for M � � it
holds for ���� � s � ����

We give the necessary formulas and show some computations for M � �� ��
The above elimination procedure gives for M � �

�m
	� �

P
��� cos
�	�P

��� e
i�� cos
�	�

and

�q
	� �
�
Qd	�

l
� cos�
	l���

� � �
Qd	�

l
� cos 	l �
Qd

l
� cos
� 	l

� p
	�q
	� �

Since the polynomial p
	� �
Qd	�

l
� cos�
	l��� is the same as for the ��point hi�
erarchical basis ��HB studied in subsection ���� we can apply Lemma �	 twice�
Looking at all occurring factorized symbols �r� symmetry arguments show that

�� � ����q � max
k
���

����rk �

where

�r�
	� �
�

��
q
	�

d��Y
l
�

cos�
	l��� � �r�
	� �
�

��
q
	�

d	�Y
l
�

cos�
	l��� �

Recall that 	d	� �
Pd

l
� 	l� The calculations in the �rst two columns of Table ��
contain approximations to ����rk for d � � obtained by the approximation method

��




subspace dimension � was chosen in the simultaneous iteration� only the largest
eigenvalue is shown�� The maximum is achieved for k � �� and is smaller than for
d � �� see Table �� for r � �� M � ��

In the third column of Table ��� approximations to �� for the case M � � are
obtained� Since in this case

�m
	� �

P
��� d
�	�P

��� d
�	�e
i��

� d
t� �
� � �e�i�t

e�i�t � �e�it
�

and an explicit factorization of �q
	� � j �m
	�j� is not straightforward� we have
decided to compute approximations to �L��q for various L by the approximation
method 
to accelerate the convergence a subspace dimension of � has been tried��
As turns out� L � � is already enough since ����q � ����

N �����r��N �����r��N ����qN
� ���������� ����	�	�	� �����	����

�� ���������	 ���������� ����������

�� ���������� ���������� ����������

�� ���������� ��������	� ����������

�� ���������� ���������	 ����������

�� ���������� ��������	� ����������

�� ���������� ��������	� ����������

Table ��� Approximations to �� by the approximation method
for P��element systems 
M � �� ���

To summarize� for the MRA consisting of P� elements 
with respect to squares�
in R� � the ��M	��HB systems form Riesz bases in Hs
Rd� if

��s � s � ��� � �s �

��
�

��� � M � �
��		������� � M � �
����������� � M � �

�

We conclude with a few remarks� With the exception of the systems ��HB�a

considered in subsection ���� all our systems are edge�oriented� in the sense that
the subsymbols m�

�� associated with the wavelets ��� � � !�� are non�vanishing
only for �� � � or �� � �� In this case� explicit expressions for M��
	� and for the
dual symbol �m
	� can be computed� Without going to the details� we quote the
result which has implicitly been used before�

�m
	�� � ��d
��P���� d�
	�

m�
	��
P

���� d�
	�m�
	�
� d�
	� �

m�
�
	�

m�
�
	�

� 
����

This formula simpli�es further if all ���masks are obtained by rotation in which
case d�
	� � d
�	� for a univariate rational trigonometric function d
t�� If in
addition m�
�� � � 
i�e�� the �� satisfy moment conditions of order M � �� then

��



d
�� � �� which leads to a further simpli�cation of 
����� This observation helps
to explicitly compute certain symbols in higher dimensions�

From the de�nition 
��� of �m
	� via the determinants N
	� and D
	� it is
evident that the polynomial p
	� is determined by the ���masks only� and does
not depend on the ��mask� Thus� p
	� does not change if the same ���masks are
explored for di�erent MRA�s� In ���
� we have experimented with the analogs of
��HB and ��HB for the simplest C� box spline MRA for d � � which might be of
some interest for boundary element respectively domain decomposition codes for
the biharmonic problem� Details can be found in that paper�
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