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1 Introduction

Over the past 25 years, fast multi-scale algorithms such as wavelet-type pyramid
transforms for hierarchical data representation, multi-grid solvers for the numerical
solution of operator equations, and subdivision methods in computer-aided geo-
metric design lead to tremendous successes in data and geometry processing, and in
scientific computing in general. While linear multi-scale analysis is in a mature state
[10, 18, 26, 15, 12, 23], not so much is known in the nonlinear case. Nonlinearity
arises naturally, e.g. in data-adaptive algorithms, in image and geometry processing,
robust de-noising, or due to nonlinear constraints on the analyzed objects themselves
that need to be preserved on all scales.

For illustration, and to guide our further discussions, let us introduce three uni-
variate examples of nonlinear multi-scale transforms that have played a central role
in the development of the emerging theory.

Example 1: (W)ENO multi-scale transforms for piecewise smooth functions.
Adaption of data representations to jump discontinuities is motivated by applica-
tions to hyperbolic PDEs, and serves as simplified model for developing edge-
adaptive algorithms in image analysis. Motivated by his work on essentially non-
oscillatory (ENO) schemes for numerically solving hyperbolic conservation laws,
A. Harten [37, 38, 6] introduced ENO schemes for adaptive multi-scale data rep-
resentation. For simplicity, assume that a piecewise smooth function f ∈ L∞(IR)
is sampled at dyadic points, and represented by data vectors v j ∈ `∞(ZZ) with en-
tries v j

i = f (i2− j) corresponding to uniform grids Γ j of sampling step-size 2− j.
For smooth f , a very popular way to encode the whole sequence {v j} j≥0 is the
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use of the cubic Deslauriers-Dubuc wavelet transform (sometimes called the stan-
dard linear interpolating 4-point scheme, see [20, 21]), where v j is split into v j−1

and the j-th detail sequence d j given by d j = v j−Sv j−1, where the linear operator
S : `∞(ZZ)→ `∞(ZZ) (called prediction or subdivision operator) is given by

(Sv)2i = vi,
(Sv)2i+1 =− 1

16 vi−1 + 9
16 vi + 9

16 vi+1− 1
16 vi+2,

i ∈ ZZ. (1)

Indeed, knowing {v0,d j} j≥1 allows us to recursively reconstruct the original se-
quence {v j} j≥0. Obviously, d j

2i = 0 implies that only odd-indexed entries of d j need
to be stored, and storing v j−1 and d j as floating-point numbers is as expensive as
storing v j. Thus, the transform and its finite realizations

{v j}J
j=0 ←→ {v0,d j}J

j=1, J ≥ 1,

belong to the class of non-expansive 1−1 multi-scale transforms.
The above S has some properties that are characteristic for most of the multi-

scale transforms and are key to their analysis: S is local (i.e., data associated with a
grid point of Γ j are predicted from data associated with finitely many grid points of
Γ j−1 close to it), and r-shift invariant with dilation factor r = 2. The latter property
can be formalized by the operator identity STk = TrkS, where Tk is the shift-operator
given by (Tkv)i = vi+k, i ∈ ZZ. Another property that is central to the subject is the
polynomial reproduction and, closely related, approximation order of S. Detailed
definitions will be given later. For the above S it is well-known that it reproduces
cubic polynomials because the formula for (Sv j−1)2i+1 comes from interpolating
the four data {v j−1

s }s=i−1,...,i+2 at the corresponding sub-grid of Γ j−1 by a cubic
polynomial pi, and evaluating its value at the point (i + 1

2 )2− j+1 of Γ j central to
them. As a result, for smooth f the `p norms of the detail sequences d j decay at a
rate 2−4 j. Thus, if representation is required up to a certain accuracy only then fewer
bits are necessary to encode the detail information.

This savings effect is to some extent lost when jump discontinuities are present.
A remedy is to detect potential jump discontinuities from the data v j−1, and use a
smarter, data-dependent and thus nonlinear, prediction rule. For ENO schemes, one
chooses the ”least oscillating” among the interpolating cubic polynomials pi−1, pi,
pi+1 for assigning an appropriate value corresponding to the point (i + 1

2 )2− j+1.
The effect of this modification is illustrated in Fig. 1, the nonlinear scheme obvi-
ously suppresses the spurious oscillations associated with the Gibbs phenomenon
for linear wavelet-type transforms, and reduces the number of large detail entries d j

i
near the jump discontinuity.

Weighted essentially non-oscillatory (WENO) transforms use a convex com-
bination of the three predictions, with weights smoothly depending on the mea-
sured oscillations. Instead of interpreting the entries v j

i as values of f at dyadic
points i2− j, one could equally well interpret them as average on dyadic intervals
(i2− j,(i+1)2− j). In this case other subdivision operators S would be preferable for
symmetry reasons, and the restriction would be more naturally defined by averaging
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Fig. 1 While the linear Deslauriers-Dubuc subdivision scheme produces overshoots near a jump
(left), the nonlinear ENO scheme avoids artifacts (right) but produces a less smooth limit near the
jump. The coarse grid data points are indicated by circles.

v j−1
i = (v j

2i +v j
2i+1)/2 rather than by simple down-sampling. The convergence, limit

smoothness, and stability properties of these schemes have been systematically stud-
ied in [13] within a framework of quasi-linear, data-dependent subdivision which
will be reviewed in below. Functional limits of the sequence {v j} j≥0 are understood
in the usual way as limits of an associated sequence { f j} j≥0, where the function
f j ∈ C(IR) is typically defined as the linear spline interpolant to the data (Γ j,v j).
We note that there exist other families of nonlinear schemes of a similar flavor (e.g.,
monotonicity and convexity preserving schemes, PPH, and power-p schemes, see
e.g. [43, 46, 5, 2]).

Example 2: Median-interpolating schemes for robust de-noising. In [22], moti-
vated by applications to heavy-tail, non-Gaussian noise removal, a nonlinear multi-
scale transform with dilation factor r = 3 was introduced where point evalua-
tions and linear averaging operations are systematically replaced by median cal-
culations. More precisely, let us assume that the entries vJ

i of the fine-scale data
vector vJ represent noisy measurements of average values on triadic intervals
IJ
i = (i3−J ,(i+1)3−J) of a smooth function f . Then, [22] uses the rule

v j−1
i = med(v j

3i,v
j
3i+1,v

j
3i+2), i ∈ ZZ, j = 1, . . . ,J, (2)

to define coarse-scale representations of the measured data (the median of three
numerical values is defined in the obvious way). Detail sequences d j are formally
defined by d j = v j− Sv j−1, j = 1, . . . ,J, as before but using a new type of nonlin-
ear median-interpolating subdivision operator S. To define it, recall that the values
{v j−1

s }s=i−1,i,i+1 can be interpreted as approximate coarse-scale medians of f on the
three consecutive intervals I j−1

s , s = i−1, i, i + 1. It turns out that there is a unique
quadratic polynomial pi whose median with respect to these three intervals concides
with the given v j−1

s , s = i−1, i, i+1, i.e.,

pi(t) = At2 +Bt +C : v j−1
s = med(pi; I j−1

s ), s = i−1, i, i+1. (3)

Then, for the three subintervals of I j−1
i with respect to the next triadic grid, set

(Sv j−1)s := med(pi; I j
s ), s = 3i,3i+1,3i+2. (4)
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Note that this subdivision scheme is closely related to a linear scheme which one
obtains if one replaces the median conditions in both the interpolation step (3) and
the imputation step (4) by evaluation at the corresponding interval midpoints (for
a monotone continuous function f on an interval I, the median indeed coincides
with the value of f at the midpoint of I). The idea of studying nonlinear subdivision
processes and multi-scale transforms by relating them to close-by linear schemes,
and using perturbation arguments is very fruitful, and has been followed by various
authors [25, 65, 62, 61, 19].
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Fig. 2 The rules for the nonlinear median-interpolating subdivision scheme (left), and the linear
midpoint-interpolating scheme (right) are close but not identical.

The convergence and smoothness properties of the limits of the median-inter-
polating subdivision process have been studied in a series of papers [22, 52, 64],
for the stability of the associated multi-scale transform, see [36]. The remarkable
paper [64] solves the smoothness problem in the Hölder scale, and is based on
a detailed analysis of associated nonlinear dynamical systems. Various extensions
of the median-interpolating multi-scale transform have been proposed as well: one
can consider higher-order median-interpolation [30], other robust estimators [53] or
nonlinear interpolation conditions [51, 65].

Example 2 is an expansive multi-scale transform. Indeed, an easy calcula-
tion shows that the 3J data per unit interval to be stored for vJ are replaced by
1+3+ . . .+3J ≈ 3J+1/2 data to be stored for {v0,d j}J

j=1 resulting in an increase of
storage requirements by a factor 3/2. Expansive multi-scale transforms occur also
if linear frame representations are explored, and offer sometimes even some advan-
tages (e.g., robustness with respect to erasures in the case of frame decompositions).

Example 3: Normal multi-resolution for efficient geometry compression. While
the previous examples serve scalar data associated with the (appropriately inter-
preted) samples of a function with respect to a uniform grid (a situation which
we call functional setting), in geometry processing there is no fixed or natural
parametrization of a geometric object by a function, and finding an appropriate
parametrization is often part of the processing task. Normal multi-resolution is a
remarkable example of a nonlinear multi-scale transform that has originally been
developed for surface compression [41, 34] and image analysis [39], works directly
on vector data, and cannot be reduced to the scalar case. It serves as an example
for what we call geometric nonlinear multi-scale transforms. To reveal the main
idea, we describe the scheme for representing a closed smooth curve C embedded
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into IR2 for r = 2 following [19, 55]. The scalar-valued data vectors v j ∈ `∞(ZZ)
from the previous examples will be replaced by IR2-valued periodic sequences v j

of length 2 jn0 with n0 ≥ 3, which consist of points v j
i on C . Periodicity means that

v j
i+2 jn0

≡ v j
i for all i ∈ ZZ. The analysis step of the normal multi-resolution scheme

starts with a sufficiently dense sampling v0 of n0 ≥ 3 curve points ordered such that
the polygonal line obtained by connecting consecutive v0

i by straight line segments
is a faithful approximation to C . To construct v j from v j−1, we keep the curve points
from v j−1 by setting v j

2i = v j−1
i for all i ∈ ZZ, and insert new points v j

2i+1 ∈ C by
first predicting ”base points” v̂ j

2i+1 using any reasonable interpolating subdivision
operator S, i.e., v̂ j = Sv j−1. The point v j

2i+1 is obtained by intersecting the normal
to the edge vector e j−1

i := v j−1
i+1 −v j−1

i through the base point v̂ j
2i+1 with C . We do

not dwell on implementation aspects such as the subtle issue of which curve point
to select if there are many intersection points. What needs to be stored as entry d j

i
of the detail sequence d j is the signed distance of v j

2i+1 from the base point v̂ j
2i+1.

The reconstruction (or synthesis) step {v0,d j}J
j=1 7−→ vJ is recursively given by

v j
2i = v j−1

i , v j
2i+1 = (Sv j−1)2i+1 +d j

i n j−1
i , i = 0, . . . ,2 j−1n0,

for j = 1, . . . ,J, where
n j−1

i := ‖e j−1
i ‖−1(e j−1

i )⊥

denotes the unit normal vector to the edge vector e j−1
i . This time, the nonlinearity

is hidden in the normal computation for the detail update, and not in the subdivision
part as in the previous examples. Fig. 3 illustrates the construction.

Normal multi-resolution offers two obvious advantages. First of all, for smooth
C and appropriate S, choosing the locally geometry-adapted frame consisting of
the edge/normal vector pairs (e j−1

i ,n j−1
i ) results in much smaller detail magnitudes

than using fixed coordinate axes for all i ∈ ZZ, and, more importantly, the detail
sequences contain scalar data. Indeed, the representation of the curve by its fine-
scale sampling vJ requires 2J+1n0 reals while its multi-scale {v0,d j}J

j=1 is given by
2n0 +(1 + . . .+ 2J−1)n0 ≈ 2Jn0 reals. The savings are even more impressive when
the idea is applied to surfaces and piecewise smooth multivariate functions, and
combined with compression by thresholding detail entries d j

i , see the performance
reports in [41, 34, 39]. The papers [19, 55] give the analysis of normal multi-scale
transforms with a linear interpolating subdivision operator S for the case of smooth
curves based on perturbation arguments. The surface case still awaits its theoretical
analysis.

In general, nonlinear multi-scale transforms operate on grid functions Γ j → X ,
where X typically coincides with IRn for some n≥ 1 (or with a manifold embedded
into IRn). The grids Γ j are generated in a systematic way by a certain topology
refinement (data-adapted topology refinement is an area of future research). In the
above examples, Γ j = r− jZZ is created by uniform r-adic refinement for r = 2, resp.
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Fig. 3 Illustration of the normal multi-resolution scheme.

r = 3. In the multivariate case, much more general grid topologies and refinement
rules are possible. The values of the grid functions are collected into vectors v j with
entries indexed by the elements of Γ j. They are related to each other by down-
sampling operations using restriction operators R j,

v j−1 = R jv j, j ≥ 1, (5)

detail computations

d j = D j(v j,v j−1,S jv j−1), j ≥ 1, (6)

involving prediction or subdivision operators S j, and up-sampling operations

v j = Pj(v j−1,d j) j ≥ 1, (7)

where at least one of these components involves nonlinear maps. In our univariate
examples, we can use the fact that all Γ j are isomorphic to ZZ, and interpret the
data vectors v j as elements of `∞(ZZ→ X), where X = IR in Example 1 and 2, and
X = IR2 for Example 3. This allows us to work with operators R, S, D, and P that
act on this sequence space, and do not depend on j. For Example 1, the operator
R is given by (Rv)i = v2i, is linear, and corresponds to trivial down-sampling for
r = 2, while S is the ENO-modified nonlinear Deslauriers-Dubuc subdivision op-
erator, D(ṽ,v, v̂) := ṽ− v̂, and P(v,d) = Sv + d. For Example 3, X = IR2, R is as
above, S is the linear Deslauriers-Dubuc subdivision operator, while the nonlinear-
ity is induced through the normal map v→ n(v) that enters the detail computation,
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and up-sampling operation:

D(ṽ,v, v̂)i := (ṽ− v̂)i ·n(v)i, i ∈ ZZ,

P(v,d)2i = (Sv)2i = vi, P(v,d)2i+1 = (Sv)2i+1 +dini, i ∈ ZZ.

Finally, Example 2 is characterized by nonlinear R given by (2), and nonlinear S
given by (3-4), while D and P remain the same as in Example 1.

The theoretical investigation of the properties of a nonlinear transform

vJ ←→ {v0,d1, . . . ,dJ}, J ≥ 1, (8)

requires the study of the limit behavior for J→ ∞, and concentrates on answering
the following natural questions:

• Convergence. Given reasonable v0 and d j, j ≥ 1, do the reconstructed v j con-
verge to a reasonable limit object? This can be cast in terms of convergence of
the associated sequence of functions f j to a limit f ∞ in some function space.

• Smoothness. To judge the visual appearance of the results of reconstruction (for
instance after a compression step), or in applications to numerical discretiza-
tion schemes for elliptic boundary value problems, the guaranteed smoothness of
these limits f ∞ in the Hölder or Sobolev scale is of essential interest.

• Approximation and detail decay. If the limit object f ∞ is sufficiently smooth,
can we guarantee that the functions f j that represent the grid data v j converge to
f ∞ at a certain prescribed rate typical for this smoothness class and comparable
linear approximation processes? A related question is whether the smoothness
properties of f ∞ can be characterized in terms of the detail sequences d j, j ≥ 1,
as is well-known for many linear wavelet transforms.

• Stability. While the stability of the decomposition step

vJ −→ {v0,d1, . . . ,dJ}, J ≥ 1,

(small perturbations in the fine-grid data vJ for J large will not lead to big per-
turbations of the details d j, j ≤ J, or the coarse grid data v0) is often easy to un-
derstand (e.g., for interpolatory transforms when trivial down-sampling is used),
the stability of the multi-scale reconstruction step

{v0,d1, . . . ,dJ} −→ vJ , J ≥ 1,

is a difficult question of extreme importance for introducing compression strate-
gies based on thresholding of detail sequences in a multi-scale decomposition.

Our aim is to survey the existing case studies for nonlinear multi-scale trans-
forms and the emerging approaches to the development of a theory that tries to give
first answers to the above questions. The exposition concentrates on the univariate
case, namely multi-scale processing of data sampled from univariate functions or
from curves. It is split into presenting the basic theory of nonlinear transforms in
the functional setting in section 2 (this covers Example 1 and 2), and an exemplary
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discussion of what we call geometric subdivision schemes and multi-scale trans-
forms, for which Example 3 is prototypical, in section 3. Extensions to multivariate
schemes, schemes that process manifold- or set-valued data, and some other recent
developments will not be reviewed. This way, we hope to be able to expose the
main ideas more clearly, and still provide enough guidance for future research in
this exciting research field.

2 Nonlinear Multi-Scale Transforms: Functional Setting

2.1 Basic Notation and Further Examples

Throughout Section 2, we consider local, r-shift invariant, stationary multi-scale
transforms (8), recursively acting on data sequences from `p(ZZ) (1 ≤ p ≤ ∞) ac-
cording to a simplified version of (5), (6), (7), where

v j−1 = Rv j, d j = D(v j−Sv j−1); v j = Sv j−1 +Pd j, j ≥ 1, (9)

with bounded but generally nonlinear operators P,D,R,S : `p(ZZ)→ `p(ZZ). Abusing
a bit conventions in the nonlinear case, we call an operator T : X → Y between two
Banach space X and Y bounded if there is a constant C0 such that ‖T x‖Y ≤C0‖x‖X
for all x ∈ X , and Lipschitz continuity of such a T always means that there exists a
constant C1 such that ‖T x−T x′‖Y ≤C1‖x− y‖X for all x,y ∈ X). For consistency
in (9), the relation (Id−PD)(Id− SR) = 0 needs to hold. Here Id is the identity
operator. That the operators in (9) are independent of the scale index j ≥ 1 makes
the scheme stationary. Example 1 and 2 from Section 1 fit this definition (for them
P = D = Id).

Example 4. Second generation linear and nonlinear wavelet transforms. Here
is the construction of a 2-shift invariant univariate 1−1 multi-scale transform from
[8] based on the lifting scheme [59, 60]. Let v j be split into ”even” and ”odd” parts

(Rev j)i := v j
2i, (Rov j)i = v j

2i+1, i ∈ ZZ.

Then set
d j := Rov j−Tc,1Rev j, v j−1 := Rev j +Tc,2d j (10)

for decomposition and

Rev j = v j−1−Tc,2d j, Rov j := d j +Tc,1Rev j (11)

for reconstruction. Here,

(Tc,sv)i =
K2

∑
k=−K1

bs;k(vi−K1 , . . . ,vi+K2)vi−k, i ∈ ZZ,
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are linear or nonlinear convolution operators generated by finitely many coefficient
functions bs;k : IRK1+K2+1 → IR, k = −K1, . . . ,K2, s = 1,2. This is called ”predict
first” transform in [8], another ”update first” transform is obtained by switching the
order of execution of the sub-steps in (10), (11):

v j−1 := Rev j +Tc,2Rov j, d j := Rov j−Tc,1v j−1, (12)

Rov j := d j +Tc,1v j−1, Rev j = v j−1−Tc,2d j, (13)

Concrete examples, e.g., multi-scale transforms, where the nonlinearity is induced
by quantization, or ENO-type schemes working with variable-order interpolating
polynomials near a suspected jump discontinuity, and references can be found in
[8].

Both transforms can be rewritten in our standard form (9), e.g., for the ”predict
first” version, one would set R = (Id−Tc,2Tc,1)Re + Tc,2Ro, D = −Tc,1Re + Ro, and
define S and P by

ReS = Id, RoS = Tc,1, ReP =−Tc,2, RoP = Id−Tc,1Tc,2.

General linear bi-orthogonal wavelet transforms [18, 15] with finitely supported
masks have similar representations, with all involved operators being linear. Trans-
forms of the above type are obviously non-expansive 1− 1 transforms, i.e., do not
formally change storage requirements. Note that there is also growing interest in
expansive transforms related to tight affine frames. Lack of space prevents us from
giving further details.

Example 5. Power-p schemes. This multi-scale transform is similar to Example
1 but uses a different prediction rule. I.e., again r = 2, P = D = I, the restriction
operator is given by (Rv)i = v2i, i ∈ ZZ, and the interpolating subdivision operator S
is given by

(Sv)2i = vi, (Sv)2i+1 =
vi + vi+1

2
− 1

8
Hp(∆ 2vi−1,∆

2vi), i ∈ ZZ, (14)

where the so-called limiter Hp is defined by

Hp(x,y) =

{
x+y

2

(
1−
∣∣∣ x−y

x+y

∣∣∣p) , xy > 0,

0, xy≤ 0.
(15)

The parameter p ∈ [1,+∞) is fixed, ∆ k := (∆)k denotes the k-th order forward dif-
ference operator acting on sequence spaces, where (∆v)i = vi+1− vi, i ∈ ZZ.

Power-p schemes have been introduced in the context of generalized ENO-
methods for hyperbolic problems [58], and can be useful for compressing piecewise
smooth data and functions. Earlier, the case p = 2 appeared in [29, 43]. A straight-
forward calculation shows that if v|{i0,...,i1} is a convex (concave, linear) segment
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Fig. 4 Limits of power-2 subdivision (on the left), and a comparison with power-4 subdivision and
the cubic Deslauriers-Dubuc scheme near a jump (on the right)

of v, then (Sv)|{2i0,...,2i1} preserves this property if p ∈ [1,2]. The formula is con-
structed such that for ∆ 2vi−1 = ∆ 2vi the obtained value (Sv)2i+1 is the same as for
the linear interpolating cubic Deslauriers-Dubuc 4-point scheme discussed in Ex-
ample 1 while at intervals, where the sign of the second differences changes, the
newly inserted value is obtained by linear interpolation from its endpoint values.

Coming back to the notation for the r-shift invariant univariate case, the grids
Γ j = r− jZZ are systematically identified with ZZ, the subdivision operator S :
`p(ZZ)→ `p(ZZ) satisfies STk = TrkS, and the restriction operator R : `p(ZZ)→ `p(ZZ)
satisfies RTkr = TkR. The locality of an r-shift invariant transform is assured by as-
suming that the action of S is given by r multivariate functions φs according to

(Sv)ri+s = φs(vi−L1 , . . . ,vi+L2), s = 0, . . . ,r−1, (16)

where the integers L1,L2 are fixed and independent of i ∈ ZZ, and L = L1 +L2 +1 is
the support length of the subdivision part of the transform. Similarly,

(Rv)i = φ(vri−L3 , . . . ,vri+L4) (17)

for some function φ and fixed integers L3, L4. It is easy to see that due to locality
and r-shift invariance, boundedness (Lipschitz continuity, C1 property, ...) of S on
`p(ZZ) spaces is equivalent to the boundedness (Lipschitz continuity, C1 property,
...) of the coordinate functions φs : IRl → IR representing S, similarly for R. We will
always silently assume that S0 = R0 = 0, where 0 is the zero sequence given by
0i = 0, i ∈ ZZ.

Sometimes, especially if nonlinear schemes are considered as perturbations of
associated linear schemes, the alternative representation

(Sv)ri+s =
L1

∑
l=−L2

arl+s(vi−L1 , . . . ,vi+L2)vi−l , s = 0, . . . ,r−1,
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or, equivalently,
(Sv) j = ∑

i∈ZZ
a j−ri(v|I[ j/r])vi, j ∈ ZZ, (18)

is chosen. To shorten the notation, by v|Ii we have denoted the restriction of v to
the finite index set Ii := {i−L1, . . . , i+L2}, i ∈ ZZ. Coefficient functions with index
s 6∈ {−rL1, . . . ,r(L2 +1)−1} vanish for all arguments: as(·)≡ 0. Based on (18) we
can now formally write the action of S as an infinite matrix-vector product

Sv = Svv, (19)

where Sv is a bi-infinite, data-dependent matrix operator with entries identified from
(18):

(Sv) j,i := a j−ri(v|I[ j/r]), j, i ∈ ZZ.

Note that for a linear S, the matrix operator Sv do not depend on v (in which case
we can drop the subscript v, and identify S with its matrix representation), and is
given by the finitely supported sequence a := {al}l∈ZZ called mask of the subdivision
operator. The representation (18)-(19) was introduced in [13], and was the departure
point for a systematic theory of data-dependent, so-called quasi-linear, subdivision
schemes and multi-scale transforms which will be reviewed below. The transition
from (16) to (18) and (19) is not unique, and needs to be done carefully.

Another often used approach is to write S = S0 + T ′, where S0 is an appropri-
ate linear subdivision operator and the remaining nonlinear part T ′ is ”small” in a
certain sense, see [19, 51, 2] for this perturbation approach. E.g., the power-p subdi-
vision scheme from Example 5 naturally splits into a linear part S0 (point insertion
by linear interpolation) and nonlinear perturbation T ′ given by the limiter, and de-
pending only on the 2nd order differences ∆ 2v. For the median-interpolating scheme
of Example 2, the natural choice for S0 is the linear midpoint interpolation scheme
given by

(S0v)3i+s =


2vi−1+8vi−vi+1

9 , s = 0,
vi, s = 1,
−vi−1+8vi+2vi+1

9 , s = 2,

i ∈ ZZ,

and the resulting perturbation operator T ′ = S−S0 given by

(T ′v)3i+s = αs(∆v|{i−1,i})∆
2vi, s = 0,1,2, i ∈ ZZ,

depends in a specific way on ∆v and ∆ 2v (e.g., the functions αs are uniformly
bounded, see [52, Section 2.2] for details). To identify the representation (16) from
these formulas, set L1 = L2 = 1.

For the latter scheme, a natural choice for the representation (18), (19) is to set

a3l =


2
9 +α0(·),
8
9 −2α0(·),
− 1

9 +α0(·),
a3l+1 =

α1(·),
1−2α1(·),
α1(·),

a3l+2 =


− 1

9 +α2(·), l = 1,
8
9 −2α2(·), l = 0,
2
9 +α2(·), l =−1.
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The non-zero entries of the matrix representation of Sv are contained in the 3× 3
sub-blocks

(Sv)|{3i,3i+1,3i+2}×{i−1,i,i+1} =

a3(∆v|{i−1,i}) a0(∆v|{i−1,i}) a−3(∆v|{i−1,i})
a4(∆v|{i−1,i}) a1(∆v|{i−1,i}) a−2(∆v|{i−1,i})
a5(∆v|{i−1,i}) a2(∆v|{i−1,i}) a−1(∆v|{i−1,i})

 ,

i ∈ ZZ. In the general case, (18) results in a similar block-structured matrix operator
Sv with r× (L1 +L2 +1) sub-blocks.

Explicit representations (18), (19) have also been used in the study of (W)ENO
schemes in [13] (for WENO, see also [2, Section 4.2]). Within the framework of
Example 1, formulas for as(·) and Sv follow from

(Sv)2i+1 :=
1

∑
l=−1

c−l(∆v|{i−2,...,i+2})(Slv)2i+l (20)

where S0 is the standard 4-point scheme (1) while the formulas

(Slv)2i+1 =

{
vi−2−5vi−1+10vi+4vi+1

16 , l = 1
−vi−2+9vi−1+9vi−vi+1

16 , l =−1
i ∈ ZZ.

define the linear schemes obtained from predictions using shifted cubic interpolation
polynomials pi±1 (all schemes are considered interpolating, i.e., (Sv)2i = (Slv)2i =
vi, i ∈ ZZ, l =−1,0,1). For WENO, the coefficient functions

cl(·) :=
αl(·)

α−1(·)+α0(·)+α1(·)
, αl(·) :=

(
γl

ε +βl(·)

)2

,

depend on non-negative, smooth functions βl(·) measuring for argument ∆v|{i−2,...,i+2}
the degree of oscillation of the prediction polynomial pi+l , and ε,γl > 0 are fixed
constants, l = −1,0,1. The small parameter ε > 0 acts as regularization param-
eter, and avoids division by zero. Obviously, cl(·) ∈ (0,1) and c1(·) + c0(·) +
c1(·) = 1, i.e., the WENO subdivision operator (20) is a convex combination of
the three linear operators Sl , with coefficients smoothly depending on ∆v. The
ENO subdivision operator has the same principal structure (20) but a generally
discontinuous dependence of the coefficients cl(·) on ∆(v): For ENO, we set
cl(∆v|{i−2,...,i+2}) = 1 if pi+l is the least oscillating of the three predictor poly-
nomials, i.e., if βl(∆v|{i−2,...,i+2}) is minimal, and assign zeros to the other two
coefficients. For these so-called 6-point (W)ENO schemes, set L1 = 2, L2 = 3 in
(18).

This following subsections represent a summary of the currently available theo-
retical results for the family (9) of nonlinear multi-scale transforms and associated
subdivision processes v j = Sv j−1, j ≥ 1, which is obtained from (9) by formally
setting d j = 0 for j ≥ 1. We survey mainly results from [13, 49, 19, 64, 52, 36, 2],
where proofs and further material can be found. A few results, especially on offset
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invariant S, and extensions to Lp(IR) for 1 ≤ p < ∞, are new and elaborated on in
more detail in a forthcoming paper.

2.2 Polynomial Reproduction and Derived Subdivision Schemes

The concept of polynomial reproduction for subdivision operators is fundamental
in the study of multi-scale transforms, therefore we start the exposition with it. For
nonlinear S, there are two slightly different extensions of the familiar definition for
linear subdivision operators. The first definition follows [13], the second [64, 36].
Throughout the section, we denote by IPk the set of algebraic polynomials of degree
< k or, equivalently, of order ≤ k, and by 1 the constant sequence given by 1i := 1,
i ∈ ZZ.

Definition 1. Let the r-shift invariant subdivision operator S be represented in the
form (19). Then S has polynomial reproduction of order k≥ 1 if for each v ∈ `p(ZZ)
the associated linear subdivision operator Sv has the following property: For any
polynomial p of degree m, 0 ≤ m < k, there exists a polynomial q of degree < m
such that

Sv(p|ZZ) = (p+q)|r−1ZZ.

In particular, S reproduces constants (i.e., has polynomial reproduction of order k =
1) if

Sv(1) = 1, ∀ v ∈ `p(ZZ).

Definition 2. An r-shift invariant subdivision operator S is offset invariant for IPk,
k ≥ 1, if for each v ∈ `p(ZZ), and any polynomial p of degree m, 0 ≤ m < k, there
exists a polynomial q of degree < m such that

S(v+ p|ZZ) = Sv+(p+q)|r−1ZZ.

In particular, S is offset invariant for constants (i.e., the set IP1) if

S(v+α1) = Sv+α1, ∀ α ∈ IR, ∀ v ∈ `p(ZZ).

Note that the formulation of these definitions automatically ensures that polyno-
mial reproduction of order k implies polynomial reproduction of order m (similarly
offset invariance for IPk implies offset invariance for IPm) for all 1 ≤ m < k. For
linear S, both definitions coincide. As Example 1 and 2 demonstrate, for nonlin-
ear schemes the two conditions are different. E.g., since the (W)ENO subdivision
operator (20) is a convex combination of three linear subdivision operators, each
being exact for cubic polynomials, it possesses polynomial reproduction of order
k = 4. On the other hand, although it is obviously offset invariant for IP1 (because
the coefficient functions depend on ∆v, and not on v directly), it is not offset in-
variant for any IPk with k > 1 (this assumes that the dependence of the oscillation
indicators βl(·) on v cannot be reduced to a direct dependence on higher order dif-
ferences ∆ kv). For the median-interpolating scheme of Example 2, a close look at



14 Nira Dyn and Peter Oswald

the coefficient representations reveals that offset invariance can hold only for IP1 but
polynomial reproduction of order at least k = 2 holds. For the power-p scheme, both
definitions apply for k = 2.

As all our examples indicate, offset invariance for IPk of a nonlinear scheme is to
be expected to hold for k = 1, sometimes holds with k = 2 but no nonlinear examples
of relevance are known for larger k. However, it is the right concept for the extension
of the notion of derived subdivision operators to the nonlinear setting.

Theorem 1. Let S be a local, r-shift invariant subdivision operator. If S is offset in-
variant for IPk for some integer k≥ 1 then there exist local, r-shift invariant derived
subdivision operators S[m] : `p(ZZ)→ `p(ZZ) such that

∆
mSv = S[m]

∆
mv, ∀ v ∈ `p(ZZ) (21)

for m = 1,2, . . . ,k. Moreover, if S is written in the form (16) then its derived subdi-
vision operators S[m], m = 1, . . . ,k, inherit such a representation with the same (or
smaller) L1,L2, and with functions φ

[k]
s that are obtained from the φs by superposi-

tions involving only linear transformations. In particular, if S (and thus the functions
φs(·)) is bounded (continuous, Lipschitz continuous, C1, . . .) then so is S[k] (and the
functions φ

[k]
s ). In particular, if S is bounded then

‖S[m]w‖`p(ZZ) ≤ r−m+1/p‖w‖`p(ZZ) +C‖∆w‖`p(ZZ), (22)

and if S is Lipschitz continuous then

‖S[m]w−S[m]w′‖`p(ZZ) ≤ r−m+1/p‖w−w′‖`p(ZZ) +C‖∆(w−w′)‖`p(ZZ), (23)

m = 0,1, . . . ,k−1, with constants C independent of w,w′ ∈ `p(ZZ).

The proof extends the standard argument for linear S, see [10, 26]. For k = 1 it
was first given in [64, Theorem 2.5], see also [36, Lemma 2.1-2]. The case k > 1
was suggested in [36, Section 2.1] and can be obtained by induction from k = 1.

Definition 2 can be replaced by a recursive one: S is offset invariant for k ≥
2 if it is offset invariant for IPk−1, and the scaled version of the associated (k−
1)-st derived operator S̃[k−1] = rk−1S[k−1] is offset invariant for constants. If S has
polynomial reproduction of order k, then all linear subdivision operators Sv are offset
invariant for IPk, and thus derived subdivision operators (Sv)[m] exist for all m =
1, . . . ,k and v. Thus, Theorem 1 covers this case as well. To give a concrete example,
let us consider Example 5. We already mentioned that the power-p scheme is offset
invariant for IP2 which follows from observing that Hp((∆ 2(v + q|ZZ))i−1,(∆ 2(v +
q|ZZ))i) = Hp((∆ 2v)i−1,(∆ 2v)i) for all v, i ∈ ZZ, and q ∈ IP2. From (14) we find

(∆Sv)2i =
∆vi

2
− 1

8
Hp(∆ 2vi−1,∆

2vi), (∆Sv)2i+1 =
∆vi

2
+

1
8

Hp(∆ 2vi−1,∆
2vi),

and
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(∆ 2Sv)2i = 1
4 Hp(∆ 2vi−1,∆

2vi),
(∆ 2Sv)2i+1 = ∆ 2vi

2 −
1
8 (Hp(∆ 2vi−1,∆

2vi)+Hp(∆ 2vi,∆
2vi+1)),

i ∈ ZZ.

Thus, the derived subdivision operators S[1] and S[2] are given by

(S[1]w)2i = wi
2 −

1
8 Hp(∆wi−1,∆wi),

(S[1]w)2i+1 = wi
2 + 1

8 Hp(∆wi−1,∆wi),
(S[2]w)2i = 1

4 Hp(wi−1,wi),
(S[2]w)2i+1 = wi

2 −
1
8 (Hp(wi−1,wi)+Hp(wi,wi+1)),

i ∈ ZZ. (24)

2.3 Convergence and Smoothness

In the univariate case, Lp-convergence of the reconstruction part

v j = Sv j−1 +Pd j, j ≥ 1, (25)

of a multi-scale transform resp. the subdivision scheme

v j = Sv j−1, j ≥ 1, (26)

associated with it to a limit function, and the smoothness of the latter, can be studied
by associating with v j its linear spline interpolants f j on the grid Γ j = r− jZZ:

f j(x) = (i+1−r jx)v j
i +(r jx− i)v j

i+1), x∈ [r− ji,r− j(i+1)), i∈ ZZ. (27)

Alternatively, we can write f j = ∑i v j
i B2(r j ·−i) using linear B-splines (with B2(x)=

1−|x| for |x| ≤ 1, and B2(x) = 0 otherwise), and think of f j as the limit of a linear
subdivision process for B-splines of order 2.

Definition 3. The multi-scale reconstruction algorithm (25) is called Lp convergent
if, for any v0 ∈ `p(ZZ) and detail sequences d j ∈ `p(ZZ) satisfying

∑
j≥1

r− j/p‖d j‖`p(ZZ) < ∞, (28)

the corresponding sequence of linear interpolants f j converges in Lp(IR) to a limit
function f ∞ ∈ Lp(IR).
Similarly, if the subdivision scheme (26) associated with S is called Lp convergent
if f j→ f ∞ 6≡ 0 in Lp(IR) for any v0 6= 0.

In applications to multi-scale solvers for operator equations [15, 12] and geomet-
ric modeling [26] the smoothness characteristics and sometimes also shape proper-
ties of the limits f ∞ matter. Smoothness of functions that are limits of approximation
processes (in our case the recursively constructed sequences { f j} of linear splines)
is conveniently measured in the scale of Besov spaces (see [49] for various equiv-
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alent definitions including the standard one based on moduli of smoothness). We
give a definition for a subclass of Besov spaces using an approximation-theoretic
characterization which is convenient for our setup. Let 1≤ p≤ ∞, k = 1,2, . . ., and
0 < s < k−1+1/p. A function f ∈ Lp(IR) belongs to the Besov space Bs

p(IR) if and
only if there exists at least one Lp convergent series representation

f =
∞

∑
j=0

h j,

where the functions h j are splines of order k with knots at the grid points Γ j = r− jZZ,
satisfying the constraint

∞

∑
j=0

rsp j‖h j‖p
Lp(IR) < ∞,

if 1≤ p < ∞, and
sup
j≥0

rs j‖h j‖L∞(IR) < ∞,

if p = ∞. Moreover, we can define a norm in Bs
p(IR) by setting

‖ f‖Bs
p(IR) :=

{
inf
(

∑
∞
j=0 rsp j‖h j‖p

Lp(IR)

)1/p
, 1≤ p < ∞,

inf sup j≥0 rs j‖h j‖L∞(IR), p = ∞,
(29)

where the infimum is taken with respect to all such representations. For given s,
the choice of k is secondary: Norms for different k are equivalent (for this reason,
we did not show the dependence of the Besov space norm on k). Proofs based on
Jackson-Bernstein inequalities for splines and references can be found in [11, 50,
15]. Note that for the two important subcases p = ∞ and p = 2, the scale Bs

p(IR),
s > 0, coincides with the scale of Hölder-Zygmund classes C s resp. Sobolev spaces
Hs(IR) = W s

2 (IR).
We are now ready to discuss the smoothness of the algorithms (25) and (26)

Definition 4. The subdivision scheme (26) associated with S possesses Lp smooth-
ness s > 0 if it is Lp convergent, with limit functions satisfying

f ∞ ∈ Bs−
p (IR) :=

⋃
0<t<s

Bt
p(IR), ∀v0 ∈ `p(ZZ).

The maximal such s > 0 is called the Lp smoothness exponent of S, and denoted by
sp(S).

The following theorem is proved in [13, 49] for S of the form (19).

Theorem 2. Let S be a local, r-shift invariant, bounded subdivision operator in
`p(ZZ), represented by (19) via a family of linear subdivision operators {Sv, v ∈
`p(ZZ)} which are uniformly bounded,

‖Svw‖`p(ZZ) ≤C‖w‖`p(ZZ), ∀w,v ∈ `p(ZZ),
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and have polynomial reproduction order k for some integer k ≥ 1. Let P be a
bounded operator on `p(ZZ).
i) If

ρp,k({Sv}) := limsup
j→∞

sup
v0∈`p(ZZ)

‖(Sv j−1)[k] . . .(Sv1)[k](Sv0)[k]‖1/ j
`p(ZZ)→`p(ZZ) < r1/p, (30)

then S is Lp convergent. In this case, a lower bound for the Lp smoothness exponent
of S is given by

sp(S)≥min(k,− logr(r
−1/p

ρp,k({Sv}))) > 0. (31)

ii) If

ρ̃p,k({Sv}) := limsup
j→∞

sup
wl∈`p(ZZ), l=0,..., j−1

‖(Sw j−1)[k] . . .(Sw1)[k](Sw0)[k]‖1/ j
`p(ZZ)→`p(ZZ),

(32)
satisfies ρ̃p,k({Sv}) < r1/p, then the multi-scale reconstruction algorithm (25) is Lp
convergent.
Moreover, if for some s satisfying

0 < s < min(k,− logr(r
−1/p

ρp,k({Sv})))

the norm

‖{v0,d j} j≥1‖p,s;r :=


(
‖v0‖p

`p(ZZ) +∑ j≥1 r j(sp−1)‖d j‖p
`p(ZZ)

)1/p
, 1≤ p < ∞,

sup{‖v0‖`p(ZZ),r j(s−1/p)‖d j‖`p(ZZ)} j≥1, p = ∞.

is finite, then the limit function f of the multi-scale reconstruction (25) belongs to
Bs

p(IR), and
‖ f‖Bs

p(IR) ≤C‖{v0,d j} j≥1‖p,s,r. (33)

The counterpart of this theorem for S that are offset invariant for IPk and thus
possess derived subdivision operators S[l], l = 1, . . . ,k, is formulated in the next
theorem. In this generality it is new, although partial cases have appeared before,
see, e.g., [2] for p = ∞.

Theorem 3. Let S be a local, r-shift invariant, bounded subdivision operator oper-
ator on `p(ZZ). Assume that S is offset invariant for IPk for some integer k ≥ 1.
i) If

ρp,k(S) = ρp(S[k]) := limsup
j→∞

‖(S[k]) j‖1/ j
`p(ZZ)→`p(ZZ) < r1/p (34)

then S is Lp convergent, and

sp(S)≥min(k,− logr(r
−1/p

ρp,k(S))) > 0. (35)
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ii) If, in addition, S is Lipschitz continuous, and P is bounded, then (34) also implies
the Lp convergence of the multi-scale reconstruction (25). Moreover, if for some s
satisfying 0 < s < min(k,− logr(r

−1/pρp,k(S))) we have

‖{v0,d j} j≥1‖p,s;r < ∞,

then the limit function f belongs to Bs
p(IR) and (33) holds.

A couple of comments on the introduced spectral radii, and the range of applica-
bility of the two theorems are in order. First of all, instead of limsup one can write
lim in all three cases. Also, by definition ρ̃p,k({Sv})≥ ρp,k({Sv}). Secondly, by the
definition of derived subdivision operators, both ρp,k({Sv}) and ρp,k(S) = ρp(S[k])
are tied to geometric decay estimates for the norms of the sequences ∆ kv j, where
v j = Sv j−1 = S jv0. E.g., by repeatedly applying

∆
kv j = ∆

kSv j−1v j−1 = (Sv j−1)[k]∆ kv j−1,

for the subdivision algorithm (26), we have

‖∆ kv j‖`p(ZZ) ≤ ‖(Sv j−1)[k] . . .(Sv1)[k](Sv0)[k]‖`p(ZZ)→`p(ZZ)‖∆ kv0‖`p(ZZ)

≤ Cρ
j‖∆ kv0‖`p(ZZ)

for j ≥ 1, whenever ρ > ρp,k({Sv}). The constant C only depends on k and the
chosen ρ .

The same argument goes through for ρp,k(S). However, in this case the infimum
of the set of all ρ for which such a geometric decay holds equals ρp,k(S). To see
this, observe that ∆ kv j = (S[k]) j∆ kv0 for all v0, and thus

‖(S[k]) j‖`p(ZZ)→`p(ZZ) = ρp,k; j(S) := sup
‖∆ kv‖`p(ZZ)=1

‖∆ kS jv‖`p(ZZ), (36)

and

ρp,k(S) = limsup
j→∞

ρp,k; j(S)1/ j = inf{ρ : ‖∆ kS jv‖`p(ZZ) ≤Cρ ρ
j‖∆ kv‖`p(ZZ)}. (37)

By definition of derived subdivision operators of S and the linear operators {Sv}
we have (Sv)[k]∆ kv = ∆ kSvv = ∆ kSv = S[k]∆ kv, consequently always

ρ̃p,k({Sv})≥ ρp,k({Sv})≥ ρp,k(S), (38)

if the conditions for the existence of these spectral radii are met. (38) holds for all
admissible choices of the family of linear subdivision operators {Sv} representing
S. Since in practice offset invariance for IPk holds often with k ≤ 2 only, part a)
of Theorem 2 offers sometimes greater flexibility because it may even apply for
larger k. A concrete example is given by the dyadic median-interpolating subdi-
vision scheme [52] for which offset invariance for IPk holds for k = 1 only, and
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ρp,1(S) = 1/2, while {Sv} in the representation (19) have polynomial reproduction
of order k = 2 and ρp,2({Sv}) < 1/2. The dyadic median-interpolating subdivision
scheme also provides an instance when the first inequality in (38) is strict, see [52].
A comparison of ρ̃p,k({Sv}) and ρp,k(S) is more subtle since S does not define {Sv}
uniquely. An example of an operator S showing that ρ̃p,k({Sv}) > ρp,k(S) for any
admissible choice of the family {Sv} is, to the best of our knowledge, not known.
The additional assumption of Lipschitz stability for part b) of Theorem 2 represents
a mild restriction since most schemes satisfy it (the exception is the ENO scheme).
Moreover, Lipschitz stability of S is necessary for the stability of subdivision and
multi-scale reconstruction algorithms associated with S, a desirable property which
is discussed in the next subsection.

Another useful property of the spectral radii is that

ρp,m(S)≤max(r−m+1/p,ρp,k(S)), m = 1, . . . ,k−1, (39)

and similar inequalities hold for ρp,m({Sv}) and ρ̃p,m({Sv}). For the proof it is
enough to consider m = k− 1, the rest follows by recursion. Set ρ̂ = r−k+1+1/p,
and w = (S[k−1])n−1v in (22). Then

‖(S[k−1])nv‖`p(ZZ) ≤ ρ̂‖(S[k−1])n−1v‖`p(ZZ) +C‖∆(S[k−1])n−1v‖`p(ZZ)

= ρ̂‖(S[k−1])n−1v‖`p(ZZ) +C‖(S[k])n−1
∆v‖`p(ZZ)

≤ ρ̂‖(S[k−1])n−1v‖`p(ZZ) +Cρ
n‖v‖`p(ZZ),

where ρ = ρp,k(S))+ ε is fixed with arbitrary ε > 0. By recursion,

‖(S[k−1])nv‖`p(ZZ) ≤C‖v‖`p(ZZ)

n

∑
i=0

ρ̂
n−i

ρ
i ≤Cn(max(ρ̂,ρ))n‖v‖`p(ZZ).

This shows that ρp,k−1(S)≤max(ρ̂,ρ), and (39) follows if ε → 0.
In applications, to get upper bounds for the above spectral radii, estimates for

the quantities ρp,k; j(S) defined in (36) are used for small values of j. Unfortunately,
as experimental evidence shows, the convergence of ρp,k; j(S)1/ j towards ρp,k(S) is
generally very slow. Alternatively, due to the locality of the subdivision operators
involved, ρp,k(S) can also be characterized as the `p-joint spectral radius of a certain
family of nonlinear maps acting on a certain IRM , where M depends on the dilation
factor r and the support length L of S. For linear subdivision operators S, there is an
extensive literature on this subject, especially for the cases p = 2 and p = ∞. In the
nonlinear case there is much room for further research.

As an illustration, let us consider the power p-scheme (Example 5). As was men-
tioned in subsection 2.1, the associated subdivision operator is offset invariant for
IPk, k = 1,2, with explicit formulas for S[k] given in (24). The limiter Hp(x,y) from
(15) vanishes whenever xy≤ 0 and otherwise satisfies

0 < α(x,y) :=
2Hp(x,y)

x+ y
≤ 1, xy > 0.
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Thus, setting α(x,y) = 0 for xy ≤ 0, and denoting αi := α(wi−1,wi), we easily get
from (24) that

(S[2]w)2i =
αi

8
(wi−1 +wi),

(S[2]w)2i+1 =
1

16
((8−αi−αi+1)wi−αiwi−1−αi+1wi+1).

Taking absolute values, we immediately get

|(S[2]w)2i| ≤
1
4

max{|wi−1|, |wi|), |(S[2]w)2i+1| ≤
1
2

max{|wi−1|, |wi|, |wi+1|},

which, according to (36) for j = 1, gives

ρ∞,2(S)≤ ‖S[2]‖`∞(ZZ)→`∞(ZZ) ≤
1
2

< 1.

Thus, this crude estimate implies uniform convergence, and gives s∞(S)≥ 1 for any
power-p subdivision scheme. In this particular case, this estimate for the Hölder
exponent is sharp: For the initial sequence v0 = (. . . ,0,1,0,1, . . .), the limit f ∞ is
the linear spline interpolant to these data on ZZ, and does not belong to C1(IR), and
thus to any Bs

∞(IR) with s > 1. The final result for the Hölder exponent of these
schemes is s∞(S) = 1 which is known for a long time (for p = 2, see [29], for other
p, see, e.g., [2]). We conjecture that

sq(S) =− log2(ρq,2(S))+
1
q

= 1+
1
q
, 1≤ q < ∞, (40)

holds for all power-p schemes but have verified this only in partial situations such
as for the convexity-preserving case p≤ 2, where

‖S[2]w‖`q(ZZ)→`q(ZZ) =
1
2
, 1≤ q≤ ∞,

can be deduced from the already established result for q = ∞ and from the case q = 1
by complex interpolation (the upper bound sq(S) ≤ 1 + 1/q follows from the same
linear spline example as used for q = ∞).

However, in most examples of nonlinear S, the trivial upper estimates

ρq,k({Sv})≤ sup
v
‖(Sv)[k]‖`q(ZZ)→`q(ZZ)

resp.
ρq,k(S)≤ ‖S[k]‖`q(ZZ)→`q(ZZ)

for the spectral radii are just too weak (in this regard, the power-p schemes represent
an exception), and one needs to resort to (36) for j > 1 to obtain more rigorous
bounds.
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The computation of exact values for these spectral radii and for the smoothness
exponents sq(S) becomes a subtle issue. In this respect the nonlinear case is much
harder than the case of linear subdivision operators S, where it can be reduced to the
q-joint spectral radius problem for finite families of matrices, or in the special case
of L2-smoothness exponents to a finite dimensional eigenvalue problem, see, e.g.,
[40, 68]. Finding the smoothness exponents of nonlinear schemes usually means to
enter a detailed study of the nonlinear dynamics hidden in the subdivision scheme.

The only nontrivial case, where such an investigation has led to success is the
paper [64] by Xie and Yu, where

s∞(S) = 1

has been established for the triadic median-interpolating S (Example 2). The same
authors [64, 63] have also propagated a conjecture on smoothness equivalence: For
many nonlinear S, the smoothness exponent sq(S) coincides with the smoothness
exponent of a near-by linear S0. Currently this conjecture is established only in
a few cases, in particular for manifold-valued subdivision schemes [65]. For the
power-p subdivision operator S, the appropriate S0 is equivalent to linear B-spline
subdivision, and obtained if the limiter term Hp(·) is dropped from the definition.
For median-interpolating schemes, S0 is given by systematically replacing all con-
ditions of median interpolation by interpolation conditions at the interval midpoints,
more examples can be found in [65].

2.4 Stability

Stability of multi-scale transforms, i.e., the robustness with respect to small per-
turbations, is not a major issue for linear schemes since convergence of a linear
subdivision scheme implies stability. However, for nonlinear schemes it is by no
means obvious, and deserves consideration. In this paragraph, we consider only the
case of Lipschitz stability in Lp(IR). We will again deal with the simplified version
(9) of a nonlinear multi-scale transform, and its parts: The reconstruction part (25),
the associated subdivision scheme (26), and the decomposition part

v j−1 = Rv j, d j = D(v j−Sv j−1), j = J,J−1, . . . ,1. (41)

Definition 5. The decomposition algorithm (41) is called Lp stable if there is a con-
stant CD such that

max{‖v0− ṽ0‖`p(ZZ),r
− j/p‖d j− d̃ j‖`p(ZZ)} j=1,...,J ≤CDr−J/p‖vJ− ṽJ‖`p(ZZ)

holds for all vJ , ṽJ ∈ `p(ZZ), and J ≥ 1.
The reconstruction algorithm (25) is called Lp stable if there is a constant CU such
that



22 Nira Dyn and Peter Oswald

r−J/p‖vJ− ṽJ‖`p(ZZ) ≤CU (‖v0− ṽ0‖`p(ZZ) +
J

∑
j=1

r− j/p‖d j− d̃ j‖`p(ZZ))

holds for all v0, ṽ0 ∈ `p(ZZ), and J ≥ 1.
The subdivision algorithm (26) is called Lp stable if there is a constant CS such that

r−J/p‖vJ− ṽJ‖`p(ZZ) ≤CS‖v0− ṽ0‖`p(ZZ)

holds for all v0, ṽ0 ∈ `p(ZZ), and J ≥ 1.
For all these definitions it is assumed that the associations

vJ ←→ {v0,d1, . . . ,dJ}
ṽJ ←→ {ṽ0, d̃1, . . . , d̃J}

are given by the corresponding recursions in (9), where in the subdivision case detail
sequences are set to 0.

Defining Lp stability in this form is valuable for realistic algorithms, e.g., for com-
pression based on detail thresholding. The inclusion of the fore-factors r− j/p is
dictated by the interpretation of the sequences v j as representations of an Lp limit
function on the grids Γ j. Indeed, assuming Lp convergence of the reconstruction
algorithm studied in the previous subsection, the stability of (25) implies

‖ f ∞− f̃ ∞‖Lp(ZZ) ≤CU (‖v0− ṽ0‖`p(ZZ) +
∞

∑
j=1

r− j/p‖d j− d̃ j‖`p(ZZ))

for the Lp limits of the associated sequences { f j} j≥0 and { f̃ j} j≥0. Finally, we note
that Lp stability of the decomposition part in a stronger form (e.g., symmetric with
the stability condition for (25)) is probably too much to ask for.

We will briefly deal with the decomposition part, where Lp stability can often be
determined easily. If R is linear then the condition

‖Rn‖`p(ZZ)→`p(ZZ) ≤Cr−n/p, n≥ 1, (42)

together with the Lipschitz continuity of D and S, is a necessary and sufficient con-
dition for the Lp stability of (41). For the nonlinear case the corresponding sufficient
condition on R reads

‖Rnv−Rnṽ‖`p(ZZ) ≤Cr−n/p‖v− ṽ‖`p(ZZ), n≥ 1,

uniformly in v, ṽ, and n≥ 1. Indeed, by rephrasing this inequality we get

r− j/p‖v j− ṽ j‖`p(ZZ) = r− j/p‖RJ− jvJ−RJ− j ṽJ‖`p(ZZ) ≤Cr−J/p‖vJ− ṽJ‖`p(ZZ).

The Lipschitz continuity of D and S yields the stability inequalities for d j, j =
1, . . . ,J, as well.
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With these definitions, trivial down-sampling given by (Rv)i = vri which is typi-
cal for interpolatory multi-scale transforms leads to Lp stability in (41) only if p = ∞,
which is logical since point evaluations on Lp functions are not well-defined. On the
other hand, if R is a linear averaging restriction operator given by

(Rv)i = ∑
l∈ZZ

blvri+l ,

where the sequence {bl} is finitely supported, non-negative, and satisfying

∑
i∈ZZ

bri+s = r−1, s = 0, . . . ,r−1,

then (41) is Lp stable for all 1≤ p≤∞. Indeed, since (Rv)i is a convex combination
of entries of v, we get

‖Rv‖p
`p(ZZ) ≤ ∑

i∈ZZ
|∑

l∈ZZ
blvri+l |p ≤ ∑

l∈ZZ
bl ∑

i∈ZZ
|vri+l |p

=
r−1

∑
s=0

(∑
i∈ZZ

bri+s)(∑
i∈ZZ
|vri+s|p) = r−1‖v‖p

`p(ZZ),

and (42) holds with C = 1.
The only example of a decomposition algorithm (41) with a nonlinear R comes

from Example 2 (median-interpolating schemes), where r = 3, and R is defined via
(2). The obvious inequality

|med(a,b,c)−med(a′,b′,c′)| ≤max(|a−a′|, |b−b′|, |c− c′|)

implies L∞ stability of this R. The example of the two sequences

vJ
i =

{
0, i < (3J−1)/2
1, i≥ (3J−1)/2,

ṽJ
i =

{
0, i≤ (3J−1)/2
1, i > (3J−1)/2,

i ∈ ZZ,

shows that ‖v j− ṽ j‖`p(ZZ) = 1 for all j = 0, . . . ,J and 1 ≤ p ≤ ∞. Thus, Lp stability
cannot hold if 1≤ p < ∞.

General results on the Lp stability of the multi-scale reconstruction (25) and of
subdivision schemes (26) for S with the representation (19) are developed in [13, 49]
for 1 ≤ p ≤ ∞, and more recently for S which is offset invariant and for p = ∞ in
[36] and [2]. We start with formulating the main result of [13, 49] for our definition
of Lp stability (note that these papers deal with the limit case J→ ∞, and consider
both the Lp and Besov space settings).

Theorem 4. In addition to the assumptions of Theorem 2, assume that the family
{Sv} is Lipschitz continuous as function of v ∈ `p(ZZ):

‖Sv−Sw‖`p(ZZ)→`p(ZZ) ≤C‖v−w‖`p(ZZ) ∀w,v ∈ `p(ZZ). (43)

If ρ̃p,k({Sv}) < 1 then (25) is Lp stable.
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Whether Lp stability holds under the weaker and more natural condition ρ̃p,k({Sv})<

r1/p is an open question. In [13], Lp stability of point-interpolation and cell-average
based WENO subdivision (Example 1) is established using Theorem 4.

However, the condition (43) limits the applicability of Theorem 4, as the natural
assumption of Lipschitz continuity of the original S does not automatically carry
over to the family {Sv}. Indeed, (43) fails to hold for many concrete multi-scale
transforms. Examples 2 and 5 fall into this category. A stability criterion which
circumvents this difficulty and is directly based on S has recently been formulated
in [36, 2] for p = ∞, and has its roots in earlier case studies for some convexity-
preserving schemes such as the power-2 subdivision from Example 5, [45, 5]. We
formulate the result from [36], and extend it to the whole range 1 ≤ p ≤ ∞. For
simplicity, we first state it for k = 1.

Theorem 5. Let S be an r-shift invariant, local, offset invariant for IP1, and Lipschitz
continuous subdivision operator, and let P be bounded and Lipschitz continuous.
Then the existence of a ρ , 0 < ρ < 1, and an integer n≥ 1 such that for any two sets
{v0,d j}, {ṽ0, d̃ j} of multi-scale data we have the inequality

r−n/p‖∆(vn− ṽn)‖`p(ZZ) ≤ ρ‖∆(v0− ṽ0)‖`p(ZZ) +C
n

∑
l=1

r−l/p‖dl− d̃l‖`p(ZZ), (44)

implies the Lp stability of the multi-scale reconstruction (25).
If (44) holds in the special case when v0, ṽ0 ∈ `p(ZZ) are arbitrary but d j = d̃ j = 0,
j = 1, . . . ,n, then at least the subdivision scheme (26) is Lp stable.

The statement of this theorem carries over to k > 1 if an estimate of the form

‖Sv−Sw‖`p(ZZ) ≤ r1/p‖v−w‖`p(ZZ) +C‖∆ k(v−w)‖`p(ZZ) (45)

can be established, and if (44) holds with ∆ replaced by ∆ k, see [36]. Moreover, in
[36] condition (44) is replaced by a spectral radius estimate on the derivatives of the
derived subdivision operators. In the next theorem we formulate this result under
the simplifying condition, that all functions φs in the definition (16) of S possess
uniformly bounded, continuous partial derivatives, and refer to [36] for the exact
conditions of piecewise continuous differentiability under which the statement can
be proved. Denote by DvS[k] the Frechet derivative of S[k] at v ∈ `p(ZZ). Due to our
simplifying assumption, the linear operator family DvS[k] : `p(ZZ)→ `p(ZZ) depends
continuously on v. Now define the spectral radii ρstab

p,k (S)= ρstab
p (S[k]) and ρ̃stab

p,k (S)=
ρ̃stab

p (S[k]) as follows:

ρ
stab
p (S[k]) := limsup

j→∞

sup
w∈`p(ZZ)

‖DS[k]
(S[k]) j−1w

DS[k]
(S[k]) j−2w

· · ·DS[k]
w ‖1/ j

`p(ZZ)→`p(ZZ), (46)

and

ρ̃
stab
p (S[k]) := limsup

j→∞

sup
w0,w1,...,w j−1∈`p(ZZ)

‖DS[k]
w j−1DS[k]

w j−2 · · ·DS[k]
w0‖

1/ j
`p(ZZ)→`p(ZZ). (47)
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Note that in (47) the supremum is taken with respect to an arbitrary collection of wl ,
l = 0, . . . , j−1, while in (46) it is taken with respect to a single w. Set wl = (S[k])lw,
l = 0, . . . , j−1, to see that

ρ
stab
p,k (S)≤ ρ̃

stab
p,k (S).

As demonstrated in [36] for the dyadic median interpolating scheme, this inequality
can be strict. On the other hand, in [33, Lemma 4.2] it was observed that

lim
n→∞

ρ̃
stab
p ((S[k])n)1/n = ρ̃

stab
p,k (S),

a property that is used there for establishing approximation results.

Theorem 6. Let S be an r-shift invariant, local, Lipschitz continuous subdivision
operator, and let P be bounded and Lipschitz continuous. In addition, assume that
S is offset invariant for IPk, and that (45) holds.
i) The multi-scale reconstruction (25) is Lp stable if ρ̃stab

p,k (S) < r1/p, and Lp stability
fails to hold when ρ̃stab

p,k (S) > r1/p.
ii) The subdivision algorithm (26) is Lp stable if ρstab

p,k (S) < r1/p while in the case
ρstab

p,k (S) > r1/p it is not.

For the proof and the generalization to certain classes of piecewise-differentiable
S, we refer to [36, Section 2.3] in the case p = ∞. The extension to 1 ≤ p < ∞ is
straightforward. The L∞ stability of median-interpolating and power-p multi-scale
transforms and subdivision schemes is partially resolved in [36] using Theorem 6.
For the power-2 scheme (also called PPH scheme) see [45, 5]. In particular, (25) is
L∞ stable for the power-p case if 1≤ p < 8

3 , and fails to be L∞ stable if p > 4. For the
stability analysis of certain monotonicity- and convexity-preserving interpolating
subdivision schemes introduced in [44, 46], see [35]. More examples of univariate
nonlinear multi-scale transforms, e.g., a triadic version of the power-p scheme or a
non-interpolatory PPH scheme with smooth limit functions, can be found in [14, 3].

2.5 Approximation Order and Detail Decay

In this section, we study the Lp convergence of nonlinear multi-scale transforms
from a different angle. In contrast to section 2.3, where given multi-scale data
{v0,d j} j≥1 issues such as Lp convergence and Besov regularity of limit functions
were our main concern, we now infer properties of {v0,d j} j≥1 from properties of
f . In more practical terms, let us interpret the decomposition part (41) of the multi-
scale transform as a process of taking sampling values of a smooth function f with
respect to Γ j, and collecting them into the ”sampling” vectors v j. This is, we as-
sume v j = R j f for a certain sequence of sampling operators R j : Lp(IR)→ `p(ZZ)
which also implicitly define R via R j−1 = RR j, j ≥ 1. E.g., for p = ∞ and f ∈C(IR)
sampling by function evaluation at Γ j given by v j

i := f (r− ji), i ∈ ZZ, j ≥ 0, is of-
ten used, and compatible with trivial down-sampling R given by (Rv j)i = v j

ri. For
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sampling Lp functions (1≤ p≤ ∞), often

v j
i = (R j f )i :=

∫
IR

f (t)r j
φ̃(r jt− i)dt =

∫
IR

f (r− j(x+ i))φ̃(x)dx, i∈ ZZ, j≥ 0,

where φ̃(t) ∈ Lp/(p−1),loc(IR) has compact support and satisfies
∫

IR φ̃(x)dx = 1. If
we insist on compatibility with (41) with a local R then φ̃ needs to be refinable,

φ̃(x) = r ∑
l∈ZZ

bl φ̃(rx− l), (48)

with finitely supported coefficient sequence {bl}. The restriction operator R has then
the form discussed in the beginning of section 2.4. E.g., taking B-splines of order
m as φ̃ is a common choice, if m = 1 then the sampling is equivalent with taking
averages on dyadic intervals. Note that trivial down-sampling formally results if
φ̃ = δ0 is the delta-function which satisfies (48) with the coefficients b0 = 1, bi = 0,
i 6= 0. In the statement below we will silently include locally supported refinable
Radon measures for the generation of sampling operators if p = ∞.

All sampling procedures discussed in the literature are linear. The question of
how to deal with multi-scale transforms with nonlinear R is open. E.g., no natural
sampling compatible with the R defined in Example 2 comes to mind. Median sam-
pling on dyadic intervals as R j is not suitable since R j−1 = RR j is violated, as simple
examples show. In the remainder of this subsection, we therefore discuss only linear
R j. We also assume that the sequence f j of linear splines associated with v j = R j f
converges to f for any f ∈ Lp(IR). For the above discussed R j this assumption is
easy to check.

We will discuss the following two questions on the multi-scale transform (9).
The first question is to give sharp estimates for the resulting sequence {v0,d j} j≥1
in terms of the smoothness class f belongs to. These are usually called direct or
Jackson-type estimates, for f from Besov-Hölder classes this amounts to proving
inequalities opposite to (33). Implicitly, this means to characterize the decay of the
detail sequences d j. The second, related question is the approximation order of the
multi-scale transform which addresses the simpler question of how to relate the
sampling information v j = R j f directly to f , applying only the subdivision scheme,
without having access to the detail sequences dl with l > j. Roughly speaking, we
speak of approximation order s if any f of smoothness s can be reconstructed using
S within error O(hs) from its samples with respect to a grid of step-size h.

Definition 6. We say that the multi-scale transform (9) has Lp approximation order
s > 0 if for any f ∈ Bs

p(IR) and any j ≥ 0, the reconstruction f ∞
j ∈ Lp(IR) from

the sampling sequence v j exists, i.e., the linear spline interpolants for the sequence
v j,Sv j,S2v j, . . . with respect to the Γ j,Γ j+1,Γ j+2, . . . converge to f ∞

j in Lp(IR), and
that f ∞

j → f in Lp(IR) at rate s:

‖ f − f ∞
j ‖Lp(IR) = O(r− js), j→ ∞. (49)
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Checking approximation order is closely related to direct estimates via Lp sta-
bility of the multi-scale reconstruction (25). To this end, it is enough to real-
ize that f ∞

j is the Lp limit of the reconstruction (25) with the ”perturbed” data
{v0,d1, . . . ,d j,0,0, . . .}. Suppose a direct estimate of the form

‖{v0,d j} j≥1‖p,s;r ≤C‖ f‖Bs
p(IR), ∀ f ∈ Bs

p(IR), (50)

has been established. Then f ∞
j ∈ Lp(IR) is well-defined, and using Lp stability we

have

‖ f − f ∞
j ‖Lp(IR) ≤ C ∑

l> j
r−l/p‖dl‖`p(ZZ)

≤ Cr− js

(
∑
l> j

r(sp−1)l‖dl‖p
`p(ZZ)

)1/p

≤Cr− js‖ f‖Bs
p(IR).

In [33], this reduction is observed for p = ∞. There it is also shown that, under
some minor additional conditions, even stability of the subdivision scheme (26)
is sufficient to prove the reduction. The papers [17, 66] address related issues for
manifold-valued subdivision. Note that the question of approximation order could
also be discussed without reference to the full multi-scale transform (9), just as a
property of sampling operators {R j}, j ≥ 0, on the one hand, and the subdivision
operator S, on the other. Such an approach could be of interest, when a subdivision
scheme is used for reconstruction, and multi-scale decomposition and detail decay
are not important.

Thus, for the rest of this subsection we concentrate on direct estimates. Although
this is a well-studied subject in the linear case [10, 15], very little is known for
nonlinear multi-scale transforms (in particular, no results are known if R is also
nonlinear). Some results in this direction can be found in [49, Section 2.1]. The
following statement covers most them.

Theorem 7. Let the sampling operators R j be given as explained above, where φ̃ ∈
Lp/(p−1),loc(IR) is refinable (48). If the operator SR is bounded and offset exact for
IPk, i.e.,

SR(v+q|ZZ) = SRv+q|ZZ, ∀ q ∈ IPk, ∀ v ∈ `p(ZZ),

and
‖d‖`p(ZZ) ≤C‖Pd‖`p(ZZ), ∀ v ∈ `p(ZZ),

then the multi-scale transform satisfies the Jackson-type estimate (50) for all 0 <
s < k.

Note that the result would extend to s = k if in Definition 6 Bk
p(IR) is replaced by

Bk
p,∞(IR), and also applies to point-evaluation sampling if p = ∞. Offset exactness

of SR is more restrictive than offset invariance, and does not hold if {R j} and S
are arbitrarily paired. If S is given then special efforts could go into constructing R
and φ̃ such that R j = RR j+1 holds, and SR becomes offset exact. If R j is given by
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point evaluation then offset exactness of SR for IPk can be reduced to polynomial
exactness of S for IPk which yields the more familiar sounding statements in [49].

The proof of Theorem 7 is straightforward with the above assumptions since

‖d j‖`p(ZZ) ≤ C‖Pd j‖`p(ZZ) = C‖v j−SRv j‖`p(ZZ).

Now, since SR is local, bounded, and offset exact for IPk, we proceed with

|(v j−SRv j)i|p = |(v j−q|ZZ−SR(v j−q|ZZ))i|p ≤C‖v j−q|ZZ‖p
`p({i−K,...,i+K})

for arbitrary q ∈ IPk, with some fixed K depending on the support size of R and S.
But

inf
q∈IPk
‖v j−q|ZZ‖`p({i−K,...,i+K}) ≤C‖∆ kv j‖`p({i−K,...,i+K−k}),

and after substitution we arrive at

‖d j‖p
`p(ZZ) ≤C ∑

i∈ZZ
‖∆ kv j‖p

`p({i−K,...,i+K−k}) ≤C‖∆ kv j‖p
`p(ZZ).

Now recall that v j = R j f , and therefore

(∆ kR j f )i =
∫

IR

k

∑
l=0

(
k
l

)
f (r− j(x+ i+ l))φ̃(x)dx,

which, after standard estimation steps, gives

‖d j‖p
`p(ZZ) ≤C‖‖

k

∑
l=0

(
k
l

)
f (r− j(·+ i+ l))‖Lp([−K′,K′])‖

p
`p(ZZ) ≤Cr j‖∆ k

r− j f‖p
Lp(IR),

where K′ depends on the support of φ̃ . This is the classical Jackson-type estimate in
terms of moduli of smoothness for the details, and (50) follows from the definition
of Besov spaces in terms of the latter. See [49] for the proof under slightly different
conditions.

To illustrate the use of Theorem 7, consider again Example 5. The power-p
scheme uses trivial down-sampling for R and dilation factor r = 2. This is com-
patible with defining (R j f )i := f (2− ji), and we are restricted to applying the L∞

case of the theorem. Since ∆ 2q|ZZ = 0 for any linear polynomial q it is easy to check
that SR is offset exact for IP2. Thus, f ∈ Bs

∞(IR) implies the estimate

‖d j‖`∞(ZZ) ≤C2− js‖ f‖Bs
∞(IR)

for the decay rate of the detail coefficients resp. the estimate

‖ f − f ∞
j ‖L∞(IR) ≤C2− js‖ f‖Bs

∞(IR)
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for the approximation rate for s in the range 0 < s ≤ 2. These estimates cannot be
expected to hold for larger s, since power-p schemes reduce to linear interpolation
near points of inflection.

3 The Geometric Setting: Case Studies

In this section we consider geometric multi-scale transforms and geometry-based
subdivision schemes, again in the univariate case. The prediction operator S appear-
ing in these schemes is also termed as a refinement step, and we present several
new such refinement steps. In contrast to the functional setting, geometric schemes
operate on vector data (vertex points, edge, and normal vectors of polygonal lines)
in a way that prevents us from analyzing them componentwise. So far such nonlin-
ear vector subdivision schemes and multi-scale transforms have been investigated in
case studies only, and tools for their systematic analysis have yet to be developed.

In subsection 3.1, we deal with the issue of convergence of few examples of
curve subdivision schemes, defined by geometry-based refinement steps, and dis-
cuss properties of the limits generated by the schemes. Subsection 3.2 is devoted
to geometric multi-scale transforms for planar curves based on the idea of normal
multiresolution [34, 19, 55] (discussed briefly as the third example in the intro-
duction). We suggest several new multi-scale transforms, mimicking the original
normal multiresolution scheme, but with the linear S there replaced by a nonlinear
geometry-based refinement rule. These multi-scale transforms have two sources of
nonlinearity, the one is the nonlinearity in the prediction, and the other is the inher-
ent nonlinearity in the definition of the details.

3.1 Geometry-Based Subdivision Schemes

A geometry-based refinement step depends on all the components of the points in-
volved simultaneously, in contrast to the linear case, where the refinement step is
applied separately to each component. Therefore linear subdivision schemes in the
geometric setting are analyzed by the tools for linear subdivision schemes in the
functional setting. In contrast, the geometry-based subdivision schemes are the non-
linear analogue of linear vector subdivision schemes, with refinement steps defined
by operations of matrices on vectors.

3.1.1 Three types of geometry-based nonlinear 4-point schemes

In this subsection we present three geometry-based 4-point schemes, all related to
the linear 4-point scheme in different ways. The refinement rule of the linear 4-point
scheme is
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(SwP)2i = Pi, (SwP)2i+1 =−w(Pi−1 +Pi+2)+(
1
2

+w)(Pi +Pi+1). (51)

In the above, P denotes a control polygon, namely a polygonal line through a se-
quence of points, denoted by {Pi}, and w is a fixed tension parameter (to avoid
discussions about boundary treatment, assume a closed or bi-infinite control polyg-
onal). This refinement rule includes the one of the Deslauriers-Dubuc scheme (1)
for w = 1

16 , and the linear B-spline scheme for w = 0 as partial cases.
It is well known that the scheme given by (51) has the following attributes:

• It generates “good” curves when applied to control polygons with edges of com-
parable length.

• It generates curves which become smoother (have greater Hölder exponent of the
first derivative), the closer the tension parameter is to 1

16 .
• Starting from an initial control polygon with edges of significantly different

length, Sw with a tension parameter around 1
16 , may generate curves with arti-

facts.
An artifact is a geometric feature of the generated curve which does not exist in
the initial control polygon, such as an inflection point or a self-intersection point.

• Sw generates a curve which preserves the shape of an initial control polygon with
edges of significantly different length, only for very small values of w. (Recall
that the control polygon itself corresponds to the generated curve with zero ten-
sion parameter.)

Fig. 5 Curves generated by the linear 4-point scheme: (Upper left) the effect of different tension
parameters, (upper right) artifacts in the curve generated with w = 1

16 , (lower left) artifact-free
but visually non-smooth curve generated with w = 0.01. Artifact-free and visually smooth curve
generated in a nonlinear way with adaptive tension parameters (lower right).

Displacement-safe 4-point schemes. This geometry-based version of the 4-point
scheme is introduced in [48], and adapts the tension parameter w in (51) to the
geometry of the four control points taking part in the definition of an inserted point
(a refined point with an odd index). The failure of the 4-point scheme with a fixed
tension parameter to generate smooth looking artifact free curves, when the edges
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of the initial control polygon are of significantly different length, is demonstrated
in Figure 5. Also shown there is a high quality curve generated by a scheme with
adaptive tension parameter.

To derive the refinement step with adaptive tension parameter, we write the in-
sertion rule in (51) in terms of the edges {e j = Pj+1−Pj} of the control polygon,
and relate the inserted point to the edge e j. The insertion rule can thus be written in
the form,

(SP)2 j+1 = Pe j = Me j +we j(e j−1− e j+1) (52)

with Me j the midpoint of e j, we j the adaptive tension parameter, and Pe j the inserted
point relative to the edge e j. Defining de j = we j(e j−1− e j+1) as the displacement
from Me j , we control its size by choosing we j according to a geometrical criterion.

In [48] there are various geometrical criteria, all of them guaranteeing that the
inserted control point Pe j is different from the boundary points of the edge e j, and
that the length of each of the two edges replacing e j is bounded by the length of e j.
One way to achieve these goals is to choose we j so that

‖de j‖ ≤
1
2
‖e j‖ . (53)

The resulting schemes are termed displacement-safe. In all these schemes the value
of the tension parameter we j is restricted to the interval (0, 1

16 ], such that a tension
parameter close to 1

16 is assigned to regular stencils, namely to stencils of four
points with three edges of almost equal length, while the less regular the stencil is,
the closer to zero is the tension parameter assigned to it.

A natural choice of an adaptive tension parameter in (0, 1
16 ] obeying (53) is

we j = min
{

1
16

,c
‖e j‖

‖e j−1− e j+1‖

}
, with a fixed c ∈ [

1
8
,

1
2
) . (54)

In (54), the value of c is restricted to the interval [ 1
8 , 1

2 ) to guarantee that we j = 1
16

for stencils with ‖e j−1‖ = ‖e j‖ = ‖e j+1‖. To see this, observe that in this case,
‖e j−1 − e j+1‖ = 2sin θ

2 ‖e j‖, with θ ∈ [0,π] the angle between the two vectors
e j−1,e j+1. Thus we have ‖e j‖/‖e j−1− e j+1‖ = (2sin θ

2 )−1 ≥ 1
2 , and if c ≥ 1

8 then
the minimum in (54) is 1

16 . The choice (54) defines irregular stencils (corresponding
to small we j ) as those with ‖e j‖ much smaller than at least one of ‖e j−1‖,‖e j+1‖,
and such that when these two edges are of comparable length, the angle between
them is not close to zero.

The convergence of this geometric 4-point scheme, and the continuity of the
limits generated, follow from a result in [47]. There it is proved that the 4-point
scheme with a varying tension parameter is convergent, and that the limits generated
are continuous, whenever the tension parameters are restricted to the interval [0, w̃],
with w̃ < 1

8 .
Yet, the result in [47] about C1 limits of the 4-point scheme with a varying tension

parameter does not apply to the geometric 4-point scheme defined by (52) and (54),
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since the tension parameters used during this subdivision process are not bounded
away from zero.

Nevertheless, many simulations indicate that the curves generated by this scheme
are C1 (see [48]).

Parametrization-based 4-point schemes. This type of schemes is introduced and
investigated in [24]. The idea for the geometric insertion rule comes from the inser-
tion rule of the linear scheme with w = 1

16 , corresponding to the Deslaurier-Dubuc
4-point scheme. The point (S1/16P)2i+1 is obtained by the evaluation of a cubic
polynomial interpolating the data {(i− k,Pi−k) : k = −1,0,1,2} at the point i + 1

2
(see [20]). From this point of view, the linear scheme corresponds to a uniform
parametrization of the control polygon at each refinement level. This approach fails
when the initial control polygon has edges of significantly different length. Yet the
use of the centripetal parametrization, instead of the uniform parametrization, leads
to a geometric 4-point scheme with artifact-free limit curves, as can be seen in Fig-
ure 6.

The centripetal parametrization, which is known to be effective for interpolation
of control points by a cubic spline curve (see [28]), has the form tcen(P) = {ti},
with

ti = ti−1 +‖Pi−Pi−1‖1/2
2 , (55)

where ‖ · ‖2 is the Euclidean norm, and P = {Pi}.
Let P j be the control polygon at refinement level j, and let {t j

i } = tcen(P j).
The refinement rule for the geometric 4-point scheme, based on the centripetal
parametrization is:

P j+1
2i = P j

i , P j+1
2i+1 = π j,i

(1
2
(t j

i + t j
i+1)

)
,

with π j,i the vector of cubic polynomials, satisfying the interpolation conditions

π j,i(t
j
i+k) = P j

i+k, k =−1,0,1,2.

Note that this construction can be done with any parametrization. In fact in [24]
the chordal parametrization (ti+1− ti = ‖Pi+1−Pi‖2) is also investigated, but found
to be inferior to the centripetal parametrization (see Figure 6).

The analysis of the schemes in [24] is rather ad-hoc. It is shown there that the
centripetal and chordal schemes are well defined, in the sense that any inserted point
is different from the end points of the edge to which it corresponds, and that both
schemes are convergent to continuous limit curves. Although numerical simulations
indicate that both schemes generate C1 curves, as does the linear 4-point scheme,
there is no proof in [24] of such a property for the geometric schemes.

Another type of information on the limit curves, which is relevant to the absence
or presence of artifacts, is available in [24]. Bounds on the Hausdorff distance, dH

(see (62)), from sections of a limit curve to their corresponding edges in the initial
control polygon are derived. These bounds give a partial qualitative understanding
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uniform chordalcentripetalcontrol polygon

Fig. 6 Comparisons between 4-point schemes based on different parameterizations.

of the empirical observation that the limit curves corresponding to the centripetal
parametrization are artifact free.

Let C denote a curve generated by the scheme based on the centripetal parametriza-
tion from an initial control polygon P0. Since the scheme is interpolatory, C passes
through the initial control points. Denote by C |e0

i
the section of C with boundary

points as those of e0
i . Then

dH (C |e0
i
,e0

i )≤
5
7
‖e0

i ‖2.

Thus the section of the curve corresponding to a short edge cannot be too far from
its edge. On the other hand the corresponding bound in the linear case has the form

dH (C |e0
i
,e0

i )≤
3

13
max{‖e0

j‖2 , | j− i| ≤ 2},

and a section of the curve can be rather far from its corresponding short edge, if this
edge has a long neighboring edge. In the case of the chordal parametrization the
bound is even worse

dH (C |e0
i
,e0

i )≤
11
5

max{‖e0
j‖2 , | j− i| ≤ 2}.

Comparisons of the performance of the three 4-point schemes, based on uniform,
chordal and centripetal parametrization, are given in Figure 6.

Circle preserving 4-point scheme. While the first two types of geometric 4-point
schemes were designed to alleviate artifacts in the geometry (position) of the limit
curves, this geometric version of the 4-point scheme was designed to overcome
artifacts in the numerical curvature generated by the linear scheme [57]. The scheme
is circle preserving in the sense that if the initial control points are ordered points
on a circle, then the limit curve is that part of the circle between the first and the last
initial control points.

The insertion rule requires geometric computations, as the inserted point is an
intersection point between a circle and a sphere. The details of the computation of
an inserted point are given in [57] as an algorithm.
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Fig. 7 A control polygon and the limit curve generated by the circle preserving variant of the
4-point scheme

Figure 7 from the above paper, demonstrates the limit curve obtained from a
control polygon with slowly varying numerical curvature. The numerical curvature
of the limit curve is varying smoothly.

It is shown in [57] that the scheme is asymptotically equivalent to the linear
4-point scheme, and therefore according to [25] the scheme is convergent and gen-
erates continuous limit curves. Numerical simulations indicate that the scheme gen-
erates C1 limit curves.

The available analysis of the above three types of geometric 4-point schemes, is
limited to showing convergence and continuity of the limit curves. The proof of C1

seems to be much harder due to to the lack of an appropriate parametrization for
the geometrically defined curves. Perhaps the proof should be in terms of geometric
arguments, such as the continuity of the tangents of the curves.

3.1.2 Convexity-preserving schemes in the plane

A shape property of planar control polygons, which is important to have in the
curves generated by subdivision, is convexity. Here we present three different sub-
division schemes which are convexity preserving in the geometric setting, namely
they refine convex polygons into convex polygons.

We first introduce some geometrical notions related to polygonal lines and to
convexity.

• An edge in a polygonal line such that its two neighboring edges are in the same
half-plane, determined by the line through the edge, is termed a “convex edge”.

• An edge in a polygonal line which is on the same line as one of its neighboring
edges is termed a “straight edge”.

• A line through a vertex of a polygonal line, such that the two edges meeting at the
vertex are on the same side of the line, is termed a “convex tangent”. A “straight
tangent” at a vertex is a line through one of the edges emanating from the vertex.

• A polygonal line consisting of convex and straight edges is termed a “convex
polygon”. It is a “strictly convex polygon” if all its edges are convex. In Figure 8
three examples of strictly convex polygons are given.

Among the three convexity preserving schemes presented here, two are nonlinear
and geometry-based, while one is linear but of Hermite type. It refines control points
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Fig. 8 Convex polygons: (left) closed, (middle) open, (right) self- intersecting.

and normals at the control points, and is inherently related to nonlinear schemes
generating surfaces by refining control points and normals.

Convexity preserving 4-point scheme with adaptive tension parameter This
scheme is a geometric variant of the 4-point scheme, similar to the displacement-
safe schemes, but with the adaptive tension parameter chosen to preserve convexity.
It is designed and analyzed in [48]. The scheme refines convex (strictly convex)
control polygons into convex (strictly convex) control polygons. We describe the
geometrical construction of the inserted points in terms of notation introduced in
the first part of subsection 3.1.1.

As a first step in the construction, at each control point from which at least one
convex edge emanates, a convex tangent is constructed. At the other control points
a straight tangent is constructed, coinciding with one of the straight edges meeting
at the control point. We denote the tangent at Pi by ti.

In case of a straight edge ei, Pei = Mei .
In case of a convex edge ei, the tangents ti and ti+1 together with ei determine

a triangle, Tei . By construction, the line through ei separates Tei from the edges
ei−1,ei+1. Thus the half-line starting from Mei along the direction ei−1− ei+1 inter-
sects Tei . The point Pei is chosen so that ‖Pei −Mei‖/‖ei−1− ei+1‖ ≤ 1

16 and that
Pei ∈ Tei .

These two conditions for point insertion guarantee that 0≤ wei ≤ 1
16 and that the

refined control polygon SP obtained from P by the refinement rule

(SP)2i = Pi , (SP)2i+1 = Pei ,

is convex (strictly convex) if the control polygon P is (see [48]).
This construction of refined control polygons, when repeated, generates a se-

quence of convex (strictly convex) polygons from an initial convex (strictly convex)
polygon. It is proved by arguments similar to those cited in subsection 3.1.1 for
the displacement-safe schemes, that this sequence converges, and that the limit is a
continuous convex (strictly convex) curve. Moreover, it is shown that the curve be-
tween two consecutive initial control points is either a line segment when the edge
connecting the two points in the initial control polygon is straight, or otherwise a
strictly convex curve.

Note that the subdivision scheme is interpolatory and that the inserted point be-
tween Pi and Pi+1 depends on the points Pi−1,Pi,Pi+1,Pi+2 as in the linear 4-point
scheme.
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The convex tangents in this construction can be chosen in different ways. A nat-
ural choice of such a tangent is

ti = Pi+1−Pi−1 = ei + ei−1. (56)

This choice was tested in many numerical experiments, and was found superior to
other choices.

In Figure 9, the performance of this convexity-preserving scheme is compared
on several examples with that of the displacement-safe scheme of subsection 3.1.1
and with that of the linear 4-point scheme.

Fig. 9 Examples: (left column) the linear 4-point scheme with w = 1/16, (middle column) the
displacement-safe scheme of subsection 3.1.1, (right column) the convexity preserving 4-point
scheme.

The convexity-preserving 4-point scheme is extended in [48] to a co-convexity
preserving scheme for general planar polygons.

Convexity preserving 2-point Hermite-type scheme. This convexity preserving
scheme is a two-point interpolatory Hermite-type scheme. It operates on data in
IR2, consisting of control points and unit normals at the control points. It generates
a convex limit curve from an initial convex data, namely a strictly convex control
polygon, with compatible normals (compatible with the convexity).

The scheme is presented briefly in [16], as a first step in the construction of
a nonlinear Hermite-type scheme for the generation of surfaces, interpolating the
initial control points and the unit normals attached to them.
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The insertion rule for the point between two consecutive points Pi,Pi+1 is derived
from the quadratic Bézier curve interpolating these two points and the normals at
these points. First the mid control point, Qi, of the quadratic Bézier curve is con-
structed, as the intersection point of the lines through Pi and Pi+1, which are orthog-
onal to the corresponding normals. The parametric midpoint of the Bézier curve
determined by the control points Pi,Qi,Pi+1, is the inserted point. It is given by

(SP)2i+1 =
1
4
(Pi +2Qi +Pi+1). (57)

The normal at the refined point is the normal of the Bézier curve at this point, which
is orthogonal to the direction Pi+1−Pi.

By construction the limit curve is a C1 piecewise quadratic Bézier curve.

Convexity preserving scheme refining lines. This scheme is an extension of the
’dual’ Chaikin scheme for lines, proposed by Sabin in [56]. It is an interpolatory
scheme, which is used and analyzed in [27], as a first step towards the construction
of a convexity preserving interpolatory scheme, operating on convex polyhedra and
generating in the limit smooth convex surfaces. This scheme, although an interpo-
latory scheme refining control points, can be regarded as refining the support lines
of the convex control polygon determined by the control points at each refinement
level.

Given a strictly convex, closed control polygon P , the first step in the construc-
tion of the inserted points, is the assignment of convex tangents {t j} (e.g. as in (56))
to the control points. Now, t j,e j, t j+1 determine a triangle Te j . The refined polygon
SP is strictly convex if the inserted point between Pj and Pj+1 is any point inside
Te j . The rule for assigning convex tangents to the control points of SP is to keep
the convex tangents at the control points of P and to choose convex tangents at the
inserted points.

Denoting by 〈P〉 the closed planar set enclosed by P , and by Q the convex
polygon generated by the convex tangents to the points of P , it is easy to verify
that

〈P〉 ⊂ 〈SP〉 ⊂ 〈Q〉,

Thus repeated refinements, starting from an initial strictly convex, closed polygon,
generate a sequence of ”increasing” closed convex sets (in the sense of inclusion
of sets), which are all contained in the closed convex set 〈Q〉. This is sufficient to
guarantee the convergence of the sequence of strictly convex, closed polygons to
a continuous, closed convex curve. Moreover, it is proved in [27] by geometrical
arguments, that the limit curve is C1.

3.1.3 Ideas for designing new geometry-based schemes

Here we give three geometric constructions of refinement rules. The corresponding
schemes have not been analyzed yet. All the schemes are interpolatory.
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Interpolatory 4-point scheme based on circular arc approximation. For the con-
struction of the inserted point between Pi and Pi+1, first two auxiliary points are con-
structed. These points are the mid-points of two circular arcs between Pi and Pi+1,
one on the unique circular arc through Pi,Pi+1,Pi+2 and the other on the unique
circular arc through Pi−1,Pi,Pi+1. The inserted point is the midpoint of the two aux-
iliary points. It is a point on the line through Mei orthogonal to ei. The resulting
scheme is circle preserving by construction.

Interpolatory 2n-point scheme based on the centripetal parametrization. This
is an extension of the second geometric version of the 4-point scheme, presented
in subsection 3.1.1. To determine the inserted point between Pi and Pi+1, one first
parameterize the 2n points Pi+ j, j = −n + 1, . . . ,n according to the centripetal
parametrization (see (55)) to obtain the parameter differences ti+ j+1 − ti+ j, j =
−n + 1, . . . ,n− 1. Then the interpolating polynomial vector of degree 2n− 1 to
the data (ti+ j,Pi+ j), j = −n + 1, . . . ,n, is constructed and evaluated at the point
(ti + ti+1)/2 to yield the inserted point. This family of schemes is a geometric ana-
logue of the Deslauriers-Dubuc family.

Convexity preserving interpolatory scheme based on quadratic Bézier curves.
Given a strictly convex, closed control polygon, a refined strictly convex, closed
control polygon is generated, by first assigning a convex tangent to each control
point, and then computing the intersection points of consecutive convex tangents.
The inserted point between Pi and Pi+1 is the parametric midpoint (57) of the Bézier
quadratic curve, determined by the three control points Pi,Qi,Pi+1, where Qi is the
intersection point of the tangents at Pi and at Pi+1.

The rule for assigning convex tangents to the control points of the refined poly-
gon, is to keep those at the ’old’ control points, and to choose convex tangents at the
inserted control points.

Note that an inserted point depends on four control points; two on each side.

3.2 Geometric Multi-Scale Transforms for Planar Curves

We present here results on geometric multi-scale transforms for continuous curves
in the plane, all based on the idea of normal multiresolution, which is discussed
briefly in the introduction. We also suggest new geometric constructions for normal
multiresolution, which have still to be investigated.

3.2.1 The general structure of normal multiresolutions

Here we present again the main features of the normal multiresolution (NM), which
aims at a multi-scale representation of curves in the plane, which can be encoded
efficiently. The presentation is somewhat more general than that in Example 3 in
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section 1, to allow geometric prediction operators. In the following we assume that
the curves are continuous.

Given a planar curve, C , it is approximated by a sequence of polygonal lines
{P j} j≥0, where P j = {P j

i } with points P j
i on the curve at refinement level j con-

nected by edges e j
i = P j

i − P j
i . As before, let us assume for simplicity that C is

closed, that P j contains n j = 2 jn0 points periodically enumerated by the index
i ∈ ZZ.

To obtain P j+1 from P j, the points P j
i are retained and denoted by P j+1

2i , i.e.,
their indices are doubled, and between any two consecutive points P j+1

2i ,P j+1
2(i+1) a

point from the curve segment C j
i between the points P j

i and P j
i+1, is inserted with

the index 2i + 1. The inserted point is obtained by a two-step procedure. First a
prediction step S jP j, with S j an interpolatory prediction/subdivision operator, is
performed which results in points P̂ j+1

2i+1 = (S jP j)2i+1 near the curve segments C j
i .

The prediction step is followed by a projection step, which determines a point on C
as an intersection of C with the line orthogonal to the edge e j

i through the predicted
point (S jP j)2i+1 (see Figure 3). We denote this projection operator, acting on the
predicted point and mapping it to the curve, by R j. Note that for general S j, the
resulting point P j+1

2i+1 := (R jS jP j)2i+1 is not necessarily on C j
i . Since the projection

operator R j is determined by the geometry of P j and by the points S jP j, it is a
property of the prediction operator S j and of P j which guarantees that the inserted
points are on the correct curve segments. We term a pair {S j,P j} admissible for
NM at level j, if for all i

(R jS jP j)2i+1 ∈ C j
i .

Thus, if the pair {S j,P j} is admissible for NM at level j, then the polygonal line
P j+1 consists of the vertices

P j+1
2i = P j

i , P j+1
2i+1 = (R jS jP j)2i+1 (58)

in a natural ordering along C .
In the following we assume that the operators S j are chosen in advance, e.g., as

an insertion rule of an interpolatory linear subdivision scheme, or as an insertion
rule of an interpolatory geometric subdivision scheme determined by the geometry
of P j, so that these operators do not have to be encoded. Moreover we assume that
for each j ≥ 0 the pair {S j,P j} is admissible for NM at level j.

Remark: The set of pairs {S j,P j} admissible for NM at level j is nonempty.
To see this consider the linear mid-point interpolatory subdivision scheme S0, with
the refinement rule

(S0P
j)2i = P j

i , (S0P
j)2i+1 =

1
2
(P j

i +P j
i+1), (59)

It is easy to verify that any pair {S0,P
j}, with P j a polygonal line consisting

of vertices sampled from the curve, is admissible for NM at any level. We term a
scheme with this property unconditionally admissible for NM.
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Defining the signed distances from the predicted points S jP j to their corre-
sponding projected points R jS jP j as details at level j, and denoting them by
d j = {d j

i }, we observe that these details and the lines connecting pairs of corre-
sponding predicted and projected points, are sufficient for computing the points of
P j+1 from P j. Since these lines are determined by the information in P j, it fol-
lows that for the construction of P j+1 from P j only the details at level j have to
be encoded. Thus, the sequence of polygonal lines {P j}J

j=1 can be reconstructed
from the information

P0,d j, . . . ,dJ−1. (60)

The gain in the NM is that instead of encoding differences between points, which
are vectors, we have to encode signed scalars, and to use the geometric information
available at each level for the reconstruction of the next level.

In the following we discuss the case of linear prediction operators.

3.2.2 Normal multiresolutions with linear prediction operators

Denoting by S a linear prediction operator, and considering the stationary case S j =
S, equation (58) becomes

P j+1
2i = P j

i , P j+1
2i+1 = (R jSP j)2i+1. (61)

It is clear that in this NM the nonlinearity/geometry is introduced by the projection
operators R j.

Note that in the stationary case S j = S, with linear S, the notion admissible for
NM at level j can be replaced by admissible for NM. Moreover for a pair {S,P0}
to start a NM, we need the stronger notion strongly admissible for NM, namely that
this pair and all the pairs {S,P j} with j > 0 are admissible for NM, where P j is
the polygonal line generated by j refinement steps of the NM with S, starting from
P0.

In [19] NMs with linear subdivision schemes as prediction operators are ana-
lyzed. The case of the mid-point prediction operator, given by (59), is easier to
analyze and the results are better in some respects. The main issues addressed in
[19] are the convergence of the reconstruction and the regularity of the limit, the
rate of decay of the details, and the stability of the reconstruction. The rate of decay
of the details is strongly related to the quality of the approximation of the curve by
the polygonal lines {SP j}. The stability issue is concerned with the effect of small
changes in the information (60), on the reconstructed polygons {P j}J

j=1. The NM
is termed stable if the changes in the reconstructed polygons due to small changes
in the information are controlled. In a stable and converging NM, the polygons (and
hence the curve) can be well approximated without the small details, allowing a
further reduction in the amount of encoded information.

Here we cite several results from [19] on the family of linear 4-point schemes
{Sw} with w∈ [0, 1

16 ], where Sw is given by (51). These schemes constitute the main
example in [19]. Note that the scheme Sw with w = 0 corresponds to the mid-point
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scheme (59), and that the scheme with w = 1
16 corresponds to the Deslauriers-Dubuc

4-point scheme.
Although the results in [19] are derived in great generality, we limit our presenta-

tion to the above family of schemes. This alleviates the need to introduce the rather
technical terminology, with which the general results are formulated.

To present the results, we first introduce the notion of the regularity exponent of
a continuous curve C with a finite length `(C ). Let (x(s),y(s)), s ∈ [0, `(C )], be a
representation of the curve in terms of the arc-length parametrization. The curve has
Hölder regularity exponent ν = m+ µ with m a nonnegative integer and µ ∈ (0,1],
if both functions x(s) and y(s) have a continuous mth derivative which is Hölder
continuous with exponent greater or equal to µ .

As is observed in subsection 3.2.1, the mid-point scheme S0, is unconditionally
admissible for NM, and hence can be used as the prediction operator for NM. It is
shown in [19] that any member of the family of 4-point schemes {Sw} with w ∈
(0, 1

16 ], can also serve as the prediction operator in NMs of smooth curves. More
specifically,

Result 1: Let C have regularity exponent β > 1, and let P be a polygonal line
with vertices sampled from C . Then there exist w ∈ (0, 1

16 ], and a positive integer J,
such that the pair {Sw,PJ} is strongly admissible for NM, where the polygonal line
PJ is generated by J refinement steps of the NM with the mid-point rule, starting
from P ,

Moreover, for any w∗ ∈ (0, 1
16 ] there exists a positive integer J∗ such that the pair

{Sw∗ ,PJ∗} is strongly admissible for NM, where PJ∗ is the polygonal line generated
by J∗ refinement steps of the NM with Sw, starting from PJ .

The advantage of using Sw with w 6= 0 in NMs of smooth curves is indicated by
the next two results.

Result 2: Let C have regularity exponent β > 1, let P0 be a polygonal line
consisting of sampled points from C , and let w ∈ (0, 1

16 ]. If the pair {Sw,P0}, is
strongly admissible for NM, then the NM with Sw as a prediction operator, starting
from P0 is stable and convergent.

Moreover the details of this NM {d j} j≥0 decay according to

‖d j‖∞ = max
i
|d j

i |= O( j2−min(2,β ) j).

In case w = 1
16 and β > 3 the details decay according to

‖d j‖∞ = O( j2−3 j).

Result 3: Let C have regularity exponent β > 0. Then the NM with the mid-point
prediction operator is stable and convergent.

Moreover the details of this NM decay according to

‖d j‖∞ = O(2−min(2,β ) j).
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It is easy to conclude from the last two results that if the smoothness of the curve
is not known then the mid-point prediction operator should be used. Otherwise, the
smoothness of the curve indicates which prediction operator to use, when aiming
at small details and at a good approximation of the curve by the NM. Below we
formulate these conclusions.

1. For a curve with regularity exponent β > 3 the details decay much faster with
the predictor S1/16 than with any other Sw with w ∈ [0, 1

16 ).
2. For a curve with regularity exponent β ∈ (2,3] all prediction operators Sw with

w ∈ (0, 1
16 ] are superior to the mid-point prediction, with respect to the rate of

decay of the details.
3. For a curve with regularity exponent β ≤ 2, the details decay much faster with

the mid-point prediction operator than with any Sw with w ∈ (0, 1
16 ].

3.2.3 Normal multiresolutions with nonlinear prediction operators

Here we suggest ideas for improving the NM by using nonlinear prediction opera-
tors. We can take S j in (58) as one of the geometry-based schemes of subsections
3.1.1 and 3.1.3.

Among these geometry-based schemes several have the advantage of being un-
conditionally admissible for NM, the displacement safe 4-point schemes due to con-
dition (53), and the interpolatory 4-point scheme based on circular arc approxima-
tion by the construction of the inserted point. In fact, with the latter prediction op-
erator the NM generates the same polygonal lines {P j} as those generated by the
NM with the mid-point prediction, but the details are different.

We conjecture that for a curve with regularity exponent β > 3, the details in the
NM with the interpolatory 4-point scheme based on circular arc approximation as
prediction operator, decay as O(2−3 j). The conjecture is based on the following
observation.

Observation: Let C be a curve with regularity exponent β > 3, and let the three
points Pi, i = 1,2,3 be on C , such that h = maxi=1,2 ‖Pi+1−Pi‖2 is small enough.
Then the circular arc through the three points Pi, i = 1,2,3 approximates the section
of the curve between these three points, with error of order O(h3). (Here the error is
measured by the Hausdorff metric, which is defined in the next subsection).

3.2.4 Adaptive approximation based on the NM with mid-point prediction

Here we discuss an algorithm for the adaptive approximation of planar curves, based
on the NM with the mid-point prediction operator. This algorithm is presented and
analyzed in [9]. We cite here quantitative results about the quality of the approxima-
tion, expressed in terms of the number of segments in the approximating polygonal
lines. The results are stated with less details and not in their full generality.

For that we introduce some notation. Let I be a segment in a polygonal line with
vertices sampled from C . The curve segment between the boundary vertices of I is
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denoted by CI . The distance between two segments of curves γ,δ of finite length, is
measured by the Hausdorff metric

dH (γ,δ ) = max{H (γ,δ ),H (δ ,γ)}, (62)

with the one-sided Hausdorff distance

H (γ,δ ) = max
P∈γ

min
Q∈δ

‖P−Q‖2.

It is easy to see that dH (CI , I) = H ((CI , I)≥H ((I,CI).
Given an error tolerance ε , the adaptive algorithm refines a polygonal line P

with vertices sampled from C , by inserting a point according to the mid-point pre-
diction between any two vertices corresponding to a segment I of P for which
H ((CI , I) > ε . Once a point is inserted a detail corresponding to it is defined as in
the NM with the mid-point prediction. The algorithm terminates with a polygonal
line P for which H (CI , I)≤ ε for all I ∈P . It is easy to note that the binary tree
defined by this algorithm is a subtree of the binary tree generated by the NM with
the mid-point prediction.

Here we cite an important result relating the number of segments in the final
polygonal line obtained by the algorithm, to the error tolerance.

Result: Let C be a curve with finite length, and let ε > 0. Denote by P(ε)
the polygonal line generated by the algorithm with the given error tolerance, and
by |P(ε)| the number of segments in P(ε). Then there exists a constant C(C ),
depending on the curve, such that

|P(ε)| ≤ C(C )
ε

.

Moreover if the curve has finite curvature, then there is a constant, C̃(C ), depending
on C , such that

|P(ε)| ≤ C̃(C )

ε
1
2

.

The above result indicates that for a curve of finite length the algorithm generates
polygonal lines with error decreasing linearly with the inverse of the number of seg-
ments. The error decreases as the inverse of the square of the number of segments,
for curves which have a finite curvature.
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