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Deterministic Analysis of Endless Tuning of

Polarization

Controllers

Peter Oswald Christi K. Madsen

Abstract—We describe a new, deterministic algorithm for

to bit error rate such as estimating degree of polarization, eye

endless, reset free polarization control (PC) based on sequencesppenings, or statistics of forward error correction provide indi-

of tunable phase shifters and directional couplers which can be
implemented in a variety of discrete (e.g., rotating waveplates)
and integrated optic material platforms. We provide a novel

quantitative formulation of what endless, reset free PC operation
means, and pove in a rigorous way that our algorithm satisfies

the defined requirements.

Index Terms— polarization control, reset free operation, tun-
able thermo-optic phase shifters, control algorithms.

. INTRODUCTION

Polarization control (PC) is an important issue in modern
fiber-optical transmission systems and opto-electronic hard-
ware in general, and drives the ongoing search for low-
cost, high-speed, and robust PC devices. Traditionaly, PC
is aimed at converting a variable input state of polarization
(SOP) into a variable (or fixed) output SOP at places in the
system where polarization matters, e.g., before the detector at
the receiver end. Higher-order polarization mode dispersion
(PMD) compensation for high bit-rate transmission usually
reguires the combination of several PC processes. Polarization
multiplexing and coherent communications both depend on
controlling an incoming SOP. In the first case, awideband (i.e.
equal to the signal bandwidth) response to separate orthogonal
polarizations is needed. In the latter case, the incoming signal
is launched on a single polarization, and must be aligned with
alocal oscillator's polarization at the receiver. PC consists of
basically 3 important parts:

Measurement processCommonly used are feedback signals
from polarimeters where the input SOP is measured before
the polarization controller or transmission through a polarizer
following the polarization controller. For a modulated signal
propagating through a channel with PMD, the polarization is
frequency-dependent, in which case a weighted average of the
SOP may easily be measured. For frequency dependent infor-
mation, measurement possibilities include amplitude measure-
ments of various radio-frequency spectral components after
optical-to-electrical conversion, or direct frequency-dependent
SOP detection based on tapping and transforming part of
the incoming signal. In applications to PMD compensation, a
variety of measurement schemes directly or indirectly related
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rect SOP information. In this paper, we focus on a frequency-
independent polarization controller which can be used as a
building block in a PMD compensator to achieve frequency-
dependent polarization filtering.

PC architecture. Severa tunable, mechanically or electri-
cally driven, components are combined to achieve al possi-
ble polarization transformations. There is a large variety of
component types (fiber squeezers, liquid crystrals, rotating
waveplates, LiNbO3/LiTaO3; waveguide devices, thermo-optic
phase shifters (PS)) which can be architecturally combined in
many equivalent ways. The basic architecturesinvestigated are
equivalent to chains of 2 —4 linear retarders[7], [11] (e.g., PS
and tunable directional couplers (DC) in an aternating order)
resp. chains of 2 or more endlessly adjustable wave plates
(WP) [1] (e.g., quarter (QWP) and half wave plates (HWP)),
or Soleil-Babinet compensators [7], [11].

Tuning algorithm . Depending on measurement scheme and
PC architecture, a control scheme needs to be designed that
transfers input/output SOP information into correct parameter
predictions for the PC components, and changes the settings
of the physical parameters accordingly. The tuning agorithm
has to satisfy two important properties. It should achieve
endless PC, i.e., the predicted parameters stay always within
the physically possible operating range of the components,
and if possible be reset free. The latter property is not well-
defined (compare [8, Sec. I1IA]), roughly speaking, beyond
continuous operation it corresponds to avoiding instantaneous
resets of tuning parameters when they hit their physical range
limits.

The interdependencies between these issues are manifold,
and depend on the particular application. E.g., caibration
issues and non-ideal components can be better handled if
measurements are tied to signa transmission quality, and
directly trandate into predictions for the tunable parameters,
thus avoiding the use of analytic apparatus based on ide-
alized component transfer functions in the control scheme.
Fabrication variations may limit the achievable polarization
range, thus rendering it dangerous to work with minimal
architectures. Low-frequency feedback from measurements
resp. time-consuming, sophisticated tuning algorithms would
imply high penalties in situations of fast polarization changes,
and might be prohibitive in many applications. Architectures
with redundant components lead to more tuning parameters
and potentially to a more complex control scheme but be
overall preferable for achieving robust, endless and reset free
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operation. For more in-depth discussions of some currently
proposed solutions to PC, see [7], [1], [11], [8] and the many
other origina papers cited therein.

The main aim of this investigation is to revisit the problem
of endless, reset free PC from a mathematical point of view,
and give precise definitions, explicit deterministic control
algorithms, and quantitative proofs for endless, reset free
operation of a PC architecture consisting of chains of WPs
(more general than QWPs) with restricted rotation angle. This
latter restriction allows us to implement them as PS-DC-
PS or DC-PS-DC sequences whose tunable parameters also
stay within prescribed bounds. The final result are provable
solutions for endless, reset free PC of fixed into arbitrary (or
arbitrary ino fixed) SOP with a PS-DC sequence with 4 resp. 5
tunable parameters, and of arbitrary into arbitrary SOP with 7
tunable parameters. As measurement input, we assume given
input/output SOP vectors which are changing in discrete time,
and the mathematical statements are formulated with respect
to this information, and not with respect to intensity or other
signal-related measures.

Our analysis complements existing literature, where an
intuitive definition of reset free operation is followed, and
control algorithms are geometrically or analytically described,
and experimentally validated. Our analysis may be useful for
high-end applications, and for implementing and optimizing
control agorithms with guaranteed performance bounds. The
paper is organized as follows. In Sec. 1l, we introduce basic
properties polarization transformations such as PS, DC, WP,
etc., comment on their endless implementation by sequences
of tunable PS-DC, and give a mathematical definition of
endless, reset free PC. In Sec. Ill, we describe the new
control algorithms based on the factorization of polarization
transformations into WPs with bounds on the rotation angle,
and provide some simulation results. Proofs and mathematical
details are given in the Appendices.

I1. NOTATION AND DEFINITIONS

We will use mostly Jones space notation but turn to Stokes
space and the Poincare sphere to clarify the issues geomet-
ricaly. To a large extent, our notation is consistent with the
one used in [4], [3], where more background information on
polarization-related issues can be found.

SOPs are represented by complex vectors E = (z, y)7
of unit length modulo an arbitrary multiplicative factor of the
form e’¢, and polarization transformations by unitary Jones
matrices U of the form

o~

where c?+ ||a|? = 1 and a = (a,, ay, a.)T. In Stokes space,
E is represented by the unit length rea vector S := (|z|2 —
ly|2, 2R (zy*), 23 (zy*)) T, and the application of U to E is
equivalent to a rotation of S with axis direction a and angle
¢ = 2arccosc. This is key to the geometric interpretation
of polarization transformations on the Poincare sphere ||S|| =

Cc— jag

—a; — jay, c+jaze

SABL &

1. The coordinate axes in IR® are denoted by z, vy, z, which
should not cause serious confusion.

The commonly used PC components have the following
mathematical descriptions. Phase shifters

o
e J2 0
Upss = ( 0 ot )

are rotations about the z-axis with angle ¢, directional cou-

plers
_( cos($)  —jsin(®)
Upc.s = ( —jsin(%) cos(%)

are rotations about the y-axiswith angle ¢, and can be replaced
by a PS embedded into two PS and DC with fixed rotation
angle due to

Upc,y = Ups,x/2Upc,x/2UPs,¢—xUpc,n/2Ups 2. (2)
Wave plates

Y _ isin(@)e
U0 = ( cos(%) — jsin(§)cy

—jsin($)sg

—j sin(%)se
cos(%) —l—jsin(%)ce )

3
are rotations by the angle ¢ about an axis in zy-plane in
direction (cg, sg), where ¢y := cosf, sg = sin6, and contain
PS (for ¢ = 0) and DC (for § = =w/2) as special cases.
Other often used special cases of (3) are quarter wave plates
Uq,0 = Uw,x/2,0, and half wave plates Uy g = Uw,x,0. ANy
WP can be represented by a PS-DC-PS sequence as

Uw,p.0 = Ups,6sUDC,,UPS, 1 5

¢1 = ¢3 = arctan(cg tan(2)) = arctan(%z), (4

po =2 arcsin(sin(%)se) = 2arcsin(ay).
Similar statements hold for DC-PS-DC sequences, and for
other parametrized families of Jones matrices, see, e.g., [7,
Formula (12)]. Sequences of alternating PS and DC are widely
used in PC applications and theory, compare [7], [6].

Observe that if we restrict the rotation angle ¢ of the WP
to the interval |¢| < ¢p < 7 then the angles ¢; in (4) are aso
restricted to the same interval, independently of the position
of the rotation axis given by 6, and are differentiable functions
of ¢, 6. This observation is key to the endless and reset free
PC solution proposed below, compare also [6].

Since for U defined by (1) we have equality in

U =Ups,4,Upc,sUPs,¢: %)
iff
¢ = cos s cos(%), a; = sin COS(%),
as = —sinygsin(L), a, = cosbgsin(L), (6)
Vs = (¢3 + ¢1)/2, Ya = (¢3 — ¢1)/2,

we see that any U can be matched by at least one
PS-DC-PS sequence (e.g., by using the formulae ¢, =
2arccos/c? + a2, tanypg = —a,/ay, tanys = ag/c, with
modifications if ¢ or a, vanish). However, to achieve endless
operation of a PC based on such a minimal architecture would
necessarily require resets, compare Sec. 111 for an example.
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We restrict our further discussion to PC architectures equiv-
alent to PS-DC sequences resulting in polarization transforma-
tions

U(¢) :=UpS,¢2::UDC,poy. - - - UPS,65UpC,6,UpPs,8,  (7)

characterized by the vector of tuning parameters ¢ :=
(¢1, b2, ...) (to obtain an even number of alternating PS-
DC components, the first or last PS could be dropped from
the sequence). Since the PS and DC are tuned by a physical
mechanism such as the electro-optic or thermo-optic effect,
the tuning parameters ¢; have to stay within some physical
limits which may be determined by the available drive power
or material limitations such as maximally allowed temperature.

The commonly considered PC scenarios will be formulated
with respect to discrete time which is justified in most appli-
cations.

A PC with one SOP fixed: Given a segquence of input SOP
Ei", Ei, ..., and afixed output state E°“!, determine tuning
parameters ¢" := (¢, @5, ...) such that

Eout _ ejgn UnEzn

n

n=0,1,..., (8

where the phases ¢,, are undetermined, and U,, := U(¢") is
given by (7). In Stokes space, the forefactor e7¢» disappears,
and the above eguation reads

Sout — Rnszn

n

n=20,1,...,

where R,, denotes the 3 x 3 rotation matrix corresponding
to U,,. Clearly, there is a symmetric problem formulation of
tuning a fixed input SOP E* into an arbitrarily changing
sequence of output SOP E°%“t n =0,1,....

B Arbitrary PC: Given both a sequence of input SOP Ei",
E" ..., and a sequence of output SOP Eg“, E¢“ ...,
determine tuning parameters ¢™ such that similarily

Ezut = ejﬁn UnEiln; U, = U(¢n)7

n=20,1,..., (9

It is well known that any solution for PC scenarios A and B at
least requires a 2-parameter PC architecture, e.g., asingle WP
would be sufficient to transform an arbitrary input SOP into an
arbitrary output SOP, see [7, p. 1204]. However, such minimal
architectures do not admit robust control algorithms in the
sense discussed below, and all existing proposals for A and B
are based on architectures with more tuning parameters. Note,
that determining tuning parameters ¢™ such that U (¢™) = U,
for a given sequence of Jones matrices Ug, Uy, . .. represents
a third PC scenario which would obviously require at least 3
tuning parameters.

Definition. A given PC architecture with transfer matrix (7)
alows for endless, reset free operation in the above PC sce-
narios A resp. B if the tuning parameters ¢™ = (o7, ¢5,...)
can aways be chosen such that

i) therelations in (8) resp. (9) are satisfied,
ii) the parameters ¢, do not exceed the physicaly im-
posed limits, and
iii) the tuning parameters change at a rate comparable with
the changes of the input data, i.e., there is an absolute

constant 0 < C'pc < oo such that

A" = max |67 — o7l < Crol| B — Bt

ERRER)

for A resp.
A¢" < Cpe(||E) —E;L ||+ E By ), n > 1,

for B (other distance measures for SOPs, e.g., arclength
distance between the corresponding Stokes vectors,
could be used as well).

Requirements i) and ii) alone correspond to what is tradition-
ally understood as endless operation whileiii) is the mathemat-
ically precise formulation for reset free operation as suggested
in [8, Sec. IlIA]. The above definition of A¢™ assumes that
the tuning parameters are appropriately normalized. Then the
size of the constant C'p becomes a meaningful quantitative
measure for endless, reset free operation

The requirements in this definition are probably too re-
strictive to adequately describe al practical applications be-
cause often only a functional (such as intensity measurements
which represent condensed information about the position of
Eou! relative to Ei") of the input/output SOP is available
which would necessitate changes in i) and iii). Also, due
to measurement errors exact tuning i) should probably be
replaced by tuning within a tolerance related to the achievable
measurement accuracy. However, for the purpose of a precise
mathematical analysis of the issue of endless, reset free PC
operation, the above definition is still useful and will be
accepted without further comment.

As far as we can judge from the literature, researchers are
implicitly aware of these issues since, beginning with the early
papers on PC solutions with resets [7], [11], redundant com-
ponents were introduced to achieve so-called error-tolerant
operation. Roughly speaking, whenever a reset occurs, some
of the redundant components take over the basic function of
the PC device allowing the reset to be less visible and stretched
over a longer time interval if necessary. This is evidently
related to achieving a better control of Cpc. However, no
detailed investigation of requirement iii) nor estimates for
the constants involved were given. In particular, no analysis
in the sense of iii) has appeared for the two most popular
architectures for practical PC control, the 4-parameter PS-
DC-PS-DC architecture [7], [10] and the 4-parameter WP-WP
architecture (there are several equivalent implementations of
the latter, e.q., [7], [11], [8]). Our contribution is the analysis
of thisissue using the 2k + 1-parameter architecture described
by (7) with £ = 2,3, which we approach via intermediate
factorization into WPs with limited ¢ range, see Sec. I1l. This
is close in spirit to considerations in [2], [6].

For lack of space, we cannot dwell on the influence of the
actual value C'pc on PC quality in a practical control envi-
ronment ( based on simulations detailed below, numerical
valuesCpc < 15 have been found for the PC architectures
and control scheme proposell We just remark that it should
be considered in concert with other aspects such as achievable
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tuning speed, reliability and frequency of available measured
SOP information, and processing speed of the control unit,
in particular, the complexity of the computational agorithm
producing the next tuning vector ¢™. In other words, the
overal required speed of the control scheme remains the
ultimate challenge. However, our proof that a given control
scheme satisfies iii) with some input-independent constant
Cpc seems to be of independent interest.

I1l. CONTROL ALGORITHM

We will explain our algorithm geometrically, using Stokes
space terminology. To achieve a certain rotation of S into
Seut, we will use several WP rotations. Our god is to find
the WP factors in such a way that their rotation angles ¢
aways satisfy |¢| < ¢ for some fixed 0 < ¢g < = (for
short, such a WP is called admissible), and the reset free
property iii) holds, i.e., changes in the WP parameters ¢, 0
remain uniformly bounded by the changes in the input resp.
output SOP. If this can be achieved then formula (4) applied
to each of the involved WP shows that this trandates into iii)
for the tuning parameters of an equivalent PS-DC-PS chain,
and, by concatenation, into the proof of i)-ii) with a PS-DC
sequence (7) whose length depends on the number of WP
rotations involved.

The construction of the auxiliary WP rotations is based on
the following observations, see App. | for proofs. Fix ¢¢, 8
according to

2n/3<go<m,  (m—¢0)/2<B<¢o—m/2. (10)

Consider the circle C := {S = (59,5, 5. = sin3)”} on the
Poincare sphere with radius cos 3 and center on the z-axis.
Observation 1 For any two SOP S’ S” € (C, there is an
admissible WP that rotates S’ into S”, and whose parameters
¢ and 6 depend smoothly on these two SOP.

Observation 2 If S belongs to the sperical caps {S: 5, <
—sin(¢o—03)} (caled region A) resp. {S: S, > sin(¢o+5)}
(region B) with centers at the poles (0,0, +1)7 on the z-axis,
then any S’ € C can be reached from S by an admissible WP.
Observation 3 For any S # (0,0,+1)7, denote by S its
closest point on C. Then S can be rotated into S by an
admissible WP vice versa. This WP has the minimal rotation
angle ¢ among al WP that rotate S onto C, and changes
smoothly with S.

Observation 4 If S is transformed into S’ € C by an
admissible WP, and S is not the reflection of S’ w.r.t. the
xy-plane then the underlying WP transformation is uniquely
determined by S,S’, and its changes are bounded by the
respective changesin S, S’.

Following Observation 1 and 3, the naive approach would be
to transform an arbitrary S first into the point S’ := S € C,
then S’ into the point S := S°“!, and finally S” into S°ut. All
these WP are admissible, and can easily be determined from
the four SOP involved. Unfortunately, there is one difficulty:
The mapping S — S has no continuous extension to the
poles, and small changesin S = (0,0, +1)7 can lead to large
variations in S, thus, leading to violations of property iii).

However, since this problem occurs only near the poles,
where according to Observation 2 any point on C can be
reached by an admissble WP transformation, we can improve
upon this naive algorithm by replacing therigid definition of S’
and S” by the following strategy. Given the positions of S ,
and S/, _; known from the previous input SOP (for which
we assume that an admissible WP transformation exists), we
rotate the new input SOP Si” into the point S/, € C which is

n

closest to Si{l among the points satisfying

HS'IIL - Sim—l” < AHS;” - Si?—l”v (11)

where A is a fixed constant. This constrained minimization
problem is easy to solve. Indeed, if the inequality

IS5 =S5, all < AlISy = S5 |

holds then obviously S/, := Si” is the solution. Otherwise, we
determine the two points S’ € C that satisfy

IS =85, 1] = AlIS;" =Sy,

and choose the one closer to S as S/,. It is intuitively
clear that a large enough A will alow us to quickly reduce
the distance between S/, and S/ as S* moves away from
the poles, and achieve S/, = S!" before the exceptional
situation mentioned in Observation 4 can occur. This then
automatically implies property iii) for the first WP. Similarly,
we proceed when finding S/ from S¢“¢ to determine the third
WP transformation.

What we claim (for the rigorous proof, see Appendix I1) is
that for appropriately chosen 8 and ¢, large enough A, and
with an appropriate initialization for n = 0, this algorithm
leads to auxiliary sequences {S/,}, {S)/} satisfying

187, = Syl < CHSZ"t— Si’?_%H,
" "
187 = Su—1ll < ClSF* = SR,

and such that all three resulting WP transformations are admis-
sible, and change in a manner controlled by the input/output
SOP changes as well.

Asindicated above, see (4), this leads to the desired solution
for arbitrary PC with 3 WPs resp. a PS-DC sequence (7) with
k = 3, i.e, with 7 tunable parameters. As to PC with one
fixed SOP, without loss of generality we can assume that the
fixed SOP belongs to C (if not, one needs to implement the
equivalent of a fixed WP) and drop either the third or the
first WP from the consideration. Thus, we actually need only
two WPs or a PS-DC sequence with & = 2, i.e,, 5 tunable
parameters, for PC scenario A. A dlightly more economic
solution is possible if one augments Observation 1 by the
following

Observation 1'. There is an endless, reset free way of
transforming an arbitrary S’ € C into the fixed SOP (0, 1, 0)%
by using a 2-parameter DC-PS chain.

This can be realized by explicit analytic computations (see
Appendix II1). To get to the overall 4-parameter solution for
PC scenario A, we apply first the above described algorithm
to transform S into a suitable S/, € C. The underlying
admissible WP is factored into a DC-PS-DC chain which

(12)
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Fig. 1. Simulation for arbitrary PC

can be concatenated with the DC-PS chain obtained from
Observation 1 with S’ = S/!

We conclude with some remarks and simulation resullts.
We start with arbitrary PC. To exhibit the behavior of the
algorithm, we have created synthetic input/output SOP se-
guences winding around the Poincare sphere and passing
through the critical pole regions, a typical example is shown
in Fig. 1. To visudize the behavior of the agorithm, we
show plots of the resulting 7 tuning parameters (here, the
DCs in (7) have been replaced by PS using (2)), and of the
quantities c” = A¢" /(S — Sir || + [|Sgut — 8o )
which give an indication of the size of the constant C pc
in iii). Suitable parameters 5 and A have been found

Blue and red Sin sequences, Sout=[0;1:0]

Fig. 2. Specia S sequences for evauating Cpc for the 4-parameter
PC-architecture

— bCig,
— psig,
— bcig,

PS: g,

Blue Sin sequence: PS-DC tuning parameters

5000 6000

! L ! ! ! ! L ! . ! !
500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

Fig. 3. Tuning parameters and measured Cpc values (blue S sequence)

plane. Fig. 2 depicts (in blue) such a circular movement with
h = 0.01 and N = 6000. It repeatedly passes the critica
pole regions, and exhibits the properties of the agorithm and
the role of the parameters 5 and A. The plots in Fig. 3
show the 4 PS-DC tuning parameters and the values ¢
A¢™/||Sim —Sin ||| produced by our agorithm with 3 = 7/8
and A = 4. Each time Si" passes a critical pole, the algorithm
detects that S@" switches to the opposite side of the circle
C, far away from the previous S/, _,. Controlled by (11), the

via extensive numerical testing which showed that values algorithm now starts slowly moving with S/, towards S

B~ mn/6...71/8, and A ~ 5 lead to favorable values for
Cpc in the range < 10. For Fig. 1, 8 = 7/8, and A = 4.9
were used (thisA is much smaller than the very pessimistic
value appearing in the proof given in Appendix II). The
proposed a gorithm works stably. As expected from the above
description of our control scheme, the peaks observed in
the ¢™ plots can be traced back to situations where the
input resp. output SOP sequences pass the pole regions.

For PC with fixed output SOP, we demonstrate the 4-
parameter DC-PS-DC-PS solution (with S°“* = (0,1,0)7)
first on a very particular input SOP sequence given by

Sin = (0,cos hn,sinhn)”, n=0,...,N,

which moves in constant steps given by the small parameter
h aong the circle on the Poincare sphere cut out by the yz-

After S/, has caught up with é;" (which should happen before
Sin reaches the critical position mentioned in Observation
4), the auxiliary point S/, = Si” on C remains at either
(0,cos 3,sin B)T or (0, — cos3,sin 3)T until the input SOP
sequence reaches a pole again. During this period, the DC-
PS from Observation 1' does not change, i.e., the value ¢}
remains constant. Theresultisavalue Cpc = maxc" =~ 131in
this case (note the difference in the definition of ¢ compared
to arbitrary PC). Numerical tests with valuesA < 3.5 lead
to a violation of iii), while for larger A the obtained constant
Cpc growslinearly with A, as expected. For 3 ~ 7/8...7/6,
the observed minimal values of C'p were comparable while
for 8 < w/8 and 5 > m/6 they tended to become larger.

This example also shows that the 3-parameter PS-DC-PS
architecture given by (5) does not guarantee endless, reset
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Red Sin sequence: PS-DC tuning parameters
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Fig. 4. Tuning parameters and measured Cp values (red S sequence)

free operation in the sense of the definition given in Sec. 11,
even for PC scenario A (it does not matter that we have fixed
Sout = (0,1,0)7, this example also works for any other fixed
Seut), On the contrary, assume that properties i)-iii) can be
achieved with the architecture (5) with some Cpc < oo and
some fixed bounds on the tuning parameters ¢,. Take h > 0
small enough. For n = 0, where S{* = S°“!, we may assume
without loss of generality that ¢¢ = ¢9 = ¢$ = 0. Then,
using the fact that ||Si* — Si || = 2sin(h/2) is fixed and
small, and the interpretation of PS and DC as rotations about
the x- resp. y-axis, it is easy to redlize that iii) implies that
dways ¢5 = 0 and ¢} + ¢5 = —nh (there is no way that
any of these angles jumps by 7 in any of the steps). But the
latter equality shows that, no matter how we choose ¢7, ¢%,
by letting n grow we eventually contradict property ii), i.e., at
least one of these tuning parameters will violate the imposed
range limitations. Similar considerations are possible for other
< 3-parameter architectures suggested in the literature, such
as, e.g., combinations of quarter and half wave plates, and we
are confident that enforcing endless, reset free operation in the
sense of our definition for PC scenario A requires a minimum
4-parameter solution. On the other hand, for PC scenario B
the 7-parameter solution demonstrated above is probably not
minimal.

The second input SOP sequence depicted in red in Fig.
2 winds around the pole [0;0; —1] on a small circle before
switching to a circular path, similar to the previous example.
By doing this, our simulation runs reveal that for the
control algorithm to satisfy the requirement iii) slightly
larger values of A ~ 5 are required, and that Cpo =
15 is a more redlistic minimal value for the constant in
iii) achievable with this 4-parameter architecture. Indeed, by
carefully choosing the small circle and taking a very small
step-size h > 0, we can force the agorithm to produce an
S/, that is located on C almost exactly on the opposite side
from Si{’. This way, if we now turn away from the pole on a
circular path, similarily to the previous example, there remains
a smaller distance for turning S/, back into S which makes
taking larger A a necessity. The resulting DC-PS parameters
and ¢ values for A = 4.9, 8 = «/8 are shown in Fig. 4.

Finaly, we have also tested the agorithm on randomly

Randomly generated Sin sequence, Sout=[0;1,0]

— DCig,
— PSig,
™| — pCig,
PS: ?,

L L L L L L L L L E|
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Measured c”

f i ! ! L h
200 400 600 800 1000 1200 1400 1600 1800 2000

Fig. 5. Test with random input SOP sequence

generated input SOP sequences. Fig. 5 shows an input SOP
distribution with N = 2000 points, and the results of our
control algorithm (again with 8 = 7/8 and A = 4.9). The
observed ¢™ values are typically smaller than those obtained
in the above worst-case scenarios.

IV. CONCLUSIONS

We have described a factorization algorithm of an arbitrary
polarization transformation into WP transformations with re-
stricted rotation angle resulting in endless, reset free PC using
PS-DC sequences of PS driven by phase shifters. The number
of tuning parameters for arbitrary PC is 7, if either input or
output SOP are fixed then 4 or 5 tunable parameters are suf-
ficient. The control algorithm which is based on input/output
SOP information is simple and fully deterministic. Rigorous
proof is provided that changes in the tuning parameters are
bounded by an absolute constant times changes in input/output
SOP changes. Simulations support our theoretical findings.
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APPENDIX |
JUSTIFICATION OF OBSERVATIONS 1-4

Observation 1 The geometric argument is evident from
Fig. 6 (the viewing angle for the picture on the right is in the
direction of the rotation axis shown by a dashed line in the left
picture). Because the rotation axis of a WP has to be in the
xy-plane, there are two possible choices for a = (a,,ay,0),
and we take the one which is in the direction of the projection
of (S’ x S”) into zy-plane, and has length v/1 — 2, where

¢ =cos(=) sin 5
2 Vd? +sin?
Here 2d = ||S’ — S”|| is the Euclidean distance between the
two Stokes vectors. Since scalar and vector product as well as
distance squared are smooth functions of their arguments, by
the chain rule a and ¢ and, thus, the PS-DC-PS parameters in
(4) are smooth functions of S’, S” which shows the claims
madein Observation 1. A moment’s reflection shows that there
is no ambiguity in the definition of a when d — 0 because
then ¢ — 1 and a — 0. Note that 0 < cos(¢g/2) = sin g <
c= cos% < 1 under the assumptions made, thus the WP is

admissible.

Observation 2 To see this, look at the point on C farthest
away from S which is opposite to S, observe that reaching it
from S by a WP transformation results in the largest rotation
angle, and check that under the restrictions on S, valid for
regions A and B, this maximal ¢ satisfies the admissibility
condition || < ¢y.

Observation 3 Since S and S belong to a large circle on
the Poincare sphere through the poles (0,0,+1)7, a simple
geometric argument shows that the axis of the associated WP
transfomation should be normal to the plane of this circle.
Computations show that the parameters of this WP are given

by
[1+S-8S S xS
c={\———, a= .
2 2c

Since S is closest to S on C, we have

S-S >cos(f+7/2) = —sinf>—1/2

which shows that ¢ > 0 and a are well-defined, and depend
smoothly on S (as long as S stays away from the poles
(0,0,£1)).

Observation 4 First, note that in terms of Jones matrices,
uniqueness is understood up to an arbitrary sign choice (i.e.,
U and —U represent the same polarization transformation).
Because the axis a of a WP transformation rotating S into
S’ by definition belongs to the zy-plane, and should satisfy
a- (S’ —S) =0, the only ambiguity in determining this WP
from S and S’ occurs when S’ — S is orthogonal to the zy-
plane, i.e., if S isthereflection of S’ about the zy-plane which
is the exceptional situation excluded. In &l other cases, a and
¢ are uniquely determined (up to sign choices) by

a = (ag,ay,0), ai+a§+02 =1,a(8-8)=0, c= cos%7

where |¢| < ¢¢ is obtained from cos¢p =S - S’.

APPENDIX |1
PROOF OF iii)

It is sufficient to consider the agorithm for determining
{S!, € C} from {S"} described in Sec. Il (to simplify
notation, we will write S,, = Si™). For simplicity, we consider
the particular parameters ¢9 = 57/6, 8 = 7/6, and an A
specified below. The arguments can easily be extended to
other 3, ¢ related by (10), resulting in different values for
A. Thus, C has radius v/3/2, and the boundary circle of region
A (the spherical cap centered at the pole P := (0,0, —1)7),
and defined in Observation 2) has radius 1/2. We call the
reflection of region A w.r.t. the xy-plane region A * (aspherica
cap contained in region B bounded by a circle of radius 1/2),
and region C the set of al points S outside regions A and A *.
Finally, for any S we denote by S resp. S* the point on the
boundary circle of region A resp. A* which is closest to S.

By induction, we will show that the algorithm yields the
following properties: If S,, belongs to region C, we always
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have S/, = Sn, while for S,, from regions A or A’ the point
S!, satisfies

Tn = T(S;N Sn) < Bdn7 (13)

where 7(S’,S”) denotes the arclength distance between S’ €
CandS” e C dongthecircleC, d,, := min(||S, — S|, |S: —
S.||), and the constant B will be defined later. Note that
arclength and Euclidean distance are related by ||S’ — S”|| <
7(S',8") < «||S’ — S”||/2. These properties, together with
Observations 2 and 3 imply that the WP transforming S, into
S! is aways admissible, and Observations 2 and 4 ensure
that WP changes are controlled by the changesin S,, and S/,
(note that the exceptional situation of Observation 4 does not
occur because it belongs to the interior of region C where
Observation 2 applies). By definition of the agorithm, see
(11), the changes in S!, are in turn controlled by the changes
in S,,, so that the reset free property iii) follows.

For simplicity, let us assume that initially S/, = So. Then
70 = 0, and the induction assertion is true for n = 0. Suppose,
it holds after n — 1 steps. We will first consider the case when
S, belongsto region C. If S,,_; was also from region C then
by induction assumption S/, |, = S,,_; and

€n = ||Sn - Siz—l” = HSH - S"—lH
= V3|IS, = S,_1]| < V34,

where 6,, := ||S,, — S,,_1]|. Thus, if A > /3 then we indeed
choose S/, = S,.. If S,,_; was from region A (the case of
region A’ is covered by a symmetry argument) then the triangle
estimate gives

€n < Hgn - Snfln + Hsnfl - S;L—lnv

where the first term is bounded from above by 2/35,,, and the
second by induction assumptionfor n—1 by < Bd,,_1 < Bd,.
Thus, if A > 2v/3+ B then we have ¢,, < Ad,, which implies

the induction hypothesis for n also in this case.

If S,, belongsto region A (region A’ is covered by symme-
try), then we have to prove (13). If S,,—; is from region A’
then obviously 6,, > V3 > ¢, and A > 1 implies S/, = 5,,,
and (13) holds trividly. If S,,_; was from region C', then by
arguments already used above, we have

€n = \/gHSn - Snle < 2\/§dn7
which again trivially implies (13) if A > 2/3.

In the remaining, most involved case, whereboth S, 1, S,
belong to region A, we start with the geometrically obvious
estimate

Tn < Tp-1+t T(Sm Sn—l) - T(S%,l, S;z)
77\/5 ~ ~
S Bdn—l + Hsn - Sn—l” - A5n;

2
which holds under the assumption that S/, # S, (oth-
erwise there is nothing to prove). We now set B :=
V3w /(4sin(m/24)) ~ 10.4. This allows us to assume further
that d,, < 2sin(r/24) because otherwise Bd,, > /37 /2 and
(13) automatically holds. In other words, S, is closer to the

boundary circle of region A than to the pole P. This implies
first of all that o
Hsn - Sn—l” S 4571,;

the worst case occurs if d,, — 2sin(7/24) and S,, and S,,_;
go in opposite directions from the pole P. Findly, if d,,_1 —
d, > 0 then

dn—l - dn S t S 671,-

Substituting all this into the above inegquality, we get

Bdy, + B(dy_1 — dn) %gnsn — S, - Ad,,

< Bd, + (B +2V3n — A)S, = Bd,,

if weset A := B+21/3n. |.e., we have established (13). This
value of A ~ 21.3 satisfies all previous requirements, which
concludes the proof that our algorithm guarantees the reset
free property iii) with some finite C'pc.

Tn <

APPENDIX |11
DC-PS TRANSFORMATION FROM C INTO (0, 1,0)%

For the suggested DC-PS transformation, we have to solve
E°"" = Upg,4,Upc,4, E, where E corresponds to an arbitrary
SOP S ¢ C, and E°** = [1, 1]7/+/2 to the fixed output SOP
(0,1,0)%. Equivalently, this equation reads

E = Upc, ¢ Ups,—4,E™

1 eid2/2
= EUDG*% o—ida/2
e792/2 cos & + je~I#2/2 gin 4L
67j¢2/2 CcOS % + ]e]¢2/2 Sin ﬂ

2
cos $2=¢1 + jsin ¢2-5¢1 )

-

2
¢2-§¢1 — jsin ¢2;¢1

COS

-

From this, we get aformulafor the Stokes space representation
Sof E,anduse S € C:

cosBcost = sin¢qsings
cos(3sint = cos¢o
sinf8 = cos ¢ sin ¢o.

From the second equation, we find
¢2 = arccos(cos Bsint) € [3, m — f], (14)

which also guarantees that 1 > sin ¢ > sin 3 > 0, uniformly
in ¢t. Thus, transforming the remaining two equations into

. cos B cost sin .
sin g = ,57, cos 1 = — s € [sin g, 1],
sin ¢g Sin g2

we obtain a unigue solution

cos 3cost s T
W) € [—§+5, 3 -4,
wherethe bound on ¢ is obvious from the equation for cos ¢ .
Note that the right-hand sides in (14), (15) are continuously

differentiable, 27-periodic functionsof ¢ € IR. This establishes
the claims in Observation 1'.

¢1 = arcsin( (15)
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