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Abstract

We treat the Lp theory (1 ≤ p < ∞) for univariate nonlinear subdivision
schemes and multi-scale transforms based on the concept of offset invariance and
nonlinear derived subdivision operators. The paper covers convergence, smooth-
ness, and stability issues, and complements the recent survey [8], where most of
the Lp results have been included without proof.

1 Introduction

Nonlinear subdivision schemes and multi-scale transforms have recently attracted some
attention, as means to battle certain deficiencies of linear methods, and to deal with
nonlinearly constrained data sets (e.g., manifold-valued functions). Although most ap-
plications require multivariate parameterizations, the theory of multi-scale transforms
has so far been developed predominantly in the univariate case, and for the uniform
metric. The reason is that, on the one hand, most of the univariate results have straight-
forward extensions to shift-invariant multivariate grid topologies, a case which thus does
not represent a serious mathematical challenge, and, on the other, existing nonlinear
multi-scale algorithms, e.g., for the extraction of directional features in two- and three-
dimensional data sets, require completely new ideas, and a new theoretical framework
for their analysis. Concerning the concentration on the uniform metric, it is justified
in areas such as geometry processing where local deviations and singularities can easily
be spotted in a visualization and thus need to be controlled. Some other applications
of multi-scale algorithms, such as modeling of densities with integral balances, image
processing using BV type norms, or multi-level schemes for numerically solving elliptic
problems in Sobolev spaces, necessitate results for the Lp setting (1 ≤ p <∞), especially
with p = 1 and p = 2.

The present paper contributes to the latter topic in the functional setting, i.e., when
the multi-scale transform applies to scalar data, and convergence and smoothness are
treated using standard parameterizations of discrete real-valued data sequences by piece-
wise linear functions on uniform grids. It complements Section 2 of the survey [8], where
most of the results below are formulated without proof, and a more detailed discussion
of other approaches, the case p = ∞, and illustrating examples are given. In contrast
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to previous research [6, 13], where Lp theory is developed using quasi-uniform subdivi-
sion operators, we start with the notion of offset invariance for IPk originally introduced
for k = 1 in [16], and extended to arbitrary k ≥ 1 in [11]. This notion allows us to
define nonlinear derived subdivision operators S[m] satisfying the commutator property
∆mS = S[m]∆m, m = 1, . . . , k, and systematically work with them, similarly to the
linear case. We establish close-to-final convergence and smoothness results in the Besov
scale in terms of spectral radii of the S[m], and also show Lp stability following the recent
paper [11] covering the case p = ∞. In the concluding section, the results are applied
to the family of nonlinear power-q schemes.

2 Offset invariance and derived subdivision opera-

tors

Throughout the paper, we consider local, r-shift invariant, stationary multi-scale trans-
forms, recursively acting on data sequences from `p(ZZ) (1 ≤ p ≤ ∞) according to

vj−1 = Rvj, dj = D(vj − Svj−1); vj = Svj−1 + Pdj, j ≥ 1, (1)

with bounded but generally nonlinear operators P,D,R, S : `p(ZZ) → `p(ZZ). For con-
sistency in (1), the relation (Id − PD)(Id − SR) = 0 needs to hold (Id is the identity
operator). Abusing a bit conventions, throughout this paper we call a (not necessarily
linear) operator T : X → Y between two Banach space X and Y bounded if there is a
constant C0 such that ‖Tx‖Y ≤ C0‖x‖X for all x ∈ X, and Lipschitz continuous if there
exists a constant C1 such that ‖Tx−Tx′‖Y ≤ C1‖x−y‖X for all x, y ∈ X. The infimum
of all such constants C0 is denoted by ‖T‖X→Y . That the operators in (1) are indepen-
dent of the scale index j ≥ 1 makes the scheme stationary, while r-shift invariance is
equivalent to requiring

ST1 = TrS, RTr = T1R, PT1 = T1P, DT1 = T1D,

where Tm, m ∈ ZZ, is the shift operator given by (Tmv)i = vi+m, i ∈ ZZ. Finally, locality
of an r-shift invariant transform means that we can write

(Sv)ri+s = φs(vi−L1 , . . . , vi+L2), s = 0, . . . , r − 1, i ∈ ZZ, (2)

with functions φs : IRL → IR, where L = L1 + L2 + 1 is the support length of the
subdivision part of the transform, and the integers L1, L2 are fixed. Similarly,

(Rv)i = φR(vri−L3 , . . . , vri+L4), i ∈ ZZ, (3)

and

(Dv)i = φD(vi−L5 , . . . , vi+L6), (Pv)i = φP (vi−L7 , . . . , vi+L8), i ∈ ZZ,
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for some functions φR, φD, φP , and fixed integers Ls, s = 3, . . . , 8. It is easy to see that
due to locality and r-shift invariance, boundedness (Lipschitz continuity, C1 property,
...) of S on `p(ZZ) spaces is equivalent to the boundedness (Lipschitz continuity, C1

property, ...) of the coordinate functions φs representing S independently of p, similarly
for R, D, and P . Moreover, the definition of these local operators automatically extends
to the space `(ZZ) of all real-valued sequences. We will always silently assume that
S0 = R0 = D0 = P0 = 0, where 0 is the zero sequence given by 0i = 0, i ∈ ZZ.

Sometimes, especially if nonlinear schemes are considered as perturbations of asso-
ciated linear schemes, the alternative representation

(Sv)ri+s =
L1∑

l=−L2

arl+s(vi−L1 , . . . , vi+L2)vi−l, s = 0, . . . , r − 1,

or, equivalently,
(Sv)j =

∑
i∈ZZ

aj−ri(v|I[j/r]
)vi, j ∈ ZZ, (4)

is chosen. To shorten the notation, by v|Ii we have denoted the restriction of v to the
finite index set Ii := {i − L1, . . . , i + L2}, i ∈ ZZ. Coefficient functions with index
s 6∈ {−rL1, . . . , r(L2 + 1)− 1} vanish for all arguments: as(·) ≡ 0. Based on (4) we can
now formally write the action of S as an infinite matrix-vector product

Sv = Svv, (5)

where Sv is a bi-infinite, data-dependent matrix operator with entries identified from
(4):

(Sv)j,i := aj−ri(v|I[j/r]
), j, i ∈ ZZ.

Note that for a linear S, the matrix operator Sv does not depend on v, and is given
by the finitely supported sequence a := {al}l∈ZZ called mask of the subdivision operator.
The representation (4)-(5) was introduced in [6], and was the departure point for a
systematic theory of data-dependent, so-called quasi-linear, subdivision schemes and
multi-scale transforms developed in [6, 13]. The transition from (2) to (4)-(5) is not
unique.

The concept of polynomial reproduction for subdivision operators is fundamental
in the study of multi-scale transforms, therefore we start the exposition with it. For
nonlinear S, there are two slightly different extensions of the familiar definition for linear
subdivision operators. The first extension proposed in [6] uses the representation (4)-(5),
and requires that each Sv reproduces polynomials of order k, we will not pursue it here.
Alternatively, following [16, 11] we can introduce offset invariance . Throughout the
section, we denote by IPk the set of algebraic polynomials of degree < k or, equivalently,
of order ≤ k, and by 1 the constant sequence given by 1i := 1, i ∈ ZZ.
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Definition 1 A local r-shift invariant subdivision operator S is offset invariant for IPk,
k ≥ 1, if for each v ∈ `(ZZ), and any polynomial p of degree m, 0 ≤ m < k, there exists
a polynomial q of degree < m such that

S(v + p|ZZ) = Sv + (p+ q)|r−1ZZ.

In particular, S is offset invariant for constants (i.e., the set IP1) if

S(v + α1) = Sv + α1, ∀ α ∈ IR, ∀ v ∈ `(ZZ).

Note that the formulation automatically ensures that offset invariance for IPk, k > 1,
implies offset invariance for IPm for all 1 ≤ m < k. The proof of Theorem 2 given below
shows that Definition 1 is equivalent to a recursive one: S = S[0] is offset invariant for
k ≥ 2 if it is offset invariant for IPk−1, and the scaled version of its associated (k − 1)-
st derived operator S̃[k−1] = rk−1S[k−1] is offset invariant for constants (which in turn
guarantees the existence of the k-th derived subdivision operator S[k]). For linear S,
Definition 1 coincides with the usual definition of polynomial reproduction of order k,
where the above property is required for v = 0. As many examples [8] indicate, offset
invariance for IPk of a nonlinear scheme usually holds with k = 1 or k = 2, but no
nonlinear examples of practical relevance are known for larger k. However, it is the right
concept for the extension of the notion of derived subdivision operators to the nonlinear
setting.

Theorem 2 Let S be a local, r-shift invariant subdivision operator. If S is offset in-
variant for IPk for some integer k ≥ 1 then there exist local, r-shift invariant derived
subdivision operators S[m] such that

∆mSv = S[m]∆mv, ∀ v ∈ `p(ZZ) (6)

for m = 1, 2, . . . , k. Moreover, if S is written in the form (2) then its derived subdivision
operators S[m], m = 1, . . . , k, inherit such a representation with the same (or smaller)
L1, L2, and with functions φ[m]

s that are obtained from the φs by superpositions involving
only linear transformations. In particular, if S and thus the functions φs(·) are bounded
(continuous, Lipschitz continuous, C1, . . .) then so are S[m] and the functions φ[m]

s . In
particular, if S is bounded then

‖S[m]w‖`p(ZZ) ≤ r−m+1/p‖w‖`p(ZZ) + C‖∆w‖`p(ZZ), (7)

and if S is Lipschitz continuous then

‖S[m]w − S[m]w′‖`p(ZZ) ≤ r−m+1/p‖w − w′‖`p(ZZ) + C‖∆(w − w′)‖`p(ZZ), (8)

m = 0, 1, . . . , k − 1, with constants C independent of w,w′ ∈ `p(ZZ).
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Proof. The proof extends the standard argument for linear S, see [3, 9]. For k = 1
it was first given in [16, Theorem 2.5], see also [11, Lemma 2.1-2]. The case k > 1
was suggested in [11, Section 2.1] and can be obtained by induction from k = 1. For
convenience we give the complete argument.

Let first k = 1. For any fixed i ∈ ZZ, write

vi+l = vi + wi+l, wi+l =


∑l−1
m=0(∆v)i+m, l > 0,

0, l = 0,
−∑−1

m=l(∆v)i+m, l < 0.

Now apply the definition of off-set invariance for k = 1, and (2):

(Sv)ri+s = (S(w + vi1))ri+s = vi + φs(wi−L1 , . . . , wi+L2), s = 0, . . . , r − 1, (9)

note that w depends on the arbitrarily fixed i ∈ ZZ. From this, we see that

(∆Sv)ri+s = φs+1(wi−L1 , . . . , wi+L2)− φs(wi−L1 , . . . , wi+L2)

=: φ[1]
s ((∆v)i−L1 , . . . , (∆v)i+L2−1)

for s = 0, . . . , r − 2, and

(∆Sv)ri+r−1 = (∆v)i + φ0(−
−1∑

m=−L1

(∆v)i+1+m, . . . ,
L2−1∑
m=0

(∆v)i+1+m)

−φr−1(wi−L1 , . . . , wi+L2)

=: φ
[1]
r−1((∆v)i−L1 , . . . , (∆v)i+L2),

which yields the existence of S[1] (uniqueness is obvious). The argument also shows
that boundedness and differentiability properties of the functions φs defining S via (2)
automatically carry over to the functions φ[1]

s defining S[1]. Moreover, by S = S[0] and
(9) the inequalities (7) and (8) automatically hold for m = 0 if S resp. the functions φs
are bounded resp. Lipschitz continuous. This establishes Theorem 2 for k = 1.

Now, suppose that S is offset invariant for IPk for some k > 1 (thus also offset
invariant for IPk−1), and that the existence of S[k−1] is already established. Observe
that S̃[k−1] := rk−1S[k−1] must be offset invariant for constants. Indeed, fix i ∈ ZZ. For
given w, find v such that ∆k−1vi+l = wi+l, l = −L1, . . . , L2, where L1, L2 are as in the
representation (2) of S resp. S[k−1]. Also, set p(x) = xk−1/(k − 1)! ∈ IPk, and note that
∆k−1(p|ZZ) = r(k−1)∆k−1(p|r−1ZZ) = 1. Then

(S̃[k−1](w + α1))ri+s = rk−1(S[k−1]∆k−1(v + αp|ZZ))ri+s

= rk−1(∆k−1S(v + αp|ZZ))ri+s

= rk−1(∆k−1(Sv + (αp+ q)|r−1ZZ))ri+s

= rk−1(∆k−1Sv)ri+s + αrk−1∆k−1(p|r−1ZZ)ri+s

= (S̃[k−1]w + α1)|ri+s
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holds for all s = 0, . . . , k − 1 (note that ∆k−1(q|r−1ZZ) = 0 since q ∈ IPk−1). This proves
the offset invariance of S̃[k−1] for IP1. Applying the already proved result for m = 0 to
S̃[k−1] yields the desired S[k] := r−(k−1)(S̃[k−1])[1] satisfying (6):

S[k]∆k = r−(k−1)((S̃[k−1])[1]∆)∆k−1 = rk−1∆(S̃[k−1]∆k−1)

= ∆(S[k−1]∆k−1) = ∆kS.

By repeatedly using the corresponding result for k = 1, properties of S such as bound-
edness, Lipschitz continuity, etc., are inherited by S[k]. Similarly, the inequalities (7)
and (8) also follow from the case k = 1. Indeed, by the above observation for any fixed
m = 0, . . . , k−1 the subdivision operator S̃[m] = rmS[m] is offset invariant for constants.
Thus, by applying the result for k = 1 to it, we get from

‖S[m]w‖`p(ZZ) = r−m‖S̃[m]w‖`p(ZZ) ≤ r−m(r1/p‖w‖`p(ZZ) + C‖∆w‖`p(ZZ))

the desired (7) if S (and thus S[m] and S̃[m]) are bounded while

‖S[m]w − S[m]w′‖`p(ZZ) = r−m‖S̃[m]w − S̃[m]w′‖`p(ZZ)

≤ r−m(r1/p‖w − w′‖`p(ZZ) + C‖∆(w − w′)‖`p(ZZ))

yields (8) under the assumption of Lipschitz continuity for S.

3 Convergence and Smoothness

In the univariate case, Lp convergence of the reconstruction part

vj = Svj−1 + Pdj, j ≥ 1, (10)

of a multi-scale transform resp. the subdivision scheme

vj = Svj−1, j ≥ 1, (11)

associated with it to a limit function f∞ ∈ Lp(IR), and the Lp smoothness of the latter,
is studied by associating with vj its linear spline interpolant f j on the grid Γj = r−jZZ:

f j(x) = (i+ 1− rjx)vji + (rjx− i)vji+1, rjx ∈ [i, (i+ 1)), i ∈ ZZ. (12)

Alternatively, we can write f j =
∑
i v

j
iB2(r

j · −i) using linear B-splines series with the
hat function B2(x) = (1 − |x|)+, or think of f j as the limit of a linear interpolating
subdivision process governed by the subdivision operator

(S2v)ri+s = r−1((r − s)vi + svi+1), s = 0, . . . , r − 1, i ∈ ZZ.
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Definition 3 The multi-scale reconstruction algorithm (10) is called Lp convergent if,
for any v0 ∈ `p(ZZ) and detail sequences dj ∈ `p(ZZ) satisfying∑

j≥1

r−j/p‖dj‖`p(ZZ) <∞, (13)

the corresponding sequence of linear spline interpolants f j converges in Lp(IR) to a limit
function f∞ ∈ Lp(IR).
Similarly, the subdivision scheme (11) associated with S is called Lp convergent if f j →
f∞ 6≡ 0 in Lp(IR) for any 0 6= v0 ∈ `p(ZZ).

In applications to multi-scale solvers for operator equations [7, 5] and geometric
modeling [9] the smoothness characteristics of the limits f∞ matter. Smoothness of
functions that are limits of approximation processes (in our case the recursively con-
structed sequences {f j} of linear splines) is conveniently measured in the scale of Besov
spaces Bs

p,q(IR), see [13] for various equivalent definitions including the standard one
based on moduli of smoothness: f ∈ Lp(IR) belongs to Bs

p,q(IR) for some 0 < s < k, and
1 ≤ p, q ≤ ∞ if

|f |Bs
p,q(IR) := ‖rsjωk(r−j, f)Lp(IR)‖`q(ZZ+) <∞,

where
ωk(t, f)Lp(IR) = sup

0<h<t
‖∆k

hf‖Lp(IR), t > 0.

The choice of the integer k > s is not critical, the resulting norms are equivalent for any
two such integers.

We will deal only with the case 1 ≤ p = q < ∞, and give an alternative definition
using an approximation-theoretic characterization of Besov spaces that is very convenient
for our setup: For small values 0 < s ≤ 1 of the smoothness parameter a function
f ∈ Lp(IR) belongs to Bs

p(IR) := Bs
p,p(IR) if and only if there exists at least one Lp

convergent series representation

f =
∞∑
j=0

hj

where the functions hj are linear splines on the grid Γj = r−jZZ (and thus possess a
B-spline representation of the form hj =

∑
i c
j
iB2(r

j · −i)) satisfying the constraint

∞∑
j=0

rspj‖hj‖pLp(IR) <∞.

Moreover, we can define an equivalent norm in Bs
p(IR) by setting

‖f‖Bs
p(IR) := inf

 ∞∑
j=0

rspj‖hj‖pLp(IR)

1/p

, (14)

where the infimum is taken with respect to all such representations. For larger values
m < s ≤ m + 1, where m ≥ 1 is an integer, we have by induction f ∈ Bs

p(IR) iff f (m−1)
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is absolutely continuous, and f (m) ∈ Bs−m
p (IR). In this case, an equivalent norm is given

by
‖f‖Bs

p(IR) := ‖f‖Lp(IR) + ‖f (m)‖Bs−m
p (IR). (15)

Proofs for these statements based on Jackson-Bernstein inequalities for linear splines and
further references can be found in, e.g., [4, 14, 7]. Finally, note that for the important
subcase p = 2, the scale Bs

p(IR), s > 0, coincides with the scale of Sobolev spaces
Hs(IR) = W s

2 (IR).

Definition 4 The subdivision scheme (11) associated with S possesses Lp smoothness
s > 0 if it is Lp convergent, and limit functions satisfy f∞ ∈ Bs

p(IR) for all v0 ∈ `p(ZZ).
The supremum of all such s > 0 is called Lp smoothness exponent of S, and denoted by
sp(S).

Theorem 5 Let S be a local, r-shift invariant, bounded subdivision operator operator.
Assume that S is offset invariant for IPk for some integer k ≥ 1, and 1 ≤ p <∞.
a) If

ρp,k(S) = ρp(S
[k]) := lim sup

j→∞
‖(S[k])j‖1/j`p(ZZ)→`p(ZZ) < r1/p (16)

then S is Lp convergent, and

sp(S) ≥ min(k,− logr(r
−1/pρp,k(S))) > 0. (17)

b) If, in addition, S is Lipschitz continuous, and P bounded, then (16) also implies the
Lp convergence of the multi-scale reconstruction (10). Moreover, if s is non-integer,
satisfies

0 < s < min(k,− logr(r
−1/pρp,k(S))),

and

‖{v0, dj}j≥1‖p,s;r :=

‖v0‖p`p(ZZ) +
∞∑
j=1

rj(sp−1)‖dj‖p`p(ZZ)

1/p

<∞,

then the limit function f∞ belongs to Bs
p(IR), and

‖f‖Bs
p(IR) ≤ C‖{v0, dj}j≥1‖p,s;r (18)

We conjecture that the restriction on non-integer s in part b) can be removed (see the
remark at the end of this section). For a discussion of the properties of the introduced
spectral radii, and their connection to similar quantities defined in [6, 13] and to the
smoothness equivalence conjecture [16, 15], we refer to [8]. We just mention some useful
properties. Firstly, the characterization

ρp,k(S) = inf
j≥1
‖(S[k])j‖`p(ZZ)→`p(ZZ) = inf{ρ : ‖∆kSjv‖`p(ZZ) ≤ Cρρ

j‖∆kv‖`p(ZZ)} (19)
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highlights the associated geometric decay property of the quantities ‖∆kSjv‖`p(ZZ) that is
crucially used both in the proofs, and for obtaining numerical upper bounds for ρp,k(S).
Secondly, we have

ρp,m(S) ≤ max(r−m+1/p, ρp,k(S)), m = 1, . . . , k − 1. (20)

Finally, we note that computing exact values for ρp,k(S) (and similar spectral radii) is a
hard problem in general, as it is equivalent to evaluating `p joint spectral radii of finite
families of nonlinear maps acting on IRL.

Proof. Theorem 5 is established following the same strategy as for proving similar
statements for linear S (in the nonlinear setting see [13] and for p =∞ also [1]). We give
the argument for part b), the simple changes for part a) are discussed at the end. Due
to (20), the assumption on ρp,k(S) implies ρp,1(S) < r1/p. Thus, we can assume k = 1.
By definition, proving Lp convergence of (10) is the same as proving Lp convergence of
the series

∑
j≥0 h

j composed of linear splines h0 = f 0, hj = f j − f j−1, j ≥ 1, where
f j are the linear interpolants to the sequences vj produced by (10). Recall that the
B-spline subdivision operator S2 is interpolating, and produces f j as the limit function
if recursively applied to vj. Moreover, the shifts of the B-spline B2 are Lp stable. This
implies ‖h0‖Lp(IR) � ‖v0‖`p(ZZ), and

‖hj‖Lp(IR) ≤ Cr−j/p‖Svj−1 + Pdj − S2v
j−1‖`p(ZZ) ≤ Cr−j/p(‖∆v‖`p(ZZ) + ‖dj‖`p(ZZ)),

(21)
j ≥ 1. The first estimation step in (21) follows since the nodal values of the linear spline
f j−1 on the refined grid r−jZZ are given by the sequence S2v

j−1, the second one from the
triangle inequality combined with the boundedness of P and with

‖Sv − S2v‖`p(ZZ) ≤ C‖∆v‖`p(ZZ), v ∈ `p(ZZ). (22)

The latter inequality in turn follows since both S and S2 are offset invariant for constants,
use the representation (9).

Next we prove geometric decay of the quantities Aj := r−j/p‖wj‖`p(ZZ), where wj :=
∆vj. Note that by definition (10)

wj = ∆(Svj−1 + Pdj) = S[1]wj−1 + ∆Pdj =

= (S[1])2wj−2 + S[1](S[1]wj−2 + ∆Pdj−1)− S[1](S[1]wj−2) + ∆Pdj

. . .

= (S[1])nwj−n +
n−1∑
l=1

(S[1])l(S[1]wj−l−1 + ∆Pdj−l)− (S[1])l(S[1]wj−l−1) + ∆Pdj.

Thus, using the boundedness of P and the Lipschitz continuity of S[1],

‖S[1]w′ − S[1]w‖`p(ZZ) ≤ C1‖w′ − w‖`p(ZZ),
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we get

‖wj‖`p(ZZ) ≤ ‖(S[1])nwj−n‖`p(ZZ) +
n−1∑
l=1

(C1)
l‖∆Pdj−l‖`p(ZZ) + ‖∆Pdj‖`p(ZZ)

≤ ‖(S[1])nwj−n‖`p(ZZ) + C
n−1∑
l=0

‖dj−l‖`p(ZZ),

where the constant C depends on n. According to the definition of the spectral radius
ρp,1(S), for any fixed ρ such that ρp,1(S) < ρ < r1/p, there is an n = nρ such that

‖(S[1])nw‖`p(ZZ) ≤ ρn‖w‖`p(ZZ).

Substituting into the previous inequality, we get

‖wj‖`p(ZZ) ≤ ρn‖wj−n‖`p(ZZ) + C
n−1∑
l=0

ρl‖dj−l‖`p(ZZ),

and, after multiplying by r−j/p and setting δ := ρr−1/p < 1,

Aj ≤ δnAj−n + C
n−1∑
l=0

δlr−(j−l)/p‖dj−l‖`p(ZZ),

with a constant C depending on ρ. By recursion, if j is given by j = nm + j′, where
0 ≤ j′ < n, then

Aj ≤ δnmAj′+C
nm−1∑
l=0

δlr−(j−l)/p‖dj−l‖`p(ZZ) ≤ C(δj‖v0‖`p(ZZ)+
j∑
i=1

δj−ir−i/p‖di‖`p(ZZ)), (23)

where the last step in the estimate follows from the boundedness of S and P :

Aj′ ≤ 2r−j
′/p‖vj′‖`p(ZZ) ≤ C(δj

′‖v0‖`p(ZZ) +
j′∑
i=1

δj
′−ir−i/p‖di‖`p(ZZ)),

for j′ = 0, 1, . . . , n− 1, with another constant depending on ρ.
Thus, substituting into (21), we arrive at
∞∑
j=0

‖hj‖Lp(IR) ≤ C(‖v0‖`p(ZZ) +
∞∑
j=1

r−j/p(‖wj‖`p(ZZ) + ‖dj‖`p(ZZ))

≤ C

‖v0‖`p(ZZ) +
∞∑
j=1

r−j/p‖dj‖`p(ZZ)

+
∞∑
j=1

(δj‖v0‖`p(ZZ) +
j∑
i=1

δj−ir−i/p‖di‖`p(ZZ))


≤ C

‖v0‖`p(ZZ) +
∞∑
j=1

r−j/p‖dj‖`p(ZZ) +
∞∑
i=1

δ−ir−i/p‖di‖`p(ZZ)

∞∑
j=i

δj


≤ C

‖v0‖`p(ZZ) +
∞∑
j=1

r−j/p‖dj‖`p(ZZ))

 .
10



This proves Lp convergence of the series
∑∞
j=0 h

j and consequently of the multi-scale
reconstruction (10) under the stated assumption (13).

The remaining statements about the Besov smoothness of the limit function and
the estimate (18) are proved by induction in k. Let first k = 1, and 0 < s <
min(1,− logr(r

−1/pρp,1(S))). By our definition (14) of the norm in a Besov space, the
limit function f belongs to Bs

p(IR) and (18) holds if we can show that the above decom-
position f∞ =

∑∞
j=0 h

j of f∞ into linear splines satisfies

∞∑
j=0

rjsp‖hj‖pLp(IR) ≤ C‖{v0, dj}j≥1‖pp,s,r ,

provided that the right-hand side of this inequality is finite. But this follows almost line-
by-line from the proof of Lp convergence if we replace the quantities Aj by the quantities

Âj := rj(s−1/p)‖∆vj‖`p(ZZ), choose ε > 0 such that

r1/p > r1/p−s > ρ̂ := r1/p−s−ε > max(ρp,1(S), r1/p−1)

(that this is possible follows from the assumption on s), and set δ̂ := ρ̂rs−1/p = r−ε < 1.
Then, (23) translates into

Âj ≤ C(δ̂j‖v0‖`p(ZZ) +
j∑
i=1

δ̂j−iri(s−1/p)‖di‖`p(ZZ)), j ≥ 0.

Applying the inequality

(
j∑
i=0

δ̂j−iai)
p ≤ Cρ,p

j∑
i=1

δ̂j−iapi (ai ≥ 0),

we have

Âpi ≤ C(δ̂j‖v0‖p`p(ZZ) +
j∑
i=1

δ̂j−iri(sp−1)‖di‖p`p(ZZ)), j ≥ 0.

Substitution of this bound yields the desired estimate:

∞∑
j=0

rjsp‖hj‖pLp(IR) ≤ C

‖v0‖p`p(ZZ) +
∞∑
j=1

(Âpj−1 + rj(sp−1)‖dj‖p`p(ZZ))


≤ C

‖v0‖p`p(ZZ) +
∞∑
j=1

rj(sp−1)‖dj‖p`p(ZZ)

+
∞∑
j=0

(δ̂j‖v0‖p`p(ZZ) +
j∑
i=1

δ̂j−ir−i/p‖di‖p`p(ZZ))


≤ C

‖v0‖p`p(ZZ) +
∞∑
j=1

rj(sp−1)‖dj‖p`p(ZZ) +
∞∑
i=1

δ̂−iri(sp−1)‖di‖`p(ZZ)

∞∑
j=i

δ̂j


≤ C‖{v0, dj}j≥1‖pp,s,r <∞.

11



This proves the result for k = 1 for 1 ≤ p <∞.
The induction step for the case k > 1 is shown for k = 2, it can be recursively

repeated without difficulty. We can concentrate on the case ρp,2(S) < r−1+1/p, and
assume 1 ≤ s < min(2,− logr(r

−1/pρp,2(S)). Indeed, if ρp,2(S) ≥ r−1+1/p then ρp,1(S) =
ρp,2(S) ≥ r−1+1/p by (20), and the already established result for k = 1 applies. Similarly
for the case ρp,2(S) < r−1+1/p and s < 1, since then ρp,1(S) ≤ r−1+1/p < r−s+1/p, and
again the result for k = 1 is applicable. Consider S̃[1] := rS[1]. Obviously, this operator
satisfies the conditions of the theorem with k = 1 and s replaced by s̃ = s − 1 since
ρp,1(S̃

[1]) = rρp,2(S) and thus

0 < s̃ < min(2,− logr(r
−1/pρp,2(S))− 1 = min(1,− logr(r

−1/pρp,2(S̃
[1])).

Thus, if we consider the reconstruction algorithm

wj = S̃[1]wj−1 + r∆Pdj, , w0 = ∆v0,

then its limit function g belongs to Bs−1
p (IR), and

‖g‖Bs−1
p (IR) ≤ C‖{∆v0, rdj}j≥1‖pp,s−1,r ≤ C‖{v0, dj}j≥1‖pp,s,r.

Now, from the definition of S̃[1] and the recursion for wj it is obvious that wj = rj∆vj.
Thus, the piecewise constant functions gj :=

∑
iw

j
iB1(r

j · −i), where B1 is the charac-
teristic function of [0.1), represent the derivatives of the piecewise linear interpolants f j

associated with the sequence vj. From this and the already established Lp convergence
f j → f , it is not difficult to see that g = f ′ in Lp(IR). The result the follows since for
s > 1

‖f‖Bs
p(IR) ≤ C(‖f‖Lp(IR) + ‖f ′‖Bs−1

p (IR)).

The changes for part a) are minor. The proof can be repeated by setting dj = 0.
This implies wj = (S[1])nwj−n without any reference to the Lipschitz stability of S, and
convergence and smoothness estimates follow for k = 1. The induction argument for
k > 1 is also the same (note that for the proof of (17) the consideration of integer s
is not necessary due to the monotonicity of the Besov scale with respect to s). This
finishes the proof of Theorem 5.

We end this section with the following remark. The restriction to non-integer s in
part b) of Theorem 5 is due to the method of proof (as a matter of fact, the restriction has
not been mentioned in [8], nor does it appear in [13] although the proof given there also
does not cover integer values of s). The technical hurdle is the crude estimate (22) which
suffices for the case 0 < s < k = 1 but not for s = 1 and k = 2. What would be needed
is a replacement of ‖∆v‖`p(ZZ) by ‖∆2v‖`p(ZZ) in the right-hand side of the inequality in
(22). Such a replacement is obvious if S is interpolatory, or if the construction of f j

by linear B-spline series interpolating vj on r−jZZ, as done in this paper, is modified by
introducing an appropriate shift (this trick works for linear S). We believe that this gap
in the statement of Theorem 5 can also be closed in the nonlinear case.

12



4 Stability

Stability of multi-scale transforms, i.e., the robustness with respect to small perturba-
tions, is not a major issue for linear schemes since convergence of a linear subdivision
scheme implies stability. However, for nonlinear schemes stability is by no means obvi-
ous, and deserves consideration. In this section, we consider only Lipschitz stability in
`p(ZZ) of the simplified version (1) of a nonlinear multi-scale transform.

Definition 6 The reconstruction algorithm (10) is called Lp stable if there is a constant
CU such that

r−J/p‖vJ − ṽJ‖`p(ZZ) ≤ CU(‖v0 − ṽ0‖`p(ZZ) +
J∑
j=1

r−j/p‖dj − d̃j‖`p(ZZ))

holds for all v0, ṽ0 ∈ `p(ZZ), and J ≥ 1.
The subdivision algorithm (11) is called Lp stable if there is a constant CS such that

r−J/p‖vJ − ṽJ‖`p(ZZ) ≤ CS‖v0 − ṽ0‖`p(ZZ)

holds for all v0, ṽ0 ∈ `p(ZZ), and J ≥ 1.
For all these definitions it is assumed that the associations

vJ ←→ {v0, d1, . . . , dJ}
ṽJ ←→ {ṽ0, d̃1, . . . , d̃J}

are given by the corresponding recursions in (1), where in the subdivision case detail
sequences are set to 0.

For a brief discuss of the decomposition part of the multi-scale transform (1), see [8]. We
stick to the above finite-dimensional versions of Lp stability since in this form they are
valuable for realistic algorithms, e.g., for compression based on detail thresholding. We
also note that the inclusion of the fore-factors r−j/p is dictated by the interpretation of
the sequences vj as coarse-scale representations of an Lp limit function. Indeed, assuming
Lp convergence, the stability of (10) implies

‖f∞ − f̃∞‖Lp(IR) ≤ CU(‖v0 − ṽ0‖`p(ZZ) +
∞∑
j=1

r−j/p‖dj − d̃j‖`p(ZZ))

for the Lp limits of the associated sequences {f j}j≥0 and {f̃ j}j≥0.
General results on the Lp stability of the multi-scale reconstruction (10) and of the

subdivision scheme (11) have been developed in [6, 13] for 1 ≤ p ≤ ∞ (note that these
papers consider the limit case J → ∞, and also the Besov space setting), and more
recently for p =∞ in [11] and [1] (see also [12, 2] for earlier stability results). We extend
the result from [11] to the range 1 ≤ p <∞. We state it for k = 1.

13



Theorem 7 Let S be an r-shift invariant, local, offset invariant for IP1, and Lipschitz
continuous subdivision operator, and P be Lipschitz continuous. Then the existence of
a 0 < ρ < 1 and some integer n ≥ 1 such that

r−n/p‖∆(vn − ṽn)‖`p(ZZ) ≤ ρ‖∆(v0 − ṽ0)‖`p(ZZ) + C
n∑
l=1

r−l/p‖dl − d̃l‖`p(ZZ) (24)

for any two sets {v0, dj}, {ṽ0, d̃j} of multi-scale data implies that the multi-scale recon-
struction (10) is Lp stable.
If (24) holds in the special case when v0, ṽ0 ∈ `p(ZZ) are arbitrary but dj = d̃j = 0,
j = 1, . . . , n, then the subdivision scheme (11) is Lp stable.

Proof. From the assumptions and (8) with m = 0 we have

r−J/p‖vJ − ṽJ‖`p(ZZ)

≤ r−J/p(‖SvJ−1 − SṽJ−1‖`p(ZZ) + ‖PdJ − P d̃J‖`p(ZZ)

≤ r−J−1/p‖vJ−1 − ṽJ−1‖`p(ZZ) + Cr−J/p(‖∆(vJ−1 − ṽJ−1)‖`p(ZZ) + ‖dJ − d̃J‖`p(ZZ))

· · ·

≤ ‖v0 − ṽ0‖`p(ZZ) + C
J∑
j=1

r−j/p‖dj − d̃j‖`p(ZZ) + C
J−1∑
j=0

r−l/p‖∆(vl − ṽl)‖`p(ZZ).

To see that the last sum can is majorized by the remaining terms in this upper
bound, we now explore (24). The reasoning is analogous to our estimates for the Lp
convergence proof for Theorem 5. Write j = sn + j′ with j′ = 0, . . . , r − 1, and denote
ρ̃ := ρ1/n. Then

r−j/p‖∆(vj − ṽj)‖`p(ZZ)

≤ ρr−(j−n)/p(‖∆(vj−n − ṽj−n)‖`p(ZZ) + C
j∑

l=j−n+1

r−l/p‖dl − d̃l‖`p(ZZ)

≤ ρ̃nr−(j−n)/p(‖∆(vj−n − ṽj−n)‖`p(ZZ) + C
j∑

l=j−n+1

ρ̃j−lr−l/p‖dl − d̃l‖`p(ZZ)

· · ·

≤ ρ̃sn‖∆(vj
′ − ṽj′)‖`p(ZZ) + C

j∑
l=j′+1

ρ̃j−lr−l/p‖dl − d̃l‖`p(ZZ)

≤ C

ρ̃j‖v0 − ṽ0‖`p(ZZ) + C
j∑
l=1

ρ̃j−lr−l/p‖dl − d̃l‖`p(ZZ)

 .
Here, the last step comes from recursively estimating finitely many expressions ‖∆(vj

′−
ṽj
′
)‖`p(ZZ), j

′ = 0, . . . , n − 1, using the Lipschitz continuity of S and P , clearly, the
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constant C depends on the fixed values of ρ < 1 and n. With this at hand, it remains
to substitute and change order of summation:

J−1∑
j=0

r−l/p‖∆(vl − ṽl)‖`p(ZZ)

≤ C
J−1∑
j=0

ρ̃j‖v0 − ṽ0‖`p(ZZ) + C
j∑
l=1

ρ̃j−lr−l/p‖dl − d̃l‖`p(ZZ)


≤ C

‖v0 − ṽ0‖`p(ZZ)

J−1∑
j=0

ρ̃j +
J−1∑
l=1

ρ̃−lr−l/p‖dl − d̃l‖`p(ZZ)

J−1∑
j=l

ρ̃j


≤ C

(
‖v0 − ṽ0‖`p(ZZ) +

J−1∑
l=1

r−l/p‖dl − d̃l‖`p(ZZ)

)
.

This shows the desired estimate, and the proof of the Lp stability of (10) is complete.
The Lp stability of (11) follows under the stated conditions if one repeats the above
argument with dj = d̃j = 0.

The statement of this theorem carries over to k > 1 if an estimate of the form

‖Sv − Sw‖`p(ZZ) ≤ r1/p‖v − w‖`p(ZZ) + C‖∆k(v − w)‖`p(ZZ) (25)

can be established, and (24) holds with ∆ replaced by ∆k, see [11]. Moreover, in [11]
the condition (24) has been replaced by a spectral radius estimate on the derivatives of
derived subdivision operators. For the sake of simplicity we assume that S and thus all
S[m], m ≤ k, are C1, i.e., all functions φs in the definition (2) of S possess uniformly
bounded, continuous partial derivatives, and refer to [11] for the exact conditions of
piecewise continuous differentiability under which the statement can be proved. Denote
by DvS

[k] the Frechet derivative of S[k] at v ∈ `p(ZZ). Due to our simplifying assumptions,
the linear operator family DvS

[k] : `p(ZZ) → `p(ZZ) depends continuously on v. Now
define the spectral radii ρstabp,k (S) = ρstabp (S[k]) and ρ̃stabp,k (S) = ρ̃stabp (S[k]) as follows:

ρstabp (S[k]) := lim sup
j→∞

sup
w∈`p(ZZ)

‖DS[k]

(S[k])j−1w
DS

[k]

(S[k])j−2w
· · ·DS[k]

w ‖
1/j
`p(ZZ)→`p(ZZ), (26)

and

ρ̃stabp (S[k]) := lim sup
j→∞

sup
w0,w1,...,wj−1∈`p(ZZ)

‖DS[k]
wj−1DS

[k]
wj−2 · · ·DS[k]

w0‖1/j`p(ZZ)→`p(ZZ). (27)

Note that in (27) the supremum is taken with respect to an arbitrary collection of wl,
l = 0, . . . , j − 1, while in (26) it is taken with respect to a single w. Set wl = (S[k])lw,
l = 0, . . . , j − 1, to see that

ρstabp,k (S) ≤ ρ̃stabp,k (S).

As demonstrated in [11] for the dyadic median interpolating scheme, this inequality can
be strict. On the other hand, in [10, Lemma 4.2] it was observed that

lim
n→∞

ρ̃stabp ((S[k])n)1/n = ρstabp,k (S),
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a property that is useful for establishing approximation results, see [10, 8]. The proof of
the following theorem, and its generalization to certain classes of piecewise-differentiable
S, is given in [11, Section 2.3] in the case p = ∞, it straightforwardly carries over to
1 ≤ p <∞.

Theorem 8 Let S be an r-shift invariant, local, C1 continuous subdivision operator, and
P be bounded and Lipschitz continuous. In addition, assume that S is offset invariant
for IPk, and that (25) holds. The multi-scale reconstruction (10) is Lp stable if ρ̃stabp,k (S) <

r1/p, and the subdivision algorithm (11) is Lp stable if ρstabp,k (S) < r1/p.

We note that under mild conditions Lp stability fails to hold when the corresponding
inequalities are reversed. The C1 assumption on S can be replaced by the weaker k-
differentiability, as done in [11] for p =∞. This extension is necessary to deal with the
example considered in the next section.

5 Example

For future reference, we want to summarize the currently known results on Lp conver-
gence, Besov smoothness, and stability for the family of nonlinear interpolating power-q
subdivision operators. They represent a simple enough test case for the application
of general theories where we despite its simplicity do not yet have final answers to all
questions.

The power-q subdivision operator is defined by

(Sv)2i = vi, (Sv)2i+1 =
vi + vi+1

2
− 1

8
Hq(∆

2vi−1,∆
2vi), i ∈ ZZ, (28)

where the so-called limiter Hq is defined by

Hq(x, y) =

{
x+y

2

(
1−

∣∣∣x−y
x+y

∣∣∣q) , xy > 0,

0, xy ≤ 0.
(29)

The parameter q ∈ [1,+∞) is fixed. References and basic facts can be found in [8].
The most studied case is q = 2. Obviously, S realizes a nonlinear, data-dependent
interpolation between the subdivision rule S2 which results if (∆2vi−1)(∆

2vi) ≤ 0, and
the standard Deslauriers-Dubuc 4-point scheme the definition of which coincides with
the case ∆2vi−1 = ∆2vi in (28). The S of the power-q family are Lipschitz continuous
for all q ∈ [1,∞), are 2-shift invariant, and offset invariant for IP2.

Thus, both S[1] and S[2] are well-defined, and our theorems can be used with either
k = 1 or k = 2:

(S[1]w)2i = wi

2
− 1

8
Hq(∆wi−1,∆wi),

(S[1]w)2i+1 = wi

2
+ 1

8
Hq(∆wi−1,∆wi),

(S[2]w)2i = 1
4
Hq(wi−1, wi),

(S[2]w)2i+1 = wi

2
− 1

8
(Hq(wi−1, wi) +Hq(wi, wi+1)),

i ∈ ZZ. (30)
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By working with S[1], the Lp convergence of the power-q multi-scale reconstruction al-
gorithm with P = Id (and thus also the Lp convergence of the associated subdivi-
sion scheme) can easily be established. By Theorem 5 it is sufficient to show that
ρp,1(S) < 21/p which evidently follows from the stronger statement

‖S[1]‖`p(ZZ)→`p(ZZ) < 21/p, 1 ≤ p <∞.

Indeed, since

1

8
|Hq(∆wi−1,∆wi)| ≤

1

16
|∆wi−1 + ∆wi| ≤

1

16
(|wi−1|+ |wi+1|),

we have

‖S[1]w‖p`p(ZZ) ≤ 2‖1

2
|wi|+

1

16
(|wi−1|+ |wi+1|)‖p`p(ZZ) ≤ 2(

5

8
‖w‖`p(ZZ))

p,

independently of q ∈ [1,∞).
It was conjectured in [8] that a much sharper result holds, namely, that for all

q ∈ [1,∞)

ρp,2(S) =
1

2
=⇒ sp(S) = 1 +

1

p
, 1 ≤ p ≤ ∞. (31)

The upper bound sp(S) ≤ 1 + 1
p

is obvious since the limit function S∞δ for the δ-

sequence is the linear B-spline B2, independently of q, and ω2(t, B2)Lp(IR) � t1+1/p. The
lower bound in (31) follows from the stronger inequality

‖S[2]‖`p(ZZ)→`p(ZZ) =
1

2
, 1 ≤ p <∞, (32)

for the range 1 ≤ q ≤ 2 (for p =∞, this equality holds for all q, see [8]).
Indeed, for this range of values the q-power scheme is convexity preserving: If a finite

segment of v is convex, i.e., for w = ∆2v we have wj−1, wj′+1 ≤ 0 < wi, i = j, . . . , j′, for
some j ≤ j′, then Sv remains convex there, more precisely

(S[2]w)2j = (S[2]w)2j′+2 = 0, (S[2]w)i > 0, i = 2j + 1, . . . , 2j′ + 1.

Similarly for concave segments, with all inequality signs reversed. This follows from the
elementary inequality 0 < Hq(x, y) = −Hq(−x,−y) < qmin(x, y), x, y > 0. Since any
finitely supported v decomposes into finitely many convex/concave segments, in order
to prove (32) it is enough to prove the corresponding `p inequality for a finite convex
segment, i.e., to show that

j′∑
i=j

(
wi
2
− xi−1 − xi)p +

j′−1∑
i=j

(2xi)
p ≤

j′∑
i=j

(
wi
2

)p,

where the notation

0 < xi :=
1

8
Hq(wi, wi+1) <

1

4
min(wi, wi+1), i = j, . . . , j′ − 1,
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is used (xj−1 = xj′ = 0). But this follows by induction in the length j′ − j of the
underlying index segment [j, j′]. The case of a length j′ − j = 0 segment is trivial.
Suppose j′ − j > 0. Since

xj < 2xj,
1

2
wj − xj <

1

2
wj, 0 < xj,

1

2
wj+1 − xj=1 − xj <

1

2
wj+1 − xj+1,

the convexity of φ(t) = |t|p implies

(
1

2
wj − xj)p + (2xj)

p ≤ (
1

2
wj)

p + xpj

and

xpj + (
1

2
wj+1 − xj+1 − xj)p ≤ (

1

2
wj+1 − xj+1)

p.

Substitution yields

(
1

2
wj − xj)p + (2xj)

p + (
1

2
wj+1 − xj+1 − xj)p ≤ (

1

2
wj)

p + (
1

2
wj+1 − xj+1)

p.

This reduces the proof of the above `p estimate for the index segment [j, j′] to the case
of the shorter index segment [j + 1, j′], and the induction is complete.

For q > 2, it is easy to see that (32) is not necessarily true anymore (e.g., consider
p = 1, the finitely supported sequence v given by v0 = −(1 + ε), v1 = v−1 = −1, vi = 0,
|i| ≥ 2, and choose ε > 0 small enough. Thus, (31) is formally established for 1 ≤ q ≤ 2,
and still open for 2 < q <∞.

Concerning stability, since we know that S is 2-differentiable (see [11, Section 3.2]),
and satisfies (25), Theorem 8 is applicable with k = 2. By crude estimates, we can show
that

‖DvS
[2]‖`p(ZZ)→`p(ZZ) < 21/p, 1 ≤ p <∞, (33)

holds, independently of v, for a certain range q ∈ [1, qp), where 2 < qp < 4. this obviously
implies ρ̃stabp,2 (S) < 21/p. For p =∞, the latter inequality was established for q ∈ [1, 8/3)
in [11], there it was also shown that ρ̃stab∞,2(S) > 1 if q > 4.

To prove (33), we assume q ∈ [1, 4], and set a := q/4 ∈ [1/4, 1]. From [11, Section
3.2] we quote the following properties of the matrix representation of DvS

[2]:

|(DvS
[2]u)2i| ≤ 2αi|ui−1|+ 2α′i|ui|,

|(DvS
[2]u)2i+1| ≤ αi|ui−1|+ (1/2− α′i − αi+1)|ui|+ α′i+1|ui+1|,

where the data-dependent coefficients αi, α
′
i satisfy 0 < αi < αi + α′i < a/2. For even

indices, we get∑
i∈ZZ

|(DvS
[2]u)2i|p ≤ ap−1

∑
i∈ZZ

2αi|ui−1|p + 2α′i|ui|p ≤ 2ap‖u‖p`p(ZZ),
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and for odd indices∑
i∈ZZ

|(DvS
[2]u)2i+1|p ≤ (

1

2
+ a)p−1

∑
i∈ZZ

ai|ui−1|p + (
1

2
− a′i − ai+1)|ui|p + a′i+1|ui+1|p

≤ 1

2
(
1

2
+ a)p−1‖u‖p`p(ZZ).

Together this gives

‖DvS
[2]u‖p`p(ZZ) ≤ (2ap +

1

2
(
1

2
+ a)p−1)‖u‖p`p(ZZ),

and (33) follows as long as 2ap + 1
2
(1

2
+ a)p−1 < 2. If a ≤ 1/2 it is trivially satisfied for

all p. Since the left-hand side as a function of a ∈ (0, 1] is monotone and continuous for
each fixed p, and exceeds 2 if a = 1, there is an 1/2 < ap < 1 such that (33) holds iff
0 < a < ap which is equivalent to q ∈ [1, qp) with some 2 < qp < 4. In particular, q1 = 3,
q2 = (

√
57− 1)/2 ≈ 3.275, and qp → 2 if p→∞.

To summarize, for the subfamily of convexity-preserving power-q schemes (1 ≤ q ≤ 2)
Lp convergence, smoothness exponents, and stability are fully established while for q > 2
only partial results are known.
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