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Analysisof ScalablePMD CompensatorsusingFIR
Filters andWavelength-DependentOptical Power

Measurements
PeterOswald Christi K. MadsenRobertL. Konsbruck

Abstract— We investigatethe potential of optical � -stageFIR
�lter architectures for PMD compensationbasedon fr equency-
dependent optical power monitoring. The measurement infor-
mation is used to partially estimate the channel's Jonesmatrix

�������

, and the �lter parameters are adjusted basedon solving a
nonlinear least-squares problem which mimics the approximate
inversion of

�������

by the �lter . Numerical studies of the opti-
mization method and outage probability simulations show the
robustnessand scalability of the proposedconcept.

Index Terms— Polarization mode dispersion compensation,
optical �lters, FIR �lter design,numerical simulation

I . INTRODUCTION

Polarizationmodedispersion(PMD) is considereda poten-
tially performance-limitingfactor for optical communication
systemsoperatingat higher bit rates,especially, when used
over legacy �ber links. A recentoverview aboutPMD theory
andmodelingis given in [1]. From a practicalpoint of view,
the designand control issuesrelatedto PMD compensation
(PMDC) are of particular importance for a range of ap-
plications (widebandPMD mitigation, intra-channelPMDC,
higher-orderPMD impairments,etc.).PMDC efforts aretypi-
cally basedon receiver feedbackinformation,andmaybene�t
from other recent signal processingand coding-theoretical
advances.On the other hand, integrated all-optical PMDC
solutionsfor usein variouspartsof the network are needed,
too.

The existing PMDC proposalsmostly neglect polarization-
dependentlossesand can be differentiatedby a) PMDC ar-
chitecture,b) monitoringinformationandmeasurementsetup,
c) feedbackcontrol method, and d) application range. As
to architectures,most PMDC are basedon combinationsof
polarizationcontrollers(or equivalentcombinationsof phase
shifters,Mach-Zehnderinterferometers,waveplates,anddirec-
tional couplers)anddelaylineswith a few tunableparameters.
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Reńe Essiambre,andJelenaKova�cević for lendingtheirsoftwareandgenerous
support.

See[2], [3], [4], [5] for exampleswith up to � degreesof
freedom.The use of 	 -stage�nite impulse response(FIR)
�lter architectureswas advocatedin, e.g., [6], [7], [8], [9],
in particular for broadbandPMDC. As a basis for optical
�lter design,	 -stageFIR �lters have a well-establishedtheory,
see[10], [11], and are scalablewhich makes them capable
of dealingwith higher-order PMD. A few paperstreat more
generalarchitecturesby includingvariabledelaylines(seethe
discussionin [3], [6], [12] and [13]) or using allpass�lters
basedon tunablering resonators[14].

PMD monitoring is often basedon converting the optical
signal into the radio-frequency domain at the receiver and
directly assessingthe bit error rate (BER) or eye-opening
penalty, but may be too slow for use at high bit-rates,see
[15] for researchon this issue.As to the measurementof
PMD-inducedtransmissiondegradationin theopticaldomain,
several approacheshave been pursuedsuch as degree of
polarization (DOP) [2], [16], arrival times of polarization-
scrambledlight [17], [4], differential group delay [18], and
frequency-dependent PMD vector monitoring [19]. Only a
few of the above mentionedpapersgive details about the
potentialcontrolalgorithmsandtheir real-timebehavior. Since
it is generallyanticipatedthatpracticalPMDCsareadjustable
in a time period of a few milliseconds,and commercially
available�rst- andsecond-orderPMDC areonly approaching
this demandingrequirement,much work on this issueis still
ahead,especiallyfor higher-orderPMD mitigation.

The focus of this work is to further assessthe potential
of 	 -stagetwo-port power-complementaryoptical FIR �lter
architecturesfor intra-channelPMD compensation,underthe
assumptionthat a PMD monitoringschemesuchasproposed
in [20], [21] provides us with accurateapproximationsto
the channel's Jonesmatrix 
���
�� for the frequency band
of interest.Basedon this information, the roughly ��	 free
parametersof the PMDC which arerealizedin phaseshifters
are thenadjustedsuchthat the PMDC's Jonesmatrix 
�����
��

approximatelyinverts 
���
�� , possiblyup to a remainderchro-
matic dispersion.The optimal parametervalues are found
by numericallysolving an associatednonlinearleast-squares
minimizationproblem,in a way thatavoidssub-optimaloper-
ation.We reportperformancestudiesfor the optimizationand
outageprobabilitysimulationsthatdemonstraterobustnessand
scalability, and demonstratethe potential and current speed
limitations of this approachto higher-orderPMD mitigation.



J. OF LIGHTWAVE TECHNOLOGY, VOL. XX, NO. Y, MONTH 200X 2

I I . PMD COMPENSATOR AND MONITOR ARCHITECTURES

The PMDC architectureconsideredin this paper usesa
polarizationbeamsplitter (PBS) with a polarizationrotator
in onearmto separatetwo orthogonalpolarizationswhich we
call � -polarization (depictedin Fig. 1 as the upper arm or

� -arm) resp. � -polarization.The PBS is followed by an 	 -
stagecascadeof symmetricalMach-Zehnderinterferometers
(sMZ), tunablephaseshifters(PS)in the � -arm,andconstant
delay lines (DL) for the � -polarization.Dependingon the
application,a polarizationbeamcombiner(PBC) is usedto
combine the two polarizations,or only one polarization is
further transmitted.Figure 1 shows the two architecturesfor

	�� � .

The constantdelay ��� is the samefor all stages,and is
tied to the free spectralrange(FSR, in GHz) of the PMDC.
As a default value, the FSR is chosenabout �	� � times the
optical �lter bandwidth 
�� of the receiver. In the normalized
frequency variable 
 (in radians),the FSR correspondsto a
full period of ��
 and ������� . It is assumedthat 
����

correspondsto the center frequency of the channel under
consideration.From now on, 
 is always normalizedin this
fashion.ThesMZ consistsof a tunablePSembeddedbetween
two ����� power splitters.Thus, all tunablecomponentsare
implementedasphaseshifters.

To describethe transfermatricesof thesecomponentsand
the whole PMDC, we introducethe following basicnotation.
The transfer matrix of a losslesstransmissionlink will be
denotedby � ��
���������� �"!$# 
���
�� , where 
���
��&%�' 
�� � � is the
associatedJonesmatrix. Thecommonphasefactorin front of


���
�� representsthe chromaticdispersionof the transmission
link. Let
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the Jonesmatricesassociatedwith waveplatesanddirectional
couplers(DC), respectively. Thus,a PS that realizesa phase
shift by thescalarfactor ����� in the � -armhasa transfermatrix
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An obvious alternative to using a sMZ is the tunableDC,
where �TS � ��
��*�

J

C
D

.

With this notationat hand,we seethat the transferfunction

of an 	 -stagePMDC as in Fig. 1 (b) is given by
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where 
 � ��
�� is the Jonesmatrix
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A similar representationwith the
C

replacedby
J

C

holds if a
DC replacesthe sMZ. Equations(4-5) reveal that the PMDC
architecturefrom Fig. 1 (b) is equivalent to a 	 -stagetwo-
port power-complementaryFIR �lter (seeAppendix I). The
commonphasefactor of �

�
��
�� is given by a linear phase

function which resultsin a constantdelay of the signal,and
doesnot impact the receiver detection.

In case of Fig. 1 (a), where a PBC combinesthe two
polarizationsbefore the receiver, the last sMZ and PS can
be dropped from the PMDC since they correspondto a
constantunitarytransformationof thepolarizationvector, with
no impact on the square-law power detectionused in the
receiver. Since the Jonesmatrix (5) of the PMDC is ��
 -
periodic whereasthe channel's Jonesmatrix 
���
�� is not, a
good compensationresult cannotbe expectedon a band of
lengthcloseto or larger than ��
 . This partly explainswhy we
have taken the FSRsuf�ciently larger than the actualoptical
�lter bandwidth 
�€ .

The principal structureof the PMD monitor [20], [21] is
shown in Fig. 2, it can be placedbefore the PMDC (after
the PBS)or after the PMDC (beforethe PBC) in Fig. 1. The
co-polarizedsignalson the two arms are passedthrough a
tunablenarrow-band �lter (NBF), and power measurements

•ƒ‚

,
•ƒ„

are tappedoff from both arms.The remaindersignal
is split and passedthrough … �	† DCs (with ;‡�R
ˆ�‰… ), where
in one casea PS in the � -arm (with

t

�ŠEB
ˆ� � ) is applied
before the DC, and two more power measurements

•Œ‹

‚

,
••‹

„

aretaken.The tuningof the NBF canbe achievedby shifting
the �lter' s centerfrequency acrossa certainset of sampling
frequenciesŽ&O . Altogether, for eachsamplingfrequency •
*•�%

Ž&O , ‘ƒ�’�

H

d�d1d

H

•

� , four power measurementswill be recorded.
Onemeasurementcycle consistsof a completesweepthrough
all •

� samplingfrequencies.As will be shown in Appendix
II, this enablesthe detectionof the magnitudesof the two
polarizationsandalsothe differenceof their phasesat a set
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of control frequencies,where 4 �•œž� . We call the interval
j›E64

�



H

4
�


Tv control band, for practical purposes(seeSec-
tions III and IV) it is reasonableto assumethat it roughly
covers the passbandof the optical �lter . By applying the
inverseof thetransferfunction �

�
��
�� whichis known from the
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currentPMDC settings,we candeterminesimilar information
aboutthe polarizationvectors � ��� � � ��
 • � at PMDC input.

The accuracy of this information will dependon many
factors,includingthemodulationformatandthemeasurement
tolerances.A �rst experimentalvalidation of the above de-
scribedPMD monitor is given in [21]. Measurementspeeds
of � ms for a singlesweepacrossa modulatedspectrumhave
beendemonstrated.PreliminaryDGD measurementsusing a
periodicallymodulatedinput are in excellentagreementwith
a standardPMD measurementand the application to data
modulatedinputs and higher-order PMD is in progress.For
the purposeof this paper, we will assumethat the PMD
monitoringprocessprovidesus with goodapproximationsfor
thenormalizedmagnitudesandphasedifferencesof � ��� � � ��
ƒ• � .
This allows us to partially recover the channel's Jonesmatrix


���
�� at the control frequencies
�• , and is called the partial
measurementcase.To benchmarkthe optimizationapproach
andthesimulations,we alsohave consideredthefull measure-
mentcase,wherecompleteinformationabout 
���


•
� is given.

For a further discussionof theseissues,seeAppendix II and
the following two sections.

I I I . OPTIMIZATION CRITERIA

Themonitoringof PMDC quality andparameteradjustment
is basedon the heuristic that under ideal circumstancesthe
PMDC transfermatrix shouldundothedistortionof thechan-
nel's transfermatrix in thefrequency bandof interest.Roughly
speaking,whatwe want to aim at is theapproximateinversion
of 
���
�� by 
 � ��
�� for 
 % j›E64 �V


H

4 �s
Tv . Since 
 � ��
��

correspondsto an arbitrary two-port power-complementary
FIR �lter , as the numberof stages	 goesto in�nity we can
achieve convergence
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for any continuousJonesmatrix 
���
�� , as long as 4
�

œ’� is
�x ed. The convergencespeedto the limit obviously depends
on the smoothnesspropertiesof 
���
�� in a neighborhoodof
the control band; it is expectedto degradewith an increase
in bit rate,the amountof root-mean-squaredifferentialgroup
delay(DGD), andhigher-orderPMD contentsof the channel.
The control band j›E64��V


H

4 �s
Tv is determinedmainly by the
optical �lter bandwidth


� of thereceiver andtheFSRof the
PMDC.

Since in practicewe have to �x a maximal 	 , we cannot
hopefor perfectinversionof arbitrary 
���
�� by thePMDC,and
needto introducea quantitative measureof PMD distortion
that canbe exploredin optimization/controlalgorithms.What
we use in this paper is a modi�ed nonlinear least-squares
(NLSQ) formulationin the tuning parameterswhich incorpo-
ratesthe PMD monitor informationin a straightforward way.
Similar functionalshave often beenusedfor FIR �lter design
and in adaptive FIR �lter control. Alternative formulations,
which we do not pursuehere,are basedon weightedNLSQ
resp.minmax functionalsor involve the minimization of in-
stantaneousDGD [8] resp.DOP. More precisely, givena setof
unit input vectors •

�
• correspondingto the control frequencies


 • % Ž � , we try to determinethe � 	

u

… parameters; “ �

� ;

r

H

d1d�d

H

;

l

� ,
t

“”� �

t

r

H

d1d1d

H

t

l

� , { , and � suchthat

	

�/� �&“”�

�

�




n

•

p��














 � ��
ƒ• � •�	•VE

+

�1�h�›~

c��

!��/#

�

2













0

E���� >›@

H

(7)
where 
 � ��
�� is given as a function of ;

H

t

by the formula
(5), and �Š“ � � ;

H

t

H

{

H

� � is a short-handnotation for the
��	

u

… unknown variables.The input vectors •� • represent
approximationsto 
���
 • ���

r ata �x edsetof controlfrequencies
Ž � . Here �

r is the�x edlaunchpolarizationvectordetermined
by the transmittersetup,and 
���
�• ���

r can be interpretedas
a normalizationof the polarization vector � ��� � � ��
—• � at the
PMDC input, averagedover many bit periods.The optimiza-
tion methodfor solving the NLSQ minimizationproblem(7)
is brie�y describedin AppendixIII.

Note that if

1) Ž � is suf�ciently densein the control band,
2) the input vectors •

�
• are good approximations to


���

•

���

r , ‘—� �

H

d1d1d

H

� , and
3) the value

	

� � � of the NLSQ functional is small,

thentuningthePMDC in accordancewith theparameters;

H

tgivenby � leadsto a polarizationvectorat the PMDC output
with almost all power concentratedin the � -arm, and the
only additionalsignaldegradationcomesfrom thepre-existing
chromaticdispersion(thereis anadditionallinearphasefactor,
with slope dependingon the parameter� and the PMDC
settings).In other words, if the Jonesmatrix of the system
includingthePMDC is denotedby •


���
�� “ � 
�� ��
�� 
���
�� then
this should lead to an approximatelyconstantPMD vector

•� ��
�� of the form •� ��
���� �q• �

r

� � ��� in the control band,
where •�

r is somereal constant.

To illustratesomeof theabovestatements,we give a couple
of numericalexamples(moredetailsaboutthe algorithmcan
be found in AppendixIII). As input, we use

•
�	•k� 
���
—• ���

r

H

‘��’�

H

d1d�d

H

�

H

(8)

where �

r is a �x ed unit vector, where the 
�• are uniformly
spacedat distance � Ž � � � GHz in a control band of

�

� GHz length. The channel's PMD Jonesmatrix 
���
�� is
generatedby a standarddiscreterandomwaveplate (DRW)
modelwith � sectionsanda prescribedamountof root-mean-
square(rms) DGD ���! 

[ S�"sS , seethe next sectionfor details.
We will characterizethe impact of the PMDC optimization
and its dependenceon various parametersby showing the
components��• ��
�� , ‘L�R�

H

�

H

� , of the PMD vector � ��
�� resp.
DGD values�1S�"VS ��
�� “ �$#%� ��
���# beforeandafterPMDCwith
the numericallyobtainedparameters.The datafor the graphs
is obtainedby numericaldifferentiationfrom the de�nition of
the PMD vector in termsof the correspondingJonesmatrix


���
�� [1]. To make the graphseasierto compare,we have
eliminatedthein�uence of theremainingarbitrarylinearphase
factor after the PMDC is appliedby replacing �

�

��
�� by the
deviationof �

�

��
�� from its meanvalueoverthecontrolbandin
the de�nition of DGD. This modi�ed DGD quantityis called
essentialDGD below.
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To illustrate some featuresof our method basedon the
NLSQ formulation (7), we have chosenan example of a
channelwith relatively high DGD levels, seeFig. 3. It was
generatedby a DRW with �Z� � � � sections,and � �! [ S�"sS �

� � ps. The actualDGD � S�"VS ��
�� � � � ps of this synthetic
channel is slightly higher. Fig. 4 shows the reduction of
essentialDGD with thenumberof PMDC stages	 increasing.
In Fig. 5, somemoredetailsaboutthe magnitudesareshown
for 	 �8� and 	 �

�

.

Note that for channelPMD contentthis high, we needed
	��

�

stagesto reducethe DGD to acceptablelevels (this is
not surprisingas,with an FSRof � ��� GHz, eachstageof the
PMDC cancompensatefor only up to �

�

ps channelDGD).
A further increaseof 	 shows no visible further improvement
since the number � of control frequenciesand the channel
PMD are �x ed. Table I gives somepreliminary performance
measuresof our Matlab implementationon a laptop with a
1 GHz PentiumIII processor. We show the �nal valueof the
NLSQ functional, iteration count, and overall cpu-times(in
milliseconds).Although about � � � ms per optimization run
looks prohibitive comparedto expectedresponsetimes of a
few millisecondsfor practicalPMDC,thereis enoughroomfor
improvementsince the presentimplementationhasnot been
optimized towards a control algorithm, and correspondsto
a cold-startsituation.Also, application-dependent�ne-tuning
of the PMDC designparametersand tolerancesusedin the
optimizationroutinemight lead to further improvements(the
outlier in thecase	‡�

�

showsoneof therareinstances,where
the solver stagnatesbeforereachingthe stoppingtolerance).

Functional(7)
� � Iterations time (ms)
3 2.1193 20 230
4 1.2921 11 190
5 0.2967 19 251
6 0.0085 11 210
7 0.0030 10 220
8 0.0028 101 972

TABLE I

PERFORMANCE OF THE OPTIMIZATION METHOD: FUNCTIONAL VALUE,

I TERATION COUNT, AND CPU-TIME (IN MILLISECONDS)

Finally, in Fig. 6 we illustrate the in�uence of the set Ž
�

of controlfrequencies(c.f.). In this experiment,we have taken
different numbers

���

�

�

��� of control frequencies

•

symmetrically locatedw.r.t. a control band of
�

� GHz and
uniformly spacedat � � GHz distance.In all cases,we have
usedthe sameFSR of � ��� GHz and 	b�

�

. Obviously, for
small � , thereare no c.f. near the endpointsof the

�

� GHz
band,andthecompensationqualitydegradesthere.For ���
	 ,
the whole control band is covered by c.f., and the DGD is
uniformly reduced,at a slight PMDC degradationnear the
centralfrequency. With theexceptionof suchboundaryeffects,
extensive testswith variouschoicesfor Ž

� indicatethat good
quality of PMDC is achievable in a robust way with the
proposedNLSQ formulationandrelatively few controlpoints.
Theboundaryeffect canberemediedin variousways,e.g.,by

introducingweight factorsinto (7) or by replacingthe least-
squaresfunctional by a minmax formulation (see,e.g., [8]).

IV. OUTAGE PROBABILITY SIMULATIONS

This sectionreportssimulationresultsof the performance
and parameter-dependenceof the proposedPMDC for signal
transmissionat a rateof … � Gb/s.At thetransmitter, a pseudo-
random bit pattern of length � �

�

is launched in carrier-
suppressedreturn-to-zero(CSRZ) modulation format with

���

% duty cycle. Without lossof generality, we have assumed
that all optical power is launchedin the � -arm.

The channelwas synthesizedby a DRW model with �

sections,i.e., given by a Jonesmatrix of the form


���
��*�
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�

p �

C

,

D�� (

�

�

!

c

�

� C D��

H

where ;

�

H

t

� areuniformly distributedrandomnumbers,and
�

� is Gaussiandistributed with expectation �
�! 

[ S�"VS ��� �

and a small variance.This DRW model is standard[12] for
simulatingPMD effectsin long lossless�ber links, andleads
to a statistically correct distribution of instantaneousDGD

�hS�"VS ��
�� with rmsDGD givenby therealparameter� �! 
[ S�"VS

overawide frequency rangeif � is suf�ciently large.Wehave
usedvaluesof �

�! 
[ S�"sS between

�

psand ��� ps,and ��� � � .
No otherchanneldistortion is usedin the simulations.

The receiver model takes into accountoptical preampli�-
cation,optical �ltering ( … -th order super-Gaussian�lter with
double-sided� -dB bandwidthof

�

� GHz), a photodiode,fol-
lowedby electricalampli�cation, low-pass�ltering ( � -th order
Bessel�lter with single-sided� -dB bandwidthof �

�

GHz),and
bit detectioncircuit. For the assessmentof BER and outage
probabilities,a quasi-analyticmethodbasedon a secondorder
Gaussianapproximationto thestatisticsof thephotocurrentis
used.This methodallows us to computethe optical signal-to-
noiseratio (OSNR,in dB) necessaryto achieve a given BER
in a deterministicway, without actually generatingampli�er
noise.See[22] for a moredetaileddescription.

Below, we have �x ed the BER to ���
,�� , and recordedthe

OSNR penalty, i.e., the differencebetweenthe OSNR of the
PMD-impairedchannel(with or withoutPMDC)andtheback-
to-backOSNR, for eachof ��� � � randomchannelswith rms
DGD �

�  
[ S�"VS . The back-to-backOSNR for the described

transmitter/receiver settings was computedby feeding the
transmittedsignal directly into the receiver model; its level
was �

�

d

�

� dB. The graphs show outage probabilities (the
probability that the OSNR penalty exceedsa threshold)as
functions of this OSNR threshold,and allow us to judge
the impact of a given PMDC architecture,both in absolute
andrelative terms(whencomparingwith the uncompensated
situation).Given that the overall ensembleconsistsof only

��� � � channels,results for outageprobabilitiesbelow ���N,��

shouldbe interpretedwith caution.

It is clearfrom theprevioussectionsthatPMDC simulation
resultscritically dependon the parametersof the PMD chan-
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nel, the PMDC architecture,andthe optimizationframework.
Generally, in what is presentedbelow we have useda uniform

� GHz spacingfor the set of control frequenciesover the
controlband.Stoppingtolerancesfor theoptimizationroutines
weresetto amoderatevalueof �

d

� �-� . Thenumberof iterations
allowedwassetto ��� � , which in practicemeantno limitations
at all. If not mentionedotherwise,we have chosenan FSRof

� ��� GHz anda 
 � �

�

� GHz widecontrolband,anddropped
the secondpolarizationbeforethe receiver (the small power
penalty associatedwith this will be discussedbelow). The
approximate� “ � ratio betweenFSRand 
 � aswell astying
thecontrolbandwidthto theoptical�lter bandwidth
 � ��
 �

appearto be soundchoices.When varying theseparameters,
we found only small differences,which suggestthat other
choicesarenot likely to leadto substantialimprovements.Fig.
7 showstheoutageprobabilitycurvesfor variouscombinations
of FSR and 
 � for ���! [ S�"VS � ��� ps and 	 �R� . Note that
reducing FSR resp. control bandwidth slightly below their

� ���	�

�

� GHz default values generally improves the PMDC
resultfor someof thechannelswith higheractualDGD values,
whereasa small distortion of the PMDC result appearsfor
all channels.The latter obviously comesfrom the slightly
increasedportion of the optical �lter bandwidthwhere the
PMDC responseis uncontrolledand may be arbitrary. For


�� œ

�

� GHz, this boundaryeffect becomesdominating,
while for 
 ���

�

� GHz, resultsdeterioratein the rangeof
outageprobabilitiesbelow œš��� ,N0 .

The set of graphsin Fig. 8 shows the effect of PMDC as
a function of 	 and �

�  
[ S�"VS . We show outageprobability

curves for rms DGD valuesof
�

ps, ��� ps, and � � ps (from
top to bottom), and various 	 . The graphsdemonstratethat,
in order for the outageprobability to remainunder � �N,�� for
a given OSNR penalty thresholdof, say, � dB, the number
of stages	 shouldgrow about linearly with � �! 

[ S�"VS . They
also show that the proposedalgorithmsscalewell, and that
more stagesare neededfor handling larger DGD amounts.
Finally, the resultsseemto indicate that one- and two-stage
compensatorswill probablyreachtheir practical limits if the
rms DGD exceedsthe � � ps level.

The impact of including a linear phaseterm � �

�

! into the
optimizationfunctionalas well as only feedingonepolariza-
tion into the receiver is illustratedin Fig. 9, againfor 	W�–�

and �
�! 

[ S�"sSR� ��� ps. The additionaldegreeof freedom �

de�nitely helpsto improvetheresultsfor thehigh-DGDcases.
The further improvementwe get by droppingthe contribution
of the second polarization needs some commentary. The
graph in Fig. 9 doesnot include the penalty due to signal
power reductionassociatedwith dropping one polarization.
However, a monitoringof the power lossfactor, i.e., the ratio
of signal power received from one polarizationversusboth
polarizationscombinedvia a PBC,revealedthattheworstcase
power penaltyabove was �

d

� dB, whereastheaveragepenalty
amountedto �

d

� � dB. Note that thesenumbersaresimilar for
all casesshown in the previous graphs,with the exceptionof
very small 	 , where the worst casepower penalty (not the
averagepenalty!) reached… dB in oneoutlier case.However,
for thesevaluesof 	 , the PMDC resultwould not have been

consideredsatisfactoryanyway.

In Fig. 10, we show thedetoriationdueto variouslevelsof
noisein the power measurements.More precisely, insteadof
using(8) directly, we have computedinput information from
setsof power measurements(asexplainedin AppendixII) for
two non-collinearinput polarizations.To simulatenoise,we
addedrandomGaussiannoise with variance � to the exact
power values, independentlyfor each sampling frequency

•
 • . The plot shows the � �! [ S�"sS � � � ps, 	 � � case,
and demonstratessuf�ciently robust behavior with respectto
moderatemeasurementerrors.

For all of the above graphs,we have used(8) asinput data
for the optimization.Theseresultsfor the full measurement
casegive a baselinefor what could theoreticallybe achieved,
and shouldbe contrastedwith what can be expectedif only
partial measurementsareassumed.As will be worked out in
Appendix II, with the input polarization�x ed the proposed
monitoringprocessrecoversgoodapproximationsto � ��� � � ��
ƒ• �

only up to a generallyunknown commonphasefactor, and
leavesusafteroptimizationwith anadditionalPMDC-induced
chromaticdispersion.Thepenaltyassociatedwith this remain-
derdispersionis visualizedin thegraphsof Fig. 11. We show
only the ��� ps rms DGD case.

V. CONCLUSIONS

We have describeda scalablePMD compensationstrategy
for single channelapplicationsbasedon a standard	 -stage
FIR �lter architectureand frequency-dependent power mea-
surementsfor PMD monitoring. The tunableparametersof
the PMDC are found by solving a nonlinear least-squares
problemwhosepracticalsolutionis detailed.Parameterstudies
and systemsimulationsshow the feasibility of the approach,
and provide hints at possible improvements(dropping of
the second polarization, remainder linear phase,sampling
densities,FSR/controlbandwidth)but alsode�cienciesin the
partial measurementcase.Among the challengesaheadis
the experimentalvalidation and hardware integration of the
PMD monitoring and PMDC tuning process,and the real-
time implementationof a PMDC control algorithmbasedon
the currently pursuedoptimization methods.We anticipate
that a combinationof improvementsin several areas(�ber
design,modulationformats,codingschemes,etc.)with current
PMDCeffortswill benecessaryto provideacceptablepractical
solutionsfor ratesbeyond … � Gb/s.
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APPENDIX I
FACTORIZATION OF JONES MATRICES

The PMDC �lter architecturesunderconsiderationareinti-
matelyconnectedwith well-known factorizationtechniquesfor

����� polynomialJonesmatrices[11], [10]. Sincewe make use
of thesefactorizationsin theoptimizationscheme,wewill give
somedetails(thenotationis slightly adaptedto our needs).A

����� matrix function
�

l

��� � will becalled(polynomial)Jones

matrix of degree 	 if it is of the form

�

l

��� � “”�

+

� ,

l

.�0�� ��� � � ,

l

.�0
	 ��� �

E��

l

.a0 	 ��� �
���

l

.�0 � ��� �
� 2IH

(9)

where � ��� �m� |

l

ohpVr

�

o

�

o

, 	 ��� �Œ� |

l

oqpsr

	

o

�

o

are complex
polynomialsthatsatisfythepower-complementarity(PC)con-
dition

�

� ��� �

�

0

u

�

	 ��� �

�

0

� �

H

� “”���

�?!

H

E���œ 
 œ��

d

(10)

Jonesmatricesof degree� arejust theconstantJonesmatrices,
andJonesmatricesof degree � canalternatively be written in
the form

�

�

��� � ���

(

!

�

� , where �

H

�

are constantJones
matrices.Notethat(9) describesanarbitrarytwo-portPC-FIR
�lter since it can be rewritten in matrix-polynomialform as
follows:

�

l

��� �*���

,

l

.�0

l

n

oqpVr

�

o

�

o

H

�

o

�

+

�

o

	

o

E 	 �

l

,

o

� �

l

,

o

2 H

(11)
�

�8�

H

d1d�d

H

	 .

Any Jonesmatrix of degree 	 canbe factoredinto 	 Jones
matricesof degree � by an elementaryrecursive procedure
(see[11]),

�

l

��� �*�

�

�

l

#

�

��� �

d�d1d

�

�

�

#

�

��� ��� 


�

l

#

(

!

d�d1d




�

�

#

(

!




�

r

#

H(12)
where the 
��

o

# are constantJonesmatrices.For the basic
factorizationstep,i.e., to �nd a factor

�

�

��� � of
�

l

��� � suchthat
�

l

��� � �

�

�

��� �

�

l

,

�

��� � , all oneneedsis a vector ��� � � such
that

�

l

���b� (that
�

l

aswell as
�

r aresingularfollowsfrom
the PC condition(10), see[11] for details).Finally, note that
any constantJonesmatrix 
 canbefurtherfactoredin various
ways. Since we proposeto use symmetricalMach-Zehnder
interferometersandphaseshiftersin our PMDC architecture,
our choiceof parametrizationis given by


 �

(

~

y
C

D
(

~��

H

(13)

which holds for any 
 with some {L•

H

; . Thus, two phase
shiftersandonewaveplate(or oneMach-Zehnderinterferome-
ter)areneededto implementanarbitraryconstantJonesmatrix


 . Substituting(13) into (12), we seethat an arbitraryJones
matrix of degree 	 canbe written as

�

l

��� �*�

(

�

x
�	y
C

D•x
(

!

c

�

x

d1d�d

C
Day

(

!

c

�

y
C

D•z
(

�

z

H

(14)

i.e., parametrized by ��	

u

� parameters
t

r

H

d1d�d

H

t

l

c

� ,
;

r

H

d1d1d

H

;

l

. In practicalapplications,the lastphaseshifter rep-
resentedby

(

�

x
�	y

canbedropped(it contributesa frequency-
independentconstantphaseshift to eachof the polarizations),
andwearriveat the � ��	

u

� � -parametermodel(5) for theJones
matrix 


�
��
�� of the 	 -stageFIR �lter PMDC architecture

adoptedin this paper.

The factorizationprocedureprovides a simple switch be-
tween the polynomial expressionsin (9) and (11), which
allows us to adaptthe �lter transferfunction to the measured
channel responseby means of polynomial approximation,
on the one hand,and the tunableparametersof the PMDC
implementation,on the other. However, in practice,even if
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thedetectedchanneltransfermatrix hasbeennormalizedsuch
that it is representedby a Jonesmatrix, standardpolynomial
approximationmethodswill not guaranteethe PC condition
(10).In thissituation,weproposeanapproximatefactorization
methodbasedon the following heuristics.Let

�

l

��� � be of
the form (11), and assumethat the PC condition holds only
approximately. In this case,the matrix

�

l

is not necessarily
singular, and may not have a null vector � . Thus, an exact
factorizationdoesnot hold.However, since

�

� ��� �

�

0

u

�

	 ��� �

�

0 �

� it is reasonableto assumethat
�

l

is closeto singular; in
particular, that one of its singular values is close to � . Let

�

l

�

•


��

•

�

� be the singular value decompositionof
�

l

,
where � ���P>���� � �

�

H

�

0

� is suchthat �

�

�

�

�

�

0

. If we now
set

�

�

��� �*�

•

�Œ(

!

•

�

� then,following thesameprocedureasin
thecasewhen(10) holds,we can�nd a Jonesmatrix

�

l

,

�

��� �

of degree	�E•� suchthatthedeviation #

�

l

��� �qE

�

l

,

�

��� �

�

�

��� � #

is boundedby � �

� , andthussmall as long as �

� is small.

After this we can repeatthe procedurewith
�

l

,

�

��� � , and
by inductionwe will arrive at anapproximatefactorizationof

�

l

��� � into 	 Jonesmatrices
�

�

o

#

�

��� � of degree � suchthat

#
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�

l
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Although,dueto the recursive natureof the construction,this
is not an ef�cient errorestimate(the �

�

o

#

� valuestendto grow
exponentiallywith

�

), and we do not considerthis a robust
procedurefor larger 	 resp. large deviations from the PC
condition,wehavesuccessfullyusedit for thesimulationswith

	

�

��� reportedin this paper. To simplify theabove described
algorithm further, we have avoided computing SVDs, and
chosentheunit vector � suchthatit is orthogonalto therow of

�

l

with the largerEuclideannorm.This leadsto qualitatively
the samefactorizationerror for 	

�

��� . For larger 	 , spectral
factorizationtechniquesare usually recommended[11], [10],
[8], but therewasno needin pursuingthemfor theparameter
rangespresentlyconsidered.

APPENDIX I I
MATHEMATICAL MODEL OF THE PMD MONITOR

Our PMDC approachassumesthatat input of theoptimiza-
tion procedure,approximations•

�	• to the normalizedpolariza-
tion vectorat PMDC input are given for a suf�ciently dense
setof control frequencies
*• , ‘—�’�

H

d1d�d

H

� . In the simulations
reportedon in SectionIV, we have mostly addressedthe full
measurementcase,where •

�	• is givenby (8). Herewe want to
givemoredetailsonthePMD monitorintroducedin SectionII,
anddiscusshow closewecancometo thissomewhatidealistic
assumptionby relying on frequency-dependent power mea-
surements.With one�x ed input polarizationvector, the PMD
monitoring processcorrespondsto the partial measurement
casebrie�y presentedin SectionIV.

Throughoutthe derivation,we assumethat the PMD mon-
itor comesafter the PMDC. Let � ��
��m� ����� �›!	# 


�
��
�� 
���
��

denotethetransfermatrixof thesystem,andassumethatat the
input to the�ber link, thepolarizationvectoris givenby �

� �
“ �

< ��
����

r where the scalar function < ��
�� containsthe signal

information,and �

r is a constantunit vector. Consequently,

�	��

� ��
��*��� ��
���� � � ��
��*�•• < ��
�� 
 � ��
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���
����

r

H

where •< ��
�� “ � < ��
��?� ��� �"!$# . Denotethecomponentsof � ��

� ��
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by �
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��
�� “ �
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��
��

�

�1�������›!	# and �

�

��
��•“ �

�

�

�

��
��

�

�h�������"!$# . A
close look at the monitor architectureoutlined in SectionII
revealsthatastheresultof themeasurementprocessweobtain

… vectors
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the componentsof which contain
approximateinformationabout ����
�� ��
�� as follows:
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�1�h�A�����"!�� # ,T��� �"! � # # , we
see from this that the PMD monitor can samplethe mag-
nitudesof the two componentsof ����

� ��
�� and their phase
difference

t

‚

��
��ƒE

t

„

��
�� but not the individual phasevalues

t

‚

��
�� ,
t

„

��
�� (in other words, we know the Stokes space
representationof ����
�� ��
�� ). For short,we will saythat ����

� ��
��

is determinedup to a commonphasefactor, i.e., up to a scalar
factorof the form ���a~T�"!$# with unknown function {���
�� to be
appliedto both componentsof the vector.

Sincewe know 
 � ��
�� from the currentPMDC parameter
settings,we can �nd approximatesampling information for
the polarizationvector

� ��� � � ��
��&“ � 
 ����
��

�

�	��

� ��
��*�•• < ��
�� 
���
����

r

H

atPMDCinput,againup to a commonphasefactor. Assuming
that the signalpower (averagedover many bit periods)is not
negligible in the control frequency band,we can normalize

� ��� � � ��
�� to � . If we denotethecomponentsof this normalized
vector by � ��
��•�1�������›!	# and � ��
��•�1�������›!	# , then our derivation
tells us that we have samplesof the magnitudes����
�� , � ��
�� ,
where � ��
��?0

u

� ��
��•0Q� � by normalization,andagainof the
phasedifference �

t
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��W“ �

t��

��
��GE

t �
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�� . Thus, we can
de�ne
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(15)

where •

t

��
�� is a phasefactorat our disposalwhich we will �x
later. Obviously, •

� ��
�� coincideswith thenormalized�
��� � �

��
��

up to an unknown phasefactor.

From (15), we compute the input data •

�	• �

•

� ��
ƒ• � for
the minimizationproblem(7). Supposethat the optimization
terminatesata solution � � � ;

H

t

H

{

H

� � to (7) with smallvalue
of the NLSQ functional

	

�/� � . Then,after tuning to the new
PMDC parameters,we have a new Jonesmatrix •
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��
�� for
which •
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��
��
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c �

!$#m� ��� in thecontrolband.Since
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•� ��
�� and � ��� � � ��
�� arethesameup to thecommonfactor •< ��
��

andanothercommonphasefactordependingon thechoicewe
make for •

t

��
�� , we �nally arrive at the following approximate
expressionfor the compensatedpolarizationvectorat PMDC
output:

•

�	��

� ��
�� “”�

•
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�� � < ��
�� �/�

�h�›~

c��

!

c

!

~T�"!$# #

� �

�

d

(16)
The generally nonlinear phasefunction •

{���
�� contains the
existing chromatic dispersion representedby the common
factor �1��� �"!$# in � ��
�� , and an additionalcontribution due to
the incompletephasedetectionresp. the choice of •

t

��
�� in
(15). We call the latter PMDC-inducedchromaticdispersion.
Currentlywe determinetheunknown •

t

��
�� suchthat theinput
vectors •�	• � •� ��
ƒ• � , while having the prescribedmagnitudes
and phasedifferencesfor their entries,changeas smoothly
as possiblebetweenneighboringsamplingfrequencies.This
seemsa more rational guessfor •

t

��
�� than ad hoc choices
suchas •

t

��
����R� can provide. Note that (16) holds for any
constantinput polarizationvector �

r , i.e., independentlyof
the distribution of power betweenthe two arms,so that the
outputpowerwill alwaysbeconcentratedinto the � -arm.This
makes dropping the secondpolarization before detectiona
viableoption.Theprice to pay for improveddetectionquality
is a usuallyvery small power penalty.

The simulationresultsfor the above outlined partial mea-
surementcase(see,e.g.,Fig. 11 in SectionIV) revealedthat
the penalty due to the PMDC-inducedchromaticdispersion
is not neglible. Without taking into accountalternative PMD
penalty measuressuch as DOP or BER indicators at the
receiver, apossibleway to overcomethis limitation is to obtain
more complete phase information by switching the input
polarization vector periodically between two non-collinear
states.In principle, this would allow us to completelyrecover


���
�� , avoid PMDC-inducedchromaticdispersionto a large
extent, and comeclose to the compensationresultsreproted
for the full measurementcase.Thesealternatives as well as
a moredetailed,experimentallysupportedinvestigationof the
monitoringprocessarecurrentlyunderinvestigation.

APPENDIX I I I
OPTIMIZATION: ALGORITHM DETAILS

We have testedseveralalgorithmicapproachesto theNLSQ
minimization problem (7) where the PMDC is represented
by the Jonesmatrix 
 � ��
�� given in (5). For simplicity, we
considerthe full measurementcase(8) andset �

r

� �•� � ��� .
As the preferredalgorithm for solving (7), we have settled
for the Levenberg-Marquardt (LM) algorithmimplementedin
Matlab's lsqnonlin for our tests.The main reasonfor this
choice is its supposedef�ciency and robustnessin the pre-
asymptoticrange,i.e., in the �rst � �LE ��� iterations,which we
con�rmed experimentally for our applicationby comparing
it againstGauss-Newton-typemethodsin a large numberof
cases.Roughly speaking,in the LM algorithm, to �nd the

�

�

u

� � -th approximation�

o

c

�

to the solutionof (7) from the
�

-th approximation�

o

, a new searchdirection � is produced

by solving the linear system

j � � �

o

�

�

� � �

o

�

u��

�

v����’E�� �/�

o

�

���

�/�

o

�

H

(17)

followed by a line search.The searchdirection � depends
on the parameter� , and generallyrepresentsa compromise
betweenthe direction chosenin the Gauss-Newton method
( �

� � ) and a steepestdescentdirection ( �

� � ). Thus,
choosing � appropriatelyin each iteration can enhancethe
decayof the functional value comparedto both the Gauss-
Newton andsteepestdecentmethods.

The notation used in (17) is as follows. The real vector
function �

� � � (a column vector of length … � ) is composed
of the expressionsfor the real andimaginarypartsof the two
complex entriesof the � vectors

�

•*“ � 
 � ��
ƒ• � •�	•VE �/�

�h�›~

c �

! � #

� �

�

H

‘��–�

H

d1d�d

H

�

H

and leadsto the standardrepresentationof the NLSQ func-
tional

	

�/� �W�

�

0

#

�

�/� ��#

0 . The computationof �

�/� � for a
particularset of parameters� essentiallyrequires 	 �]�

u

	 �

complex exponentials,and the equivalentof 	 �]� 	 � complex
multiplications. � � � � is the … � � � � 	

u

… � Jacobianmatrix
associatedwith �

� � � . A close look at the matrix product
representing


�
��
�� reveals that derivatives with respectto

t

o and ;

o can be obtained by replacing exactly one of
the matricesin the product at eachtime. This allows us to
computethewholeJacobian� � � � by theequivalentof another

	 �/� 	 � complex multiplications, provided that intermediate
resultsof therecursive computationfor �

�/� � canbestored.In
practicewe observedthatin our currentimplementation,a full

j

�

� � �

H

� � � �}v evaluationtakesapproximatelythe sametime as
three �

� � � evaluations.We optedthereforefor providing an-
alytically computedJacobiansto lsqnonlin , which overall
leadto a speedup.The line searchalong � ���

o

u

4
� , 4 � � ,
to �nd the next �

o

c

�

requiresadditional �

� � � evaluations.
The determinationof � andsolutionof the linear system(17)
seeminglyaccountfor only a small portion of the cpu-time
per iterationstep.

At input, a starting point �

r

needsto be provided which
accordingto previousexperiencewith choosingrandomstart-
ing pointsseemscrucial for thesuccessof lsqnonlin when
appliedto (7) for 	 � � , as well as for avoiding sub-optimal
solutions.Our currentapproachto the startingpoint problem
is as follows:

a) First, we assume� � { ��� , and determinepoly-
nomials �

��� � , 	
��� � of degree 	 and the associated

matrix
�

l

��� � in (9) by solving two linear least-squares
polynomialapproximationproblemssuchthat

�
���‰• � ���

l

.a0

•

•�

�

•

H

	
���‰• � � �

l

.�0

•

•�

�

•

H

�‰•ˆ�8�

�?!��

H

for all ‘ � �

H

d1d1d

H

� . In practice,we have simply used
the Matlab routine polyfit , and generallyassumed
that � � 	 . Recall that •� �

•

, •� �

•

are the entriesof •

� �

•

,
i.e., the �rst row in 
���


•
� � . Thus,

�

l

��� � � 
���
��
� in
the control band.Sincethe control frequencies


• are
not evenly spreadover j›EB


H


Tv , a few additionalcontrol
points(e.g., �

r

�’E•� ) areadded,andarti�cial datafor
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themarecreatedby extrapolationof the availabledata
•�

�

in a periodicand unitary fashion.It turnedout that
this simpletrick usuallyleadsto polynomials� ��� �

H

	 ��� �

with a smaller deviation from the PC condition (10)
outside the actual control region, and enhancesthe
robustnessof Stepb) below.

b) Sincethe
�

l

��� � from Stepa) doesnot satisfy(10), we
usethe approximatefactorizationtechniqueoutlinedin
Appendix I. This gives a Jonesmatrix of degree 	 in
the factorizedform (14) which is hopefully still close
to the

�

l

��� � obtainedin Step a), and thus close to

���
�� � in thecontrolband,too.By neglectingthematrix
factor

(

�

x
�	y

, we �nd 
 ����
�� as in (5), and acceptits
parametersetas the initial settings;

r

,
t

r

.
c) In the last step, we compute the numbers < • �

�•�b� � 
 � ��
 • � •� • , ‘�� �

H

d1d�d

H

� , and �nd valuesfor {

H

�

suchthat < • ���1�h�›~

c �

! � # . This canbe doneby solving
anothersmall NLSQ problem,or (as was adoptedfor
the simulationruns) by a linear �t for the unwrapped
vectorof phaseanglescorrespondingto the <�• .

Finally, we note that (7) can be parametrizedalso in terms
of the coef�cients of the polynomials�

l

H

	

l

which leadsto a
simple quadraticexpessionof the target functional in these
new variables but requires adding quadratic constraintsto
ensurethe PC condition. Although Matlab's fmincon [23]
handlesthis formulation well, we did not pursueit further
sincethe numberof variablesis roughly doubledwhich lead
to lessfavorablerunningtimes.

PLACE
PHOTO
HERE

PLACE
PHOTO
HERE

PLACE
PHOTO
HERE
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(a)

(b)

Fig. 1. PMDC architecturefor ���

	 : (a) with and(b) without PBC.

Fig. 2. Schematicview of the PMD monitor.
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